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Lead-Acid Battery 

Foreword 

Most of the technology we use today in the Bell System has been 
developed since the invention of the telephone just less than a century 
ago. Our basic source of stand-by power, however, is still the lead-acid 
secondary cell, which was invented by Planté in 1859, and which, 
apart from the introduction by Fauré of pasted electrodes a little later, 
remains essentially unchanged in design to the present day. The files 
of the U. S. Patent Office are crammed with disclosures of other secon-
dary cells, and some of these have achieved a limited market; but for 
most of our business, as for the automotive industry, the lead-acid 
cell still reigns supreme. The reasons for this are, of course, partly 
technical and partly economic. The lead-acid cell has an energy density 
figure that still looks reasonably good when compared with that of its 
competitors; it can be cycled many times without irreparable damage; 
the internal resistance is low; and it can be maintained fully charged 
for long periods by passing through it a small "float" current. At the 
same time, despite the somewhat limited use of mass production tech-
niques, battery manufacturers have been able to produce cells and 
sell them to us at a price that compares favorably with the price of 
other secondary cells. 
Nevertheless, the experience of the Bell System with lead-acid 

secondary cells has not been free from difficulty. The nature of our 
business places special demands on the performance of a secondary 
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cell and calls for a design different in important respects from that 
appropriate to a secondary cell for automotive use. Of course, the cells 
we buy from the various battery manufacturers are built to designs 
evolved by them with standby power service in mind. Nevertheless, 
there have been problems in the field. Maintenance costs have typically 
been higher and battery life shorter than one might reasonably expect. 
Over the years, Bell Laboratories scientists and engineers have 

worked with the battery manufacturers to assist them in improving 
their designs. By the early sixties, however, it was clear that the per-
formance of cells in the Bell System was still very far from satisfactory, 
and there began in fact to be clear indication that efforts to patch up 
the technology on one front had led to more serious difficulties on 
others. 
In 1964 it was decided, therefore, that a look should be taken at the 

lead-acid design problem as a whole. This task, which began under 
F. J. Biondi in the Electronic Components Development Area, and 
has since expanded to include contributions from a number of other 
parts of Bell Laboratories and of the Western Electric Company, is 
now approaching completion. From this work has resulted a new design 
for the lead-acid cell, which, while retaining unchanged the basic 
electrochemical principles of the device, incorporates a number of 
important new design features. 
Cells of the new design have been made in experimental numbers at 

the Nassau Smelting and Refining Company, a Western Electric subsid-
iary, in Tottenville, Staten Island, New York. This operation has 
allowed us to work with prototype production machinery under some-
thing approximating realistic factory conditions. It is our hope and 
expectation, however, that we shall find outside vendors interested in 
manufacturing cells according to the new design for sale to the Bell 
System. 
While realistic rife-tests of cells made according to the new design 

are as yet, of course, in a very early stage, predictions of life expectancy 
can be made with reasonable assurance on the basis of an understanding 
of failure modes and a program of accelerated aging. As a result of this 
work we could, in fact, have designed a cell that would have a pre-
dieted life inappropriately long for Bell System purposes, acquired, of 
course, at an inappropriately high cost. We have therefore picked, on 
the basis of some necessarily crude economic estimates, a figure of 30 
years for the minimum projected life and aimed the design at that 
figure. 
The series of papers that follow describes the technical aspects of 
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this development. The paper by D. E. Koontz, D. O. Feder, L. D. 
Babusci and H. J. Luer outlines the use of lead-acid cells in the Bell 
System and the difficulties experienced with the existing cells, and 
describes the new design. This paper makes clear that the principal 
problem with the existing design is the growth in size, with time on 
float, of the lead-calcium alloy positive grids. The following paper, 
by A. G. Cannone, Feder and R. V. Biagetti, shows how the grid 
growth problem has been substantially helped by the use of pure lead, 
and then still further reduced by designing the shape of the grid to 
obviate local buckling. 
The third paper, by Biagetti and M. C. Weeks, describes the results 

of experiments with pure tetrabasic lead sulphate as the positive plate 
paste material instead of the proprietary mixture customarily used. 
Tetrabasic lead sulphate is shown to be less prone to shrinkage from 
the grid, because the lead dioxide crystals produced on forming tend 
to exist as a dense tangle of relatively large crystallites. The next paper, 
by P. C. Milner, summarizes what is known of the float characteristics 
of lead-acid cells, setting up a quantitative framework within which the 
float behavior of any lead-acid cell may be described by quoting a 
relatively small number of experimentally determinable parameters. 
T. D. O'Sullivan, Biagetti and Weeks next present the results of a 
series of electrochemical measurements on the new cell. They describe 
inter alia the float behavior and relate their results to Milner's analysis. 
They then go on to give the results of field tests on early models of the 
new cell. The sixth paper, by T. W. Huseby, J. T. Ryan and P. Hub-
bauer, describes the work leading to the design of the jar and cover for 
the new cell. During the course of this work it was found that particular 
attention must be given to the presence of trace amounts of certain 
impurities, either in the stabilizer for the Polyvinyl Chloride or as 
solvents that may be introduced in certain ways of sealing the cover 
to the jar. 
The electrochemical activity of these trace impurities is reported 

in the succeeding paper by A. D. Butherus, W. S. Lindenberger and 
F. J. Vaccaro, who quote maximum tolerable limits for a number of 
the impurities likely to be present. The sealing of the cover to the jar is 
discussed in the paper by D. W. Dahringer and J. R. Shroff, who 
developed a heat-sealing technique that is mechanically sounder than a 
solvent seal and also avoids the introduction of excessive amounts of 
electrochemically active impurities. 
The next paper, by L. H. Sharpe, Shroff and Vaccaro, describes the 

solution of the post seal problem, in which, by means of a flexible 
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bellows, the post is given some freedom to move relative to the cover 
without stressing the seal. The tenth paper, by R. H. Cushman, de-
scribes a new technique for joining together the positive plates at their 
peripheries, using a continuous fusion bonding effected by an electrically 
heated tip. The final paper in this series, by Luer, indicates how cells 
of the new design can be incorporated into telephone plant to replace 
the present rectangular cells without the need for extensive redesign of 
the space set aside for accommodation of cells. 
One word on terminology. To an electrochemist, a single jar con-

taining two electrodes is a cell, and a number of these connected to-
gether in series constitutes a battery. In the Bell System we tend to 
refer to a single cell as a battery; a number of cells connected together is 
often called a string. Rather than attempt to impose on this set of 
papers a uniform terminology, I have left usage in this regard to the 
individual authors to decide. I trust, therefore, that electrochemists 
will be forgiving if they frequently find a cell called a battery, and 
power engineers similarly tolerant if they sometimes find a battery 
called a cell. 

C. G. B. GARRETT 



Lead-Acid Battery: 

Reserve Batteries for Bell System Use: 
Design of the New Cell 

By D. E. KOONTZ, D. O. FEDER, L. D. BABUSCI, H. J. LUER 

(Manuscript received April 29, 1970) 

A new cylindrical lead-acid battery has been developed to provide reserve 
power to sustain telephone service during power-failure conditions. We 
discuss in this paper the usage of batteries in the modern telephone plant, 
review the difficulties encountered with existing cell designs, describe in 
detail special features of the new design, and outline the scope of the overall 
development program. 

I. INTRODUCTION 

For more than 100 years, lead-acid batteries have dominated the 
field of practical rechargeable batteries. In its modern form, the lead-
acid battery is derived from Faure' and Sellon2 who introduced the 
concept of a conducting lattice-like grid to provide electrical contact 
and mechanical containment of the particulate pastes of the positive 
and negative electroactive species. Despite a century of evolution 
which has seen this battery system optimized for automotive starting, 
lighting and ignition (SLI) service and become the primary industrial 
battery system for both stationary (communication) and traction (fork-
lift truck, etc.) usage, modern cell designs differ only slightly from 
Faure's original proposals. 
In contrast to the deep-cycle service of industrial truck batteries, 

and the high-rate discharges typical of batteries for SLI usage, batteries 
for telephone service are continuously trickle-charged, or "floated" 
under conditions designed to maintain them in a full state of charge, 
ready for instantaneous use, should commercial power fail. Discharges 
are infrequent and at relatively low rates. Bell System requirements 
emphasize long life and high reliability in the unique float charge use-
mode and strive to avoid the economic penalties of excessive main-
tenance. 
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Despite these major differences in use-mode, batteries for telephone 
service differ basically only in their wide size range (50 AH to 7000 AH) 
and lower specific gravity acid (1.210) from those used for SLI or 
traction service. Figure 1 shows a representative telephone stationary 
battery design. The major structural element is the lead alloy grid, a 
lattice-like frame which serves as the mechanical retainer and electrical 
contact to the positive and negative active material pastes. Lead oxides 
mixed with sulfuric acid and water, are pasted into these grid frames 
and, after drying, converted via electrolytic oxidation or reduction to 
the positive lead dioxide or negative "spongy" lead electrochemically 
active species. Microporous separators are interspersed between each 
pair of positive and negative plates to provide electronic insulation 
while permitting ionic transport. The separators may be supplemented 
in some designs by fiberglass mats designed to entrap positive active 
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Fig. 1—Typical Pb-acid battery for telephone reserve use. 
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material which may shed during charge-discharge cycling. In cell ele-
ments made up of groups of positive plates with interleaved negative 
plates and separators, electrodes of like polarity are electrically and 
mechanically joined by torch-welding to a lead-alloy connecting strap. 
This in turn is joined to a terminal which projects, via a feed-through 
seal, through the cell cover, forming the external terminal contact. 
The entire vertically disposed cell element may either rest on the cell 
bottom (suitably elevated by ridges to allow collection of shed active 
material sediment without causing inter-electrode shorts) or be sus-
pended from the jar wall or cell cover. 
Because the element weight is supported by the grid frames, the 

structural integrity of the grid frames has required that soft lead be 
metallurgically hardened, usually by the incorporation of 3-12 percent 
Sb, which forms a binary eutectic at 13 percent Sb and produces an 
increase in tensile strength from 1780 to 7280 psi, and an order of 
magnitude increase in creep strength. While early workers recognized 
the effectiveness of Sb in providing the required degree of mechanical 
hardening (and improving the casting qualities of the grid), the electro-
chemical activity of the Sb additive was not clearly identified and 
understood until the mid 1930s, when its influence on the behavior 
of the negative plate was elucidated by Crennel and Milligan.? (The 
significant reactions which govern the behavior of the lead-acid battery 
in discharge, recharge and overcharge are shown in Table I.) Haring 
and others' documented the corrosion and dissolution of Sb from the pos-
itive grid, its transport through the separator as a complex Sb ion and its 
redeposition on the negative plate. There it provided sites which facili-
tated hydrogen evolution (depolarization) on charge and promoted a 
local action type of self-discharge which ultimately resulted in irre-
versible sulfation and failure of the negative plate. Thomas and Haring' 
proposed the use of electronegative alkaline earth elements as non-
depolarizing alloying additions and in 1948 reported on successful 
long-term experiments with batteries whose grids were hardened by 
inclusion of 0.05 to 0.10 percent Ca.' These workers demonstrated that 
cells fabricated with these Pb/Ca alloy grids, when maintained con-
tinuously on trickle or "float" charge showed no depolarization or 
sulfation of the negative plates after a nine-year float test. In this test, 
a new life limiting process resulted, that is, corrosion and growth of the 
positive grid in the highly oxidizing environment of float charge usage. 
Their life tests indicated a critical sensitivity of the corrosion and 
growth processes to small variations in the alloy composition and to the 
metallurgical soundness of the casting.' The Ca alloy addition in-
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TABLE I—REACTIONS IN THE LEAD-ACID BATTERY 

Primary Charge-Discharge Reactions 

At the Positive  Charge 
Electrode:  PbSO4 2H20  > Pb02 -I- 4H+ + SO4- + 2e 

Discharge 

At the Negative  Charge 
Electrode:  PbSO4 -I- 2e- - --> Pb -I- SO, 

Discharge 

On Overcharge 

At the Positive 
Electrode: 

Charge 
21-120 - -> 02 + 4T-T+ + 4e-

Charge 
Pb + 21120 - -e _____ Pb02 + 411+ + 4e-

At the Negative  Charge 
Electrode:  2 H+ -I- 2e- - -> H2 

creased the difficulty of grid casting because of its narrow melting 
range and caused significant analytical and control problems to be 
introduced into the casting process. The manufacturing problems were 
successfully overcome and batteries containing lead-calcium grids were 
introduced into widespread Bell System use in 1950. 
During this same period container materials suitable for use in the 

acidic electrolyte evolved from fragile and expensive glass and ceramics 
through hard rubber into current polystyrene-based polymers capable 
of high-speed injection moldings which permitted wide flexibility in 
jar-and-cover design and resulted in significant economies. Adhesive 
sealing of containers and covers and sealed feed-through terminals 
produced cells which eliminated the possibility of internal element 
maintenance and repair. Elimination of Sb and its depolarization of the 
hydrogen evolution reaction allowed cells to float at substantially lower 
currents resulting in a marked decrease in frequency of water additions. 
These changes stimulated expectations of decreased battery main-
tenance by telephone company personnel. 
In the 20 years since the introduction of the lead-calcium battery, 

Bell System battery usage has increased by more than an order of 
magnitude and has been accompanied by significant changes in power 
plant design and usage. 
We discuss in this paper the ways batteries are used in the modern 
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telephone plant, review the difficulties that have been experienced with 
existing cell designs, describe a new cell which has been designed to 
minimize these problems, and outline the scope of the program for its 
development. 

II. BATTERY USAGE 

In order to assure uninterrupted telephone service, a continuous, 
uninterrupted supply of electrical power must be provided. This power 
is normally purchased from the electric utility serving the area of opera-
tion but it is clear that sufficient power must be available to run the 
plant even during periods when the commercial power is unavailable. 
Each telephone installation must therefore be provided with a source 
of reserve power having sufficient capacity to carry the plant through 
the duration of commercial power interruption. 
A typical central office power system is shown schematically in 

Fig. 2. The telephone plant load is primarily de and it is this portion 
of the installation which must be provided with no-break power. A 
small amount of ac is often included in the plant load. In normal opera-
tion the ac load is supplied directly by the commercial source and the dc 
load by a system of rectifiers driven from the commercial source. Build-
ing services such as general lighting and air-conditioning are also sup-
plied directly. The battery is kept connected to the plant at all times 
and is floated at full charge by the rectifiers. 
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Fig. 2—Telephone office power plant. 
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In the event of a failure of commercial power, the commercial source 
is disconnected from the plant and an appropriate alarm is registered. 
The reserve engine-alternator is then started (either automatically or 
manually) and, when up to speed, connected to the load. Depending on 
conditions, the time interval between the onset of the power failure 
and the load pickup by the reserve engine can vary from less than a 
minute to more than an hour. During this time interval, the battery 
provides all the de power to run the telephone plant. AC power for the 
telephone equipment is also supplied by the battery through dc-ac 
inverter plants. This arrangement allows the de load to be drawn from 
the batteries without interruption and with minimal switching tran-
sients. 
The amount of battery reserve which must be provided is highly 

dependent on the precise conditions of the installation. The significant 
factors are plant voltage, load current, and required battery reserve time. 
While central offices operate principally at 24 and 48 volts, there 

are a variety of other voltages needed for PBXs, transmission systems 
and other special services. Table II is a tabulation of the dc voltages 
for which standard battery plants are presently provided. It also shows 
the number of cells connected in series to achieve these voltages. 
Roughly speaking, the number of cells is half the plant voltage (2 volts 
per cell). However, many plants are provided with additional emergency 

TABLE II—DC VOLTAGES OF STANDARD BATTERY PLANTS 

Nominal Voltage Number of Celle 

12V 6 

24V 

9 
10 
11 
12 
13 
14 

48V 
23 
24 
27 

130V 

63 
66 
67 
69 
70 

152V 70 
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TABLE III—POWER OUTAGES IN TELEPHONE OFFICES 

No. of 
Outages 
Per Year 

Duration of Each Outage 
(% of Total Reported Outages) 

0-10 Min.  10-60 Min. 1-3 Hr. >3 Hr. 

1-5 
6-10 
10-20 
>20 

37  35 
3  1 
1  0 
5  0.5 

12 
0.5 
O 

O 

5 
O 
O 

or "end" cells which are switched onto the end of the battery string 
during longer discharge periods to maintain the plant voltage within 
the required limits. This permits the cells in the main battery to dis-
charge to a lower voltage (1.75 V/cell) and thus utilizes the battery 
more completely. 
The current drain on these plants can be anywhere up to 10,000 

amperes. The battery string is designed to supply this load for the 
duration of the expected outage. The amount of reserve time provided 
depends largely on the local office environment. For plants with good 
reserve engine back-up located in an area where power failures are 
historically rare and of short duration, the reserve time provided may be 
as low as two hours. On. the other hand, unattended remote locations 
without engine back-up (community dial offices, mountaintop relay 
stations, and so on) may be engineered to run for days on the battery 
alone. Results of a recent battery survey provided significant statistical 
information on power outages. These are tabulated in Table III. Large 
area power failures, such as the Northeast blackout of November 1965, 
provided practical demonstration of the importance of the reserve 
battery plant. 
The cells we currently use for this service have capacities ranging 

from 50 to 7000 ampere-hours as tabulated in Table IV. Generally 
speaking, the smallest available cell having enough capacity to provide 
the necessary reserve time is used. If the required reserve capacity 
exceeds that available from a single battery, as many as 8 multiple 
strings are used in parallel. 
Cells of 4000- to 7000-ampere-hour capacity are used in the larger 

offices. These "tank" cells are of hard rubber case construction and are 
floor mounted. Cells in the 180- to 1680-ampere-hour range have poly-
styrene-based plastic cases and are mounted on shelf-type battery 
racks, generally two tiers high. The smaller 50- and 100-ampere-hour 
cells currently have polystyrene-based or polypropylene plastic cases 
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TABLE IV-CELL CAPACITIES USED 

Ampere Hours 

SO 
100 
180 
240 
300 
420 
540 
660 
840 
1080 
1320 
1680 
4000 
5000 
6000 
7000 

Fig. 3—Central office battery plant with 7000-AH Tank cells. 
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Fig. 4—Central office battery plant with 1680-Ali plastic jar cells. 
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and may be shelf-mounted either on battery racks or in relay racks. 
Typical central office battery plants are shown in Figs. 3 and 4. 
More than half the cells we use are in the 180- to 1680-ampere-hour 

range. Table V shows the number of lead-calcium cells of this type pur-
chased by the Bell System in 1968. Lead-antimony cells in these sizes 
accounted for less than 5 percent of the 1968 business. The use of the 
Pb/Ca cells seems fairly well distributed over the range of sizes with 
two exceptions. There is a small bulge at 300 to 400 ampere-hours and 
a much larger one at 1680 ampere-hours. The 1680-AH cells provide 
more capacity per dollar than any of the other sizes available (including 
the tank cells) but their use in plants requiring more than five parallel 
strings is not recommended because of increased maintenance costs. 
If the maintenance cost of the new cell is lowered as anticipated, this 
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TABLE V—LEAD-CALCIUM CELLS PURCHASED BY BELL SYSTEM IN 1968 

Ampere Hours No. of Cells 

180 
240 
300 
420 
540 
660 
840 
1080 
1320 
1680 

7000 
7150 
10250 
14850 
6600 
6400 
5000 
5000 
4000 
43000 

Total  109,250 

restriction may be relaxed and purchases of the 1680-ampere-hour cell 
would be expected to rise at the expense of the tank cell. 
It is estimated that a total of 1,000,000 to 1,250,000 cells in the 

180- to 1680-ampere-hour range are presently in service. It is anticipated 
that the Bell System demand for these cells will remain at approximately 
the present level in the immediate future. By the mid 1970s purchases 
of the new cell are expected to reduce the demand for the current 
product to virtually zero. The replacement of existing cells by the new 
cells will continue at least until the mid 1980s after which the longer 
life of the new cells will take effect and the replacement market should 
essentially disappear for many years. It is doubtful that the total de-
mand for the new cell will drop however, since the expected demand for 
new plant should take up the slack. 
In this size range, 11 different capacities are furnished in both lead-

calcium and lead-antimony grid systems by three manufacturers. The 
multiplicity of available battery configurations, materials systems and 
element designs which result from our "end-requirement" specifications 
create significant problems in the design of mounting and intercon-
necting arrangements needed to incorporate them into the telephone 
plant and result in significant confusion in development of suitable 
practices for their maintenance and use. 
In the early 1950s, the Bell System battery plant was relatively 

small and usage was uncomplicated. Rapid system growth has resulted 
in continuous expansion to keep pace with new system demands for 
power and has introduced requirements for offices resistant to earth-
quake and nuclear atta,ck.7 Reliability, long life, low maintenance, and 
thus low annual costs have become increasingly important as size and 
variety of plant usage has increased. Realization of these objectives 
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has been complicated by the complexity and multiplicity of installation 
configurations and compromised by performance deficiencies of the cells 
currently in use. 

III. BATTERY PERFORMANCE IN TFIE BELL SYSTEM 

The introduction of the lead-calcium alloy grid into the manufacture 
of Bell System batteries in 1950 was accompanied by a significant de-
parture in specification practice. In addition to providing end-require-
ment electrical and mechanical specifications and "design life" ob-
jectives, close control was established over the composition of the Ca 
grid alloy. This was soon followed by specification and control of com-
position and properties of the polystyrene-based polymers introduced 
for battery jars and covers. Significant BTL materials development 
effort was involved in both these programs. Control of all other details 
of cell design, materials selection and manufacture was retained by the 
manufacturers, who were free to initiate changes for cost reduction 
and product improvement, subject to Western Electric Company and 
BTL approval. The lack of a proven accelerated aging technique made 
it difficult to predict the ultimate life of the original designs, or the 
impact of these changes on the long-term performance of cells which 
had an anticipated 25-year life expectancy. Field performance problems 
usually appeared slowly over periods of five to ten years and such 
early failures as did occur were often considered as isolated manu-
facturing defects in the absence of widespread field complaints. 
In the early 1960s, several serious fires in telephone battery plants 

became the object of significant telephone company and BTL study. 
Extensive postmortems of damaged batteries, coupled with simulations 
in a mock-up battery plant at Murray Hill established conclusively 
that electrolyte leakage to grounded metal battery racks could produce 
arcing which might result either in an explosion of hydrogen/oxygen 
mixtures trapped beneath the cell cover, or in direct ignition of the 
flammable polystyrene-based plastic jar-and-cover materials. Acid 
leakage from faulty jar-cover or terminal-cover seals, or from cracked 
jars was found to be particularly hazardous in higher voltage (> 48 V) 
battery plants. 
More detailed examination revealed that in most cases, leakage 

could be directly attributed to stresses resulting from corrosion and 
growth of the positive grid.8 Corrosion causes the lead-alloy grid to be 
continually oxidized to Pb02 . The larger specific volume of the oxidized 
material creates stresses which cause the grid to grow, crack and 
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Fig. 5—Corroded positive plate with original grid overlaid to indicate initial 
dimensions. 
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eventually lose contact to the active material. The extent of this growth 
is seen in Figure 5. It shows a corroded and grown positive plate with 
the original lead-calcium alloy grid overlaid to indicate the initial 
dimensions. Simulated growth-stress studies revealed the stress-sensi-
tive, brittle polystyrene jars to be incapable of resisting these growth 
stresses, once grid growth had progressed to the point of contact with 
the jar walls. Initial stress-induced crazing (Fig. 6) was usually followed 
by jar fracture (Fig. 7). Likewise, vertical growth stressed and ruptured 
jar-cover and post-cover seals (Fig. 8). Many examples of each type 
of failure were found in field examination of telephone battery plants. 
Recognition of the mechanical consequences of grid growth stimulated 

additional concern over the electrochemical integrity of the telephone 
battery plant. The loss of grid-pellet contact which occurs during grid 

Fig. 6—Crazing in plastic jars. 
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Fig. 7—Crack resulting from craze of Fig. 6. 

growth is clearly visible in Fig. 5 and results in severe capacity loss. 
Since capacity tests were not routinely performed by the telephone 

companies to assess the capabilities of their reserve battery plant, a 
pilot study involving about 50 cells of various ages and manufacturers 
was carried out with the Pacific Telephone Company. This study re-
vealed capacity to be degrading much more rapidly than had been 
anticipated. 
In order to establish a more accurate understanding of the existing 

capabilities of the telephone reserve battery plant, an extensive survey 
was then organized by BTL and implemented with the cooperation of 
AT&T. Random sampling of cells in all telephone companies (in-
cluding Bell of Canada) provided discharge information on more than 
5000 cells in the 180- to 1680-AH range. Data was taken by telephone 
company personnel on forms specifically designed to facilitate transfer 
to punch cards for subsequent computer analysis. Information on cell 
type, age and manufacturer, battery plant location, type and usage, 
power-failure statistics and many other parameters were obtained in 
addition to cell capacity, mechanical conditions and maintenance in-
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formation. Computer correlation, analysis and display techniques were 
used extensively in reviews of this material for both telephone com-
pany personnel and individual battery vendors. The results indicated 
that the life expectancy of lead-calcium cells in system usage would 
generally fall far short of the anticipated design goal of 25 years to 
90 percent of initial capacity with the best designs likely to achieve an 
average life of no more than 15 years to 75 percent capacity. There was 
considerable variability in performance and aging characteristics among 
the various suppliers' products with the earlier, more conservatively 
engineered designs showing the best long-term performance. In addition 
it was found that design changes had generally resulted in significant 
degradation of capacity-aging characteristics with some cells (repre-

Fig. 8—Cracked and leaking jar-cover seal. 
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senting a large fraction of the installed plant) fading to less than 50 
percent capacity within seven years. Mechanical failures were found to 
be common to all designs and in many cases had passed unrecognized 
by telephone company personnel except in catastrophic cases. 
While demonstrating the degraded capability of the telephone battery 

plant, the battery survey documented the need for closer specification 
and control of cell design, materials and processes in order to insure 
performance in accord with system objectives. These two factors, 
coupled with inventory, supply, installation and usage problems re-
sulting from the multiplicity of codes and configurations, stimulated a 
thorough reexamination and revision of the entire philosophy of Bell 
System battery design, procurement and use, with the ultimate goal 
of minimizing the annual cost of battery power to the telephone plant. 
Specifically, a multifaceted program was initiated in 1964 with the 
following objectives: 

(i) To design a lead-acid battery optimized for telephone float service 
which would incorporate long life (> 30 years) and freedom from 
mechanical defects. 
(ii) To provide for close specification of and control over design, ma-
terials, processes and components, with the ultimate objective of pro-
viding a device in which all facets were controlled and understood. 
(iii) To introduce standardization and reduction of codes and con-
figurations by adoption of a single unified design. 

IV. FEATURES OF THE NEW DESIGN 

This paper and those which follow, describe the new lead-acid cell 
which has been designed; discuss the new processes which have been 
developed; and provide details of cell performance characteristics, 
accelerated aging studies and field trial behavior which document its 
compatibility with the existing telephone power plant and provide a 
basis from which predictions of life and reliability may be mule. 
The cell design contains several novel features: 

(i) The grids are made of pure lead for minimal corrosion and growth 
and are stacked in a self-supporting structure to minimize distortion.' 
(ii) The grids are conically shaped, for maximum strength, with grid 
members specially designed to grow in a cooperative, phased manner 
which provides improved grid/paste contact throughout life and results 
in a significantly improved capacity aging characteristic.' 
(iii) A new positive paste material, tetrabasic lead sulfate with rod-
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like particles which interlock for maximum mechanical stability has 
been introduced.' 
(iv) Jar and cover are made of a new, transparent, flame-retardant 
rigid polyvinyl chloride (PVC) material which combines low-cost 
fabrication, improved impact and craze resistance and increased ease 
of sealing.° 
In order to allow reliable fabrication and performance of this design, 

several new processes have been introduced. These include: 

(z) A lead-joining technique which provides welded flaw-free positive 
plate interconnection bonds in multiple, at high speeds compatible 
with economic manufacturing technology." 

(i4) A technique for in situ casting of a lead-antimony connection rod 
which provides mechanical and electrical interconnection of the nega-
tive plates. 
(iii) A heat-sealing technique which utilizes directed black body ab-
sorption of infrared radiation for localized melting and bonding of the 
jar-cover sealing surfaces, providing a jar-cover seal capable of sup-
porting over 100 times the weight of the battery. 12 

(iv) A redundant post-cover sealing system which provides a rigid 
epoxy corrosion-restraint sheath on the lead post and is flexibly coupled 
to the cover to allow stress-free movement of the cell element within 
the j ar.° 

Central to the development of this new design and the new processes 
which it incorporates and to our ability to predict its long-term per-
formance was the successful development of techniques for accelerated 
aging of the electrochemical element, associated materials and sup-
porting systems. Use of elevated temperature aging to predict corrosion, 
growth and capacity behavior of the electrochemical element, is dis-
cussed in detail.' Accelerated aging techniques for predicting plastic 
creep,° acid dissolution and interaction effects are also described.° 
Accelerated voltage stressed post-seal corrosion studies are also re-
ported.° 
Detailed studies of cell charge-discharge and float characteristics are 

presented in addition to results of initial field trials in working tele-
phone offices.° 
In this section of the paper we describe the design and construction 

features of the new cell in some detail. The detailed technical programs 
which resulted in specific design features are described in the companion 
articles in the series. 
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Fig. 9—The Bell System Battery—cutaway and exploded view. 

V. CELL DESIGN 

Figure 9 shows the new cylindrical cell design in both cutaway and 
exploded views. Figures 10 and 11 show the pure-lead positive and 
negative grids in more detail. The plates are conical, cupped to a 10° 
angle, and stacked, pancake fashion, one upon the other. Microporous 
rubber separators and fiberglass mats, conically shaped, are inter-
leaved between each pair of positive and negative plates to provide 
electronic insulation and prevent shorting while allowing ionic and gas 
transport. Plastic insulating details protect the outer ring of the negative 
and inner hub of the positive from metallic shorts. The element stack 
nests on a conically shaped hard rubber base, into which is inserted 
a blind lead plug secured by means of a hard rubber nut. The upper 
surface of the lead plug is shaped to receive the conical central hub of 
the bottom negative plate. The other negatives nest similarly at the 
center via their conical hubs, forming a hollow central core. A hard 
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rubber cap provides compression to the top negative plate. The lower 
end of the negative post is conically shaped to nest in the hub of the 
top negative plate. After stack assembly and after insertion of a copper 
rod for conductivity, the entire negative group, including plates, plug 
and post are interconnected by a so-called "center pouring" process. 
This process, shown schematically in Fig. 12, introduces molten lead-
antimony alloy at the base of the core through a tube which is with-
drawn at a controlled rate. Heated nitrogen introduced through the 
same tube serves both to preheat the core and to prevent oxidation 
of the lead surfaces. After filling and solidification, this results in a 
mechanical and electrical connecting rod which is metallurgically 
bonded to the lead hubs. 
The positive plates have vertical connector tabs at their periphery 

and are joined after assembly by a welding process. All early cells were 
made with a heliarc welding process which provided only a partial 
depth bond and was quite time consuming. A new bonding technique 
has been developed to provide full depth, flaw-free bonds at speeds 
compatible with manufacturing technology. 
In this technique the cell stack is turned with its axis horizontal and 

Fig. 10—Positive grid. 
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Fig. 11—Negative grid. 

a heated tip is passed through from underneath to melt the junction 
of each pair of positive connector tabs. A curved insulating block which 
contains the heated tip acts as a traveling mold to contain the molten 
lead and provide a solidified bond of the same curvature as the original 
connector tabs. Multiple heads allow at least ten connections to be 
bonded simultaneously.n 
Percolation of gas and electrolyte occurs through an annular chimney 

around the center negative connector and through spaces between the 
tabs on the periphery of the positive plates. The ten degree conical 
angle combined with proper venting at the central annulus allows for 
efficient circulation. The welded unitized element, compressed between 
the hard rubber cap and base, rests in a simple cylindrical jar made of a 
flame-retardant PVC which serves primarily as a container for the 
electrolyte and is subjected therefore only to hydrostatic forces.10 Be-
cause of the pancake stacking arrangement, different capacity cells 
differ only in height and have identical-sized grids. The jar height may 
therefore be simply varied to accommodate different sizes. The cover, 
also made of PVC, provides a heat-sealed shear bond for maximum 
strength and reliability of the jar-cover .sea1.12 For ease of clean-up 
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and maintenance a dam at the outer edge of the cover contains any 
electrolyte spillage which might result from specific gravity measure-
ments. In addition, the cover overhangs the jar, thus providing an 
umbrella action to minimize the possibility of electrolyte spillover ac-
cumulating at the seal area. (Acid accumulation at jar-cover seals has 
proved to be a major cause of fire in batteries of conventional design 
throughout the Bell System.) Post seals incorporate a rigid epoxy 
sheath to provide a long leakage path which is coupled to the cover via 
flexible rubber bellows backed up by a piston-cylinder, accordion-ring 
type seal to allow for vertical movements which result from any shock 
incurred during shipment and installation and for vertical element 
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Fig. 12—Centerpouring process—schematic. 
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growth without overstressing the cover, jar-cover or post seals.13 The 
vent incorporates a microporous diffuser which also serves as the funnel 
for water additions. This has the advantage of retaining all acid con-
densation and of allowing frequent rinsing and dissolution of salt de-
posits during normal water addition maintenance. The threaded copper 
rod inserts have been utilized directly as the terminals for cell inter-
connections in the early field trial cells. In later designs they will be 
covered by lead-antimony terminal details cast onto the positive post 
during fabrication and onto the negative as part of the center pouring 
operation. 
The circular design results from our attempt to minimize the cor-

rosion and control the growth at the positive electrode which is the 
major life-determining process of lead-acid batteries in telephone float 
service. The circular conical plates, stacked pancake fashion and joined 
into a rigid unitized structure, provide a structure of sufficient strength 
and of minimal loading on the individual elements to allow us to capital-
ize on the superior corrosion and growth behavior of pure lead which 
is too soft for use in conventional designs.' In this design the stacking 
arrangement results in loadings of a few pounds per square inch in the 
most extreme case, well within the long-term creep capability of the 
pure-lead material. In addition, the circular design allows us to control 
the contact between the lead grid and the positive paste pellet in such 
a way as to minimize the capacity loss which occurs in rectangular 
grids as growth causes the grid to break away from the active material 
pellet.' 
A further improvement in grid/paste contact is made possible by 

the introduction of a new positive active material, tetrabasic lead sul-
fate.' A process has been developed to synthesize this material in the 
form of interlocking, rod-like particles which minimize shedding and 
provide optimal grid/paste contact since they do not shrink away from 
the grid during the pasting, drying or formation processes. 
Cells incorporating these features have been built at a battery De-

sign Capability Line (DCL) for laboratory, accelerated and field tests 
over a size range from 200 to 1000 AH embodying 10.5" diameter grids 
which have evolved through three generations of design. Other cells 
have been built in sizes up to 1680 AH embodying two generations of 
grids approximately 13" in diameter. A 1680-AH preproduction proto-
type design is currently being built at the DCL on prototype manu-
facturing equipment designed by Western Electric Company. Several 
hundred of these cells will be furnished to the telephone companies for 
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TABLE VI—LEAD-ACID CELL FIELD TRIALS 

Date Location Company Battery 

1/30/89 Murray Hill, N. J. N. J. Bell Tel. Co. 48V 
2/7/69 Goa:labor°, Pa. AT & T Long Lines 12V 
3/21/69 Shirley, N. Y. AT & T Long Lines 12V 
4/11/89 Noyack, N. Y. AT & T Long Lines 12V 
9/16/69 Dover, Missouri AT & T Long Lines 24V 

an extensive field trial during 1970. Specifics of an initial field trial 
which was instituted in 1969, are shown in Table VI." Figure 13 shows 
the assembled element of the 420-AH 11" grid cell furnished for this 
early trial. Figure 14 shows the completed cell, housed in the same size 
jar which can contain the elements of the 1680-AH preproduction 
prototype cell made with 12.5" diameter positive grids. The 1680-AH 
cylindrical cell will be electrically interchangeable with and will fit into 
the same rack space as the conventional 1680-AH designs. 
These initial trial cells have furnished important materials and design 

feedback;" demonstrated the durability of the cell in shipment, hand-
ling and installation; and, most importantly, served to facilitate operat-
ing company acceptance of the new design. 

VI. SUMMARY 

To provide correction to difficulties observed with commercial cell 
designs in Bell System use, a new cell has been developed. It utilizes 
pure-lead grids to minimize grid corrosion and increase cell life. The 
conical grids are stacked in a self-supporting structure to minimize 
stress and allow use of the soft lead material. Improved contact to the 
positive active material results both from grid design and from the use 
of interlocking particles of a new positive paste, tetrabasic lead sulfate. 
Rigid, flame-retardant PVC jar-and-cover materials provide improved 
mechanical strength to the container system and permit introduction 
of a high reliability jar-cover heat seal. New post seal technology 
minimizes the possibility of corrosion of the post-connector contact 
surface during cell life. A Design Capability Line has been established 
to facilitate introduction of this design into commercial manufacture. 
Early cells, made at this facility on hand tooling, have been successfully 
introduced into a limited field trial. A preproduction design is currently 
being built for a more extensive trial using prototype manufacturing 
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Fig. 13—Element of 420-AH field trial cell. 
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Fig. 14—Complete 420-AH field trial cell. 
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equipment developed by Western Electric. Accelerated tests have been 
developed to insure that materials, processes and designs will result in 
cell life, performance and reliability compatible with Bell System usage. 
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Lead-Acid Battery: 

Positive Grid Design Principles 

By A. G. CANNONE, D. O. FEDER, and R. V. BIAGETTI 

(Manuscript received April 29, 1970) 

In this paper, we present accelerated test data which show the superior 
anodic corrosion and growth behavior of pure lead as compared to lead 
calcium and lead-antimony positive grids for lead-acid batteries in float 
service. We relate differences in growth behavior to differences in metallurgy 
for these three alloy systems. Pure lead has been incorporated into circular 
grid designs and tests show these to be a substantial improvement over 
conventional rectangular grids. 
A novel grid design concept has been developed and applied to the design 

of pure lead circular grids. The rate and direction of growth in the grids 
are controlled by appropriate geometrical design of the grid members. 
Batteries incorporating these circular grids increase in capacity with age 
rather than decrease in capacity as do rectangular grids. The circular grids 
can be designed to provide lifetimes of several centuries. 

I. INTRODUCTION 

In order to insure that stand-by lead-acid batteries are always in a 
full state of charge, the batteries are "floated" at 2.17 V per cell which 
is 110 mV above the open circuit cell potential (0.C. = 2.060 V for 
1.210 sp. gr. H2504). Under these float conditions, Pb02 is the thermo-
dynamically stable solid phase at the anodes. Consequently, the lead 
or lead alloy grid is oxidized to Pb02 . The initial layer of Pb02 formed 
on the lead anode is passivating and subsequent corrosion is usually a 
relatively slow process. The specific volume of Pb02 is 21 percent greater 
than that of lead. Therefore, the corrosion product (Pb02) induces 
stresses in the lead substrate from which it was formed. The induced 
stresses cause growth of the grid, which eventually results in failure of 
the battery. The effect of grid growth is illustrated in Fig. 1 which shows 
a severely corroded PbCa plate overlayed with a noncorroded grid to 
show original dimensions. This grid has grown to such an extent that 
cracking of the Pb02 pellets and loss of contact with the grid members 
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Fig. 1—Severely corroded Pbea grid with overlayed bare grid to show initial 
dimensions. 

have occurred. It is obvious that this must result in a decreased capacity 
of the plate. Positive plate growth also results in cracking of battery 
jars, and rupture of jar cover and post cover seals. It was clear that 
substantial improvements in battery life and performance could be 
achieved if grid corrosion and growth could be minimized 
It is known that corrosion and growth of PbCa positive grids are 
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critically related to Ca content." Unpublished independent studies by 
W. W. Bradley and B. A. Crete11a, of these laboratories, have shown 
that the best corrosion behavior of PbCa cells in float service were 
obtained with cells having low calcium content. This prompted an 
investigation into the applicability of pure lead for use in long-term, 
float-service, lead-acid batteries. 
Several studies on the anodic corrosion of pure lead have been 

reported?' However, these previous investigations are in most cases 
not relevant to telephone battery float-service conditions and none 
was of help in predicting the float-service behavior of pure lead versus 
PbCa and PbSb batteries. Consequently, the anodic corrosion and 
growth of grids of pure Pb, PbCa and PbSb were compared by using 
accelerated test procedures which were consistent with our float-service 
applications. 

II. EXPERIMENTAL WORK 

The experimental work carried out during this investigation was 
divided into two phases. The first phase consisted of corrosion and 
growth studies on pure Pb, PbCa, and PbSb grids of conventional 
rectangular design (5-5/8" X 5-7/8" X 1/4" thick). This study was 
designed to establish the validity of the testing procedure and to obtain 
comparative Pb, PbCa and PbSb performance data. The second phase 
consisted of accelerated corrosion tests designed to evaluate grid designs 
and metallurgy developed from results of the first-phase studies. 
Corrosion and growth studies were performed on cells assembled in 

glass jars in 1.210 sp. gr. H2SO4. Both pasted plate and bare grid cells 
were used in this study. Other details of cell construction, such as 
plate sizes and number of plates, will be given in the appropriate sections 
of experimental results. Cells were initially given a series of discharge-
charge cycles to establish zero time performance after which positive 
plate dimensions were measured with a micrometer. The cells were 
then placed at preselected elevated temperatures and the positive plates 
were potentiostated at 80 mV above the reversible Pb02/PbSO4 poten-
tial at the test temperature. Hg/Hg2S0. electrodes were used for 
potentiostatic control. Small cells were heated internally with immersion 
heaters, whereas external box ovens were used for the larger cells. 
Appropriate thermostats were used for temperature control. 
At predetermined intervals the cells were cooled, cycled to establish 

capacity, measured to determine dimensional changes and returned to 
hot test. 
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III. RESULTS AND DISCUSSION 

The Phase I experiments utilized commercially available PbCa(0.05 
percent Ca) and PbSb (6 percent Sb) grids of a design identical to that 
shown in Fig. 1. These rectangular grids were received already pasted. 
Identical design pure lead (99.99 percent) grids were cast in this lab-
oratory using a bottom pour, gravity feed mold. In those cases where 
pure lead pasted plates were used, these were pasted with a commer-
cially available formulation. All cells tested were 5 plate cells-2 positive 
plates and 3 negative plates—with appropriately located fiberglass mats 
and microporous rubber separators. 
The test results for PbCa, PbSb and pure Pb are shown in Figs. 2, 

3 and 4 respectively where the percent horizontal grid growth is plotted 
versus time at the various temperatures. The horizontal growth data 
are those for the midpoints of the positive grids. In most cases, each 
data point is the average growth of the two grids in a given cell. The 
superior performance of the pure lead grids is illustrated in Fig. 5 where 
the growth data is plotted for all three lead systems at 82°C. 
The growth of the PbCa and pure Pb grids is quadratically time-

dependent, whereas the PbSb data are reasonably linear over the range 
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Fig. 2—Percent horizonte growth vs days at temperature for 5-5/8" X 5-7/8" X 
1/4" thick PbCa (0.05 percent Ca) grids. 
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Fig. 3—Percent horizontal growth vs days at temperature for 5-5/8" X 5-7/8" X 
1/4" thick PbSb (6 percent Sb) grids. 

studied. The curves drawn through the PbCa and pure Pb data points 
correspond to the equation: 

Percent Growth = ice  (1) 

where k is a rate constant and t is time. Curve fitting in accordance 
with equation (1) was done visually. As can be seen, the curves are a 
very reasonable fit. The PbSb system shows a linear time dependent 
growth corresponding to equation (2). 

Percent Growth = kt. (2) 

The temperature dependent rate constants corresponding to equations 
(1) and (2) are summarized in Table I. 
As would be expected, the superior performance of the pure Pb system 

is also reflected in the ampere-hour capacities of accelerated test cells. 
Typical behavior is shown in Fig. 6 where the performance of the three 
Pb systems is shown as a function of time at 93°C. The capacities were 
normalized in order to eliminate differences in time zero behavior for 
the three systems. The improved capacity behavior of pure Pb plates 
may be attributed to the slower growth of pure Pb which enables the 
grid to maintain contact to the Pb02 active material for a longer time 
than for PbCa and PbSb. 
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Fig. 4—Percent horizontal growth vs days at temperature for 5-5/8" X 5-7/8" X 
1/4" thick pure Pb (99.99 percent) grids. 

The reasonable conformance of the PbCa and pure Pb systems to a 
parabolic growth equation suggests that the growth mechanics for these 
two systems are similar. Figures 7 and 8 show this to be the case. 
Corrosion of the PbCa alloy (Fig. 7) is primarily intergranular.4°  
Figure 8 shows that the corrosion of pure lead is also intergranular. 
Comparison of Figs. 7 and 8 shows the grain size of the pure lead grid 
to be considerably larger (approximately 40 times larger) than that of 
the PbCa grid. This suggests that the superior performance of pure Pb 
is related to the fewer corrosion sites (grain boundaries) per unit surface 
area for this system. 

3.1 Room Temperature Behavior 

In order to predict room temperature behavior, a plot was made of 
log k [equation (1)] versus 1/T for the two materials obeying the 
parabolic growth equation, Pb and PbCa. In the results, shown in Fig. 9, 
it is seen that the pure Pb grid data follow the Arrhenius law whereas 
the PbCa data show divergence at 82°C and 93°C. It is known that 
PbCa is a temperature-sensitive, age-hardening alloy whose metal-
lurgical properties can be altered significantly by heat treatment.' The 
hardness of any given PbCa alloy is determined by the distribution of 
the Pla3Ca phase in the alloy. Maximum hardness is associated with 
uniform distribution and particle size of the Pla3Ca phase and prolonged 
heat treatment agglomerates Pb3Ca which results in a softer alloy. 
This suggested that the observed anomalies at 82°C and 93°C might 
be related to changes in PbCa metallurgy induced by testing at these 
temperatures. 
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Fig. 5—Percent horizontal growth vs days at 82°C for 5-5/8" X 5-7/8" X 1/4" 
thick PbCa, PbSb and pure Pb pasted plates. 

A second set of accelerated tests on PbCa was carried out in which 
the grids were heat-treated at 110°C for 11 days prior to testing at 
elevated temperatures. Accelerated test results on these grids are shown 
in Fig. 10. Comparison of Figs. 2 and 10 shows that the heat-treated 
grids grow slower at all temperatures except 93°C. At 93°C the growth 
curves are essentially the same which indicates that testing at this 
temperature does indeed induce metallurgical changes in the PbCa 
system. Figures 11 and 12 are sections of the same PbCa grid before 
and after heat treatment. There are no obvious differences in. grain size 
or structure which might account for the different growth behaviors. 
However, tests performed with a Kentron Micro Hardness tester 

TABLE I—GROWTH RATE CONSTANTS AT VARIOUS TEMPERATURES 
FOR 51" X 5f," X I" THICK PURE Pb, PbSb, PbCa AND HEAT-

TREATED PbCa GRIDS 

k*(% / day2) k**(%/day) 

PbCa 
7'(°C) Pure Pb PbCa (heat treated) PbSb 
93 7.7 X 10-4 2.0 X 10-3 1.9 X 10-3 7.6 X 10-2 
82 1.5 X 10-4 1.1 X 10-3 5.5 X 10-4 2.7 X 10-2 
71 2.5 X 10-6 4.2 X 10-4 9.0 X 10-6 2.0 X 10-3 
60 4.0 X 10-6 1.2 X 10-4 2.0 X 10-6 1.0 X 10-1 
49 1.0 x 10-5 

* k in equation (1) —% Growth = kt2 
** k in equation (2) —% Growth = kt 



1286  THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1970 

t2 

o 
a ▪ 0.8 

o 
0.7 

N 

> 
a • 0.8 
o 

0.5 

RECTANGULAR GRIDS 

PbCao  
o Pb sb 
A PURE Pb 

10  20  30  40  50 
DAYS AT 93 .0 

60 70 BO 

Fig. 6—Normalized 5-hour rate capacities vs days at 93°C for 5-5/8" X 5-5/7" X 
1/4" thick PbSb, PbCa and pure Pb grids. 

Fig. 7—Section of PbCa (0.05 percent Ca) grid after 36 days at 93°C. 



POSITIVE GRID DESIGN 1287 

Fig. 8—Section of pure Pb grid after 339 days at 82°C. 
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Fia. 9—Rate constant (k) on log scale vs 1/T(°K) for 5-5/8" X 5-7/8" X 1/4" 
thick pure Pb and PbCa. 
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Fig. 10—Percent horizontal growth vs days at temperature for 5-5/8" X 5-7/8" X 
1/4" thick heat treated PbCa grids. 

Fig. 11—Section of PbCa (0.05 percent Ca) grid before heat treatment. 
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Fig. 12—Section of PbCa (0.05 percent Ca) grid after heat treatment at 110°C for 
11 days. 

showed the heat treated grids to be somewhat softer than untreated 
PbCa grids. This is in accord with earlier observations' and suggests 
that the distribution of the PbaCa phase has been altered by heat 
treatment. It is reasonable to suggest that the corrosion and growth 
characteristics of PbCa grids are related to the distribution of the PbaCa 
phase, particularly in the grain boundaries. 
Figure 13 shows a log k vs 1/T plot for the heat treated PbCa system 

in addition to the Pb and PbCa data shown in Fig. 9. The data for the 
heat treated PbCa show Arrhenius behavior indicating that prior heat 
treatment resulted in stabilization of the PbCa alloy. The rate constant 
and temperature data for heat treated PbCa are also summarized in 
Table I. If, as suggested, the growth mechanics are the same for pure 
Pb and PbCa, then one would expect the slopes (activation energies) of 
the Arrhenius plots to be the same for these two systems. Figure 9 shows 
this to be the case with only minor variations. 
As mentioned previously, the growth of the PbSb system is linearly 

time dependent. The fact that the growth behavior for PbSb is different 
from Pb and PbCa is not unexpected. The PbSb system is more complex 
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Fig. 13—Rate constant (k) on log scale vs 1/T (°K) for 5-5/8" X 5-7/8" X 1/4" 
thick pure Pb, PbCa and heat treated PbCa grids. 

because corrosion of the alloy is associated with dissolution of Sb. 
Since Sb is dissolved, it is not incorporated in the Pb02 corrosion 
product and the increase in volume resulting from the conversion of 
Pb to Pb02 is significantly less for PbSb than it is for pure Pb or PbCa. 
For example, a 21 percent increase in specific volume occurs in the 
corrosion of pure Pb to Pb02 whereas the corresponding increase for 
6 percent PbSb is only 9 percent.' The log k vs 1/T data for the PbSb 
grids are plotted in Fig. 14. 
Room temperature (25°C) rate constants were calculated using the 

data in Figs. 13 and 14. These are summarized in Table II along with 
calculated lifetimes to 1 percent (0.056") and 4 percent (0.225") growth. 
Diagnostic studies have shown that 4 percent growth is an approximate 
upper limit above which the integrity of the battery may be seriously 
impaired. Table II shows that pure lead would reach 4 percent growth 
in 82 years whereas the comparable times for PbCa and PbSb are 16.8 
and 13.8 years respectively. This should result in a substantial improve-
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Fig. 14 —Rate constant (k) on log scale vs 1/T (°K) for 5-5/8" X 5-7/8" X 1/4" 
thmk PbSb grids. 

ment in battery life for the pure lead as compared to PbCa and PbSb 
cells. Heat treatment of PbCa grids is effective in reducing the rate of 
grid growth. However, heat-treated PbCa is still not comparable to 
pure lead. 
Calculation of room temperature rate constants from Arrhenius plots 

assumes, of course, that changes in mechanism do not occur at lower 
temperatures. This has not been substantiated under controlled experi-
mental conditions because of the prohibitively long test times required. 
However, the calculated 16.8 and 13.8 years room temperature lives 
to 4 percent growth for PbCa and PbSb respectively are consistent with 
results obtained from diagnostic studies of cells in field use. In view of 
this, it is reasonable to assume that the calculated 82 years would be 
realized by the pure Pb cells in field use. 

TABLE II—GROWTH RATE CONSTANTS AT 25 °C FOR 5e" X 5f" X iti 
THICK PURE Pb, PbSb, PbCa AND HEAT TREATED PbCa 

GRIDS 

k at 25°C 
Time to 1% 

Growth (Years) 
Time to 4% 

Growth (Years) 

Pure Pb 4.41 X 10-9 %/day2 41 82 
PbCa 1.06 X 10-7 %/day2 8.4 16.8 
PbCa (heat treated) 4.60 X 10 8%/day' 12.8 25.6 
PbSb 7.96 X 10-4 %/day 3.4 13.8 
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3.2 New Cell Designed 

In order to capitalize on the superior corrosion and growth behavior 
of pure Pb, a new cell was designed with a self-supporting interlocking 
structure to minimize the stress on the soft Pb." This section discusses 
the design and performance of the conical grids which have been devel-
oped for the new cell. Figure 15 shows the first (Design "A") of a series 
of pure lead positive grid designs that were evaluated. The circular 
grid (10.9" O.D. X 0.25") consists of a series of concentric hoops 
interconnected by both continuous and interrupted radial members. 
In this circular design, corrosion and growth should cause the diameters 
of the concentric hoops to increase. The radial members would be 
buckled as a result of growth. 

Fig. 15—Design "A" pure Pb grid — 10.9" 0.D. X 0.25". 
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Figure 16 shows a different embodiment of this circular grid design 
concept. This spiral grid (Design "B", 10.9" O.D. X 0.25") has the 
hoops and radial members prebuckled in an attempt to control the 
direction of growth of all the members. 
Accelerated tests of these positive grid designs were carried out with 

160 AH cells (5 hr. rate)-3 positive plates, 4 negative plates. In cells, 
these grids are shaped to a 100 cone and stacked pancake fashion one 
atop another. Other details of cell construction are given elsewhere.10 
Results of growth studies for these two grid designs are summarized 
in Figs. 17 and 18. 
The growth data for these two circular designs are roughly linear 

with time. Since the mechanism of growth is a property of the material 
and not of grid geometry, growth having quadratic time dependence 
similar to the rectangular grids was expected. The reason for non-
conformance to parabolic growth became apparent after test completion 
when the cells were disassembled and the grids examined. Figure 19 
shows a design "A" grid after 169 days at 93°C. Considerable "mush-
rooming" has occurred which has substantially distorted the grid from 
its original 100 conical shape. Other studies showed this same "mush-
rooming" effect also occurring in the design "B" grids. It was clear 
that "mushrooming" was the result of unbalanced grid designs in that 

I 

Fig. 16—Deign "B" pure Ph grid — 10.9" O.D. X 0.25". 
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Fig. 17—Percent growth of diameter vs days at temperatire for design "A" pure Pb 
circular grids. 

all the circular hoops were not growing at the same rate. Most of the 
inner hoops for both grid designs were growing at a faster rate than the 
outer ring which eventually leads to severe distortion from the original 
10° cone. 
Evaluation of growth data from the rectangular PbCa grid experi-

ments revealed that the growth of any given member was directly 
proportional to the surface area (S.A.) and inversely proportional to 
the cross-sectional area (C.A.) of the member. In effect, the rate constant 
(k) in equation (1) is a product of two constants, kik, : 

4 
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Fig. 18—Percent growth of diameter vs days at temperature for design "B" pure 
Pb circular grids. 
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Fig. 19—Desig
n "A" pure

 Pb
 circular gri
d after 169 d
ays at 93°C. 
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Growth = k1k2e* (3) 
where k1 is the rate constant for growth and is a function of only the 
particular alloy system and k2 is the S.A./C.A. ratio of a grid member. 
This concept is further clarified by the data in Table III. In Table III, 
ki [equation (4)1 is calculated from detailed growth data (PbCa 82°C) 
on the three different types of rectangular grid member geometries 
(Fig. 1). 

,  Growth 
—  , (4) 

TABLE III—GROWTH RATE CONSTANTS AT 82°C FOR VARIOUS GRID 
MEMBERS OF THE 511." X 5-1" X 1" THICK PbCa GRID 

ki(in/day2) Growth at 68 Days (inches) k2(S.A./C.A.) 

8.7 X 10-8 
8.8 X 10-8 
8.6 X 10-8 

.008 

.013 

.021 

19.9 
32.0 
53.0 

It is seen in Table III that lc' is essentially independent of grid member 
geometry. The conclusion is that growth data obtained on a member 
of a given geometry enables one to calculate the growth expected for 
a large variety of geometric shapes provided the alloy system remains 
constant. Using this approach, the expected growth of the outer ring 
of the pure lead design "A" grid was calculated and compared to actual 
growth at 93°C. Figure 20 shows the measured growth to be signifi-
cantly greater than that calculated. The reason for this lies in the 
peculiarities of the grid design which leads to "mushrooming." Table IV 
lists the S.A./C.A. ratios for each of the rings in the "A" design. Since 
all the ratios are different, the expected rate of growth for each ring 
would also be different. Table IV also indicates that the three rings 
closest to the outer ring would grow faster than the outer ring. 
It is suggested that during the initial stages of growth, the faster 

growth of these inner rings is transmitted via the Pb02 pellets to the 
outer ring. This in effect stretches the outer ring resulting in growth 
larger than would be expected in the normal course of corrosion. During 
the intermediate stages of growth, the faster growing inner rings even-
tually lead to distortion from the original 10° plane resulting in the 
observed mushrooming. During advanced stages of inner ring growth, 

* Note that equation (3) expresses growth on an absolute basis rather than the 
percent basis used previously. 
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Fig. 20—Experimental and calculated design "A" grid growth vs days at 93°C. 

"mushrooming" has become severe and transmission of growth via the 
Pb02 paste material is not as effective. 
The transmission of growth via the Pb02 paste material was sub-

stantiated in an unpasted grid experiment also shown in Fig. 20. In 
this case, there is no Pb02 paste material for transmission of inner ring 
growth to the outer ring and the growth data correspond much better 
to that calculated. The growth data given for the "A" and "B" designs 
represent, therefore, second-order effects controlled by the growth 
characteristics of the inner ring members of these grids and thus these 
do not follow the parabolic growth equation. The data, however, still 
have physical significance and the linear rate constants have been 
summarized in Table V and plotted in Fig. 21. 
The extrapolated 25°C rate constants are 4.62 X 10-5 percent/day 

and 1.29 X 10-5 percent/day for the "A" and "B" designs respectively. 
These yield calculated room temperature lives to 4 percent growth 

TABLE IV—RATIOS OF SURFACE AREA TO CROSS-SECTIONAL AREA 
FOR RING SECTIONS OF DESIGN "A" GRIDS 

Ring Na. S.A./C.A. 

inner 
2 
3 
4 
5 
6 

outer 

70 
219 
331 
442 
546 
657 
410 



1298  THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1970 

TABLE V—GROWTH RATE CONSTANTS AT VARIOUS TEMPERATURES 
FOR "A" AND "B" DESIGN PURE LEAD GRIDS 

k* ( %/day) 

T*(°C) Design "A" Design "B" 

93 
82 
71 
60 

2.0 X 10-2 
5.4 X 10-2 

1.4 X 10-2 

2.5 X 10-2 
8.8 X 10-2 
3.0 X 10-2 

k* corresponds to linear growth equation (% Growth - kt). 

(0.420") of 238 years for the "A" design and 854 years for the "B" 
design. It is clear that the use of pure lead in a circular design (even 
though the design is unbalanced) provides positive plates which will 
not fail as a result of grid growth for extremely long periods of time 
provided that the ratio of surface area to cross-sectional area of the rings 
is sufficiently small. 

3.3 Third Circular Design 

In order to overcome the "mushrooming" problem, a third circular 
grid was designed in which all the circular hoops were balanced such 

2 
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Fig. 21—Rate constant (k) on log scale vs 1/T(°K) for "A" and "B" circular pure 
Pb grid designs. 
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that they would all grow at the same rate. Since lc, in Equation (3) is 
constant for a particular lead alloy system, a balanced circular grid 
design is obtained by maintaining le2 (S.A./C.A.) constant for the hoops. 
Such a balanced grid design is shown in Fig. 22 (10.9" O.D. X 0.25") 
wherein all the circular sections have the same S.A./C.A.-410 in this 
case. The S.A./C.A. ratio of 410 is the same as that for the outer rings 
of the "A" and "B" designs. Figure 23 shows the results of 93°C testing 
on four cells incorporating this "C" design. There is reasonably close 
correspondence between the data and the calculated behavior for this 
design. The growth data show some curvature indicating quadratic 
time dependence as would be expected on the basis of the results obtained 
on the rectangular grids. However, the growth data do not conform to 
a simple parabolic expression [equation (1)]. It may be that the accel-
erated tests have not yet progressed far enough in time for growth 
behavior conforming to equation (1) to become obvious. Only 93°C data 
is available for this design and, consequently, Arrhenius treatment to 
obtain room temperature performance is not possible. However, com-
parison of the design "C" data with 93°C data of other pure lead grid 
designs shows the performance of the "C" design to be superior. For 

Fig. 22 —Design "C" pure lead grid — 10.9" O.D. X 0.25". 
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Fig. 23—Percent growth of diameter vs days at 93°C for design "C" pure Pb cir-
cular grids. 

example, the time to 2 percent growth at 93°C ranges between 148-172 
days for design "C" whereas the comparable times are 100, 85, and 
50 days for "A", "B" and rectangular designs respectively. Examination 
of "C" design grids after 93°C testing shows no evidence of "mush-
rooming" which indicates that this design is indeed balanced. Figure 24 
shows a typical "C" plate after 204 days at 93°C. It is seen that the 
plate is still in excellent condition. 
The effects of these various designs and metallurgies are dramatically 

summarized in Fig. 25. The superior performance of pure lead over 
PbCa and PbSb in the rectangular design is shown again as it was in 
Fig. 6. For the "A" and "B" designs the cell capacities increase sub-
stantially as corrosion and growth occur. Since the corrosion product 
is Pb02 , increasing capacity would be expected for grid designs in which 
contact to the active material was maintained during growth. The 
capacities of the "A" and "B" designs reach maxima and then degrade. 
This capacity degradation is a consequence of "mushrooming" for these 
two designs. Finally the balanced "C" design shows gradually increasing 
capacity with no maximum reached as of yet. It is reasonable to conclude 
that capacities of cells made with balanced circular pure lead grids will 
increase with age rather than decrease as is the case with conventional 
rectangular cells. 
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Fig. 25 -Normalized 5-hour rate capacity vs days at 93°C for various grid designs. 

IV. SUMMARY AND CONCLUSIONS 

160 180  200 220 

Accelerated test data show the superior anodic corrosion and growth 
behavior of pure Pb as compared to the Ca and Sb alloys when used 
for positive grids in lead-acid cells for float service. The differences in 
growth behavior are related to the differences in metallurgy for these 
three alloy systems. Predicted room temperature lifetimes to 4 percent 
growth are 82, 16.8 and 13.8 years respectively for pure Pb, PbCa and 
PbSb rectangular grids. 
Similar tests on two pure Pb circular grid designs ("A" and "B") 

show these to be substantially improved over the conventional rec-
tangular designs. Even though both these designs "mushroom" during 
corrosion and growth, 238 and 854 years were predicted as the room 
temperature lifetimes to 4 percent growth for the "A" and "B" designs 
respectively. 
Detailed analyses of the growth behavior of both rectangular and 

circular grids revealed that rate of growth of a grid member was related 
to the particular geometry of the member and that "mushrooming" of 
the circular grid designs resulted from unequal growth of the grid 
members. This analysis led to the development of a novel circular grid 
design concept wherein the rate and direction of growth could be 
controlled by proper sizing of the members. This concept was incor-
porated into the "C" design grid wherein all the circular members have 
a fixed surface area to cross-sectional area ratio of 410. Tests on cells 
incorporating this "C" design have verified the expected improved 
growth and capacity behavior. It is expected that the "C" grid design 
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will perform satisfactorily for several centuries. In view of the 30-year 
design life objective for the new Bell System circular lead-acid battery 
design," it is clear that the "C" grid design easily meets this objective. 
Confidence in the expected room temperature behavior of the "C" 

design has led to the design of another pure lead circular grid. In this 
newest design, the S.A./C.A. ratio for the circular members has been 
increased to 600 as compared to 410 for the "C" design. It is expected 
that this newest design will grow at an absolute rate approximately 1.5 
times faster than the "C" design. This "faster" growing grid is more 
consistent with the design life objective and also provides a reduction 
in the amount of lead per unit grid volume. Accelerated growth testing 
of this new design is being initiated and results will be reported at a 
later date. 
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Lead-Acid Battery: 

Tetrabasic Lead Sulfate as a Paste 
Material for Positive Plates 

By R. V. BIAGETTI and M. C. WEEKS 

(Manuscript received April 29, 1970) 

We present a reproducible method of synthesizing tetrabasic lead sulfate 
(.4Pb0 • PbSai) which produces discrete elongated crystals approximately 
22 microns long. Tetrabazic lead sulfate undergoes anodic conversion to 
Pb02 while maintaining the characteristic morphology of the .4Pb0 • PbS0.4 
crystals. This results in lead-acid battery positive ploies having performance 
characteristics superior to those fabricated from conventional paste for-
mulations. 
We furnish data showing the performance  of 4Pb0 • PbSO4 positive 

plates as a function of plate porosity and present stress cycling data, com-
paring it with the behavior of typical conventional positive plates. 

I. INTRODUCTION 

There are two major causes of positive plate capacity degradation 
in float service lead-acid batteries: (i) corrosion and growth of the lead 
or lead alloy grid,' and (ii) softening and disintegration of the Pb02 
matrix. The latter has been extensively discussed by J. Burbank.' 
In order to improve the stability of the PbOa matrix, it would be 

invaluable to have answers to questions concerning the nature of the 
grid/Pb02 interface, the nature of the inter-particle bonding in the 
Pb02 matrix and the mechanisms of the charge and discharge reactions. 
It is paradoxical that, although the lead-acid battery has been in use 
for over a century, answers to these and other fundamental questions 
are unknown. This is in large part attributable to the complexity of the 
lead-acid system which in turn is partly the result of extensive variability 
of materials and processes used in lead-acid battery fabrication. 
In conventional positive plate fabrication, the starting material is 

usually a mixture of some or all of the following species: Pb, Pb0 
(orthorhombic and tetragonal), and Pbaat . The powder is mixed with 

1305 
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water and sulfuric acid during which many complex chemical reactions 
occur. The reaction product is a paste generally composed of Pb, Pb0, 
PbSO4 , Pb204 , Pb0 • PbSai , 3Pb0 • PbSO4. nH20 and 4PbO•PbSO4 • 
The exact products and their relative concentrations depend upon 
numerous variables including: starting materials, ratio of water and 
acid addition, acid concentration, rate of mixing, uniformity of mixing 
and temperature. The resulting paste is then applied to lead or lead 
alloy grids and the plates are cured. 
During the curing operation, additional chemical reactions take 

place. The products remain essentially the same as those obtained in 
the mixing operation but their relative concentrations may change 
significantly depending upon temperature and relative humidity during 
the curing operation. The cured plates are immersed in H2SO4 and the 
paste material is anodized to Pb02 . The modification of Pb02 (a or 0) 
and the microstructure of the Pb02 matrix will reflect the particular 
forming conditions—current density, time, acid concentration—as 
well as all the process and material variables mentioned before. Such 
variations in plate properties are well-documented in the technical 
literature. " It is clear, then, that efforts directed toward improvements 
in battery performance must also be directed to development of materials 
and processes that can be defined and controlled. A study of the positive 
plate active material (Pb02) was undertaken with the objective of 
arriving at a simple, direct technique whereby a reproducible and 
definable lead dioxide mass might be obtained which would yield im-
proved performance characteristics. 
It has been established that mechanical stability of the Pb02 structure 

in a lead-acid battery positive plate is enhanced by the presence of 
large prismatic needles of Pb02 .2.3  Burbank demonstrated that tetra-
basic lead sulfate (4Pb0 • PbSO4), which crystallized as large elongated 
prisms, underwent anodic conversion to Pb02 while maintaining a 
crystal form similar to the original 4Pb0 • PbSO4 crystals.' It was sug-
gested that this particular Pb02 morphology might impart mechanical 
strength to the Pb02 mass by a mechanism involving interlocking of 
these elongated Pb02 crystals. It was also suggested that 4Pb0 • PbSO4 
might be the precursor to prismatic needles of Pb02 which were found 
to be present in satisfactory positive plates. 
The apparent potential benefits to be derived from the presence of 

4Pb0 • PbSO4 in unformed positive plates suggested that positive plates 
fabricated entirely from 4Pb0 • PbSO4 might have improved performance 
characteristics. To evaluate the applicability of tetrabasic lead sulfate 
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to positive plate fabrication, we studied the synthesis of 4Pb0 • PbSO., 
and the performance of positive plates fabricated from this material. 

II. SYNTHESIS OF TETRABASIC LEAD SULFATE 

Tetrabasic lead sulfate was synthesized by reacting a stirred sus-
pension of orthorhombic Pb0 in water with 8-12N 112504 in a 5:1 molar 
ratio. 

(i) The stochiometric quantities of Pb0 and H2SO4 were pre-
measured. 

(ii) Water (approximately 0.85 liters per mole Pb0) was preheated 
to 80°C and acidified to pH2 by addition of a small amount of the pre-
measured quantity of He04 . 
(iii) The Pb0 was then added to the acidified water and the mixture 

stirred so as to keep all the Pb0 in suspension. 
(iv) While maintaining the temperature at 80°C to 85°C, the re-

maining 112s04 was slowly added to the stirred suspension over a one-
hour period. 

(v) Following acid addition, heating and stirring were continued 
for 15 minutes after which the heat source was shut off and stirring 
continued for an additional 1.5 hours. 
(vi) The product was allowed to digest for 12 hours, isolated, and 

dried at 100°C. 
(vii) The identity of the material was verified by X-ray diffraction' 

and the composition checked by lead analyses! The product was also 
examined with an optical microscope. 

Synthesis of 4Pb0 • PbSO4 under the above conditions results in a 
uniform and reproducible pale yellow material which is composed of 
well-defined elongated prisms as shown in Fig. 1. This crystal morphology 
is very similar to that reported previously for 4Pb0 • PbSO4 prepared 
under similar conditions! 
The use of the orthorhombic modification of Pb0 in the synthesis 

is essential. When tetragonal Pb0 is used in identical reaction conditions, 
the reaction is not uniform and the product is a poorly defined mixture 
of materials. The preacidification of the water prior to addition of the 
oxide is also critical. When orthorhombic Pb0 is added to neutral water, 
the material converts to the tetragonal modification probably by a 
mechanism involving dissolution and reprecipitation of Pb0. The 
•extent of conversion depends upon the dwell time in the reaction vessel 
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Fig. 1—Photomicrograph of 4PbO•PbSO4 (500X). 

prior to 112s04 addition. When conversion occurs, the H2SO4 prefer-
entially reacts with the orthorhombic Pb0 giving unreacted tetragonal 
Pb0 and a product having a sulfate content larger than demanded by 
the stochiometry of 4Pb0 • PbSO4 . The conversion to tetragonal Pb0 
occurs at pH's down to 3.5 although the extent of conversion is less at 
this lower pH value. At pH2, no conversion is observed and a uniform, 
reproducible product is obtained. 
Control of the temperature to a minimum of 80°C is also essential 

if one is to obtain a uniform and reproducible product. Below 80°C, a 
material having a reduced crystal size begins to appear and X-ray dif-
fraction shows the product to be a mixture of compounds. The product 
prepared at 90°C is identical to that prepared at 80°C and there are 
no apparent reasons why even higher temperatures could not be used. 
Uniformity of the reaction also requires that all the Pb0 be maintained 

in suspension. This is a very real problem because of the high density 
of Pb0. Lead oxide which settles in the reaction vessel will not react 
sufficiently with the added HeO, and a mixture of products will result. 
The 12-hour digestion period does not appear to be essential. Recent 

experiments indicate that reaction and crystal growth are essentially 
complete after acid addition is finished and that the product after this 
period is identical to that isolated after 12-hour digestion. 



TETRABASIC LEAD STJLFATE  1309 

Finally, the other variables such as Pb0/water ratio and acid addition 
time should be flexible within reasonable limits which will be related 
to the efficiency of the mixing operation. 
To date, roughly 250 batches of 4Pb0 • PbSO., have been synthesized 

during this investigation. The batch sizes have ranged between 5 lbs. 
and 35 lbs., but most have been on the 35 lb. scale. The process has 
excellent reproducibility and the lead content is readily controllable 
within the range of 86.6 ± 0.2 percent (Theoretical: 86.60 percent Pb). 
It was an objective of this study to adequately control the reactants 
such that the lead content of the product falls within this range. Below 
86.4 percent Pb, a product of reduced crystal size becomes apparent. 
Above 86.8 percent Pb, unreacted Pb0 appears in the reaction product. 
The synthesis process also yields a product with reproducible morphology. 
Detailed particle size analyses' were performed on several batches 
which resulted in the following particle classification: 

(i) Average particle length of 22 ± 1 microns with the particle 
length distribution within any given batch described by a standard 
deviation of 10 microns. 
(ii) Average particle width of 3.5 ± 0.8 microns with the particle 

width distribution within any given batch described by a standard 
deviation of 1.7 microns. 

III. PREPARATION AND CAPACITY OF TETRABASIC LEAD SULFATE POSITIVE 

PLATES 

A paste of 4Pb0 • PbSO4 suitable for application to lead or lead alloy 
grids requires only that the powder be mixed with water. Plates pasted 
with 4Pb0 • PbSO4 are simply air dried, requiring no special curing 
operations. 
The paste does not shrink or crack upon drying, thereby maintaining 

intimate contact with the grid members. Shrinkage and cracking of 
paste materials are common problems in the battery industry and a 
variety of specialized curing operations are often used to overcome 
these problems. Other studies have shown that the nonslirink property 
of 4Pb0 • PbSO4 water pastes is attributable to the large crystal size 
of this material. 
We demonstrated this by studying the behavior of plates which were 

pasted with 4Pb0 • PbSO., having roughly spherical particles of 3 microns 
diameter. These were obtained by mechanical grinding of the large 
4Pb0 • PbSO., crystals. Upon drying, these plates showed considerable 
shrinkage of the material away from the grid frame. Although the 
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4Pb0 • PbSO4 in these plates could be formed to Pb02 , the effect of 
shrinkage and loss of contact with the grid frame was reflected in the 
poor discharge characteristics of these plates. Apparently, the large 
crystals of 4Pb0 • PbSO4 (Fig. 1) mechanically interlock to prevent 
movement of the individual crystals during drying which results in the 
nonshrink properties of the material. 
We obtained detailed performance characteristics of 4Pb0 • PbSO4pos-

itive plates in the following manner. Five water pastes of 4Pb0 • PbSO4 of 
varying densities were prepared by mixing the solid and water in varying 
proportions. These pastes were applied to preweighed commercially 
available lead calcium grids (c.a. 0.05 percent Ca). These grids are 
2.5" X 3.0" X 0.25" and contain nine paste pellet frames (3 X 3). The 
pasted plates were air dried at room temperature for two days. The 
weight of dry paste in each of the five grids ranged from 91 to 110 g. 
Five cells were constructed, each consisting of one 4Pb0 • PbSO4 

positive plate located between two comparable pasted negative plates. 
The 2:1 ratio of negative to positive insured that the cell capacities 
would be limited by the behavior of the positive plates. The separation 
between positive and negative plates was 0.25" and there were no 
separators placed between the plates. The cells were formed in 1.050 
sp. gr. H2SO4 at 0.5 A (33 mA/in2) for 21 hours followed by 0.3 A (20 
mA/in2) for 240 hours. After this treatment, there was no visual evidence 
of 4Pb0 • PbSO4 that had not been converted to Pb02 
The cells were transferred to jars containing 2.5 liters of 1.210 sp. gr. 

H2SO4. This large volume of H2SO4 was used so that there would be 
no significant changes in bulk concentration during discharge. The 
cells were then cycled at various discharge currents ranging from 0.35 A 
to 2.50 A until all cells gave reproducible results on two successive 
discharges at the same current. After the cell capacities had stabilized, 
cell performance data were obtained at 0.13, 0.35, 0.70, 1.00, 1.30 and 
2.50 amperes. Plate potentials were measured versus mercury/mercurous 
sulfate reference electrodes and a positive/reference electrode potential 
of 0.850 V was taken to be the end of discharge. This positive plate 
potential (0.850 V) corresponded to a cell voltage of approximately 
1.80 V. 
The cells were then disassembled. The positive plates were washed 

in water for 3 hours and dried at 80°C for 18 hours. The Pb02 pellets 
were removed from each plate and the total amount of Pb02 in each 
plate was determined by weighing. Porosity data on the Pb02 pellets 
were obtained with a Numinco Model MIC 901 mercury intrusion 
porosimeter. 
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Figure 2 shows the performance of 4Pb0 • PbSO4 plates as a function 
of porosity. Each data point represents an average of at least two and 
sometimes three porosity measurements. The dashed line is the 5-hour 
rate performance (0.90 A) interpolated from the data at the other rates. 
For the porosity range studied, the data at discharge rates between 
2.50 A and 0.35 A show a linear increase in material utilization with 
increasing porosity. 
Although it is generally accepted that positive plate efficiency in-

creases as plate porosity increases, to the authors' knowledge this is 
the only quantitative data of this type that have been published. Since 
increasing porosity of the Pb02 mass facilitates diffusion of the H2504 
electrolyte into the matrix, the performance data in Fig. 2 are strong 
evidence for a diffusion controlled reaction. 
At the low discharge rate of 0.13 A the linear porosity-utilization 

relationship does not hold (no curve has been drawn through these 
points). This is not unreasonable since one would expect that for any 
given plate, there should be a maximum discharge rate below which 
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Fig. 2—Capacity (AH/g) vs Porosity (craVg) for 4PbO•PbSO4 plates. 
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the diffusion of electrolyte is sufficient to satisy the demands of the 
discharge. 
For discharge rates sufficiently low where diffusion is not limiting, 

material utilizations which are independent of porosity would be expected. 
The 0.13 A data show this to be the case. Excluding the lowest porosity 
data, the utilizations are reasonably independent of porosity. It may 
be that 0.13 A is borderline for diffusion control for the porosity range 
studied here which would account for the lower utilization of the plate 
having the least porosity. 
A porosity of 0.130 cm3/g corresponds to positive plate loading den-

sities typical of present commercial products. At 0.90 A, which is the 
rated 5-hour discharge current for this plate, a porosity of 0.130 erna/g 
corresponds to a utilization of approximately 0.065 AH/g. This is equiv-
alent to a utilization of 29 percent (theoretical = 0.224 AH/g) which 
compares quite favorably with 25-30 percent utilizations realized 
from commercial plates of comparable design at the 5-hour rate. In 
addition, data has been accumulated on approximately 2000 plates of 
varying designs and sizes which correspond closely to positive plate 
sizes in current commercial product. At tetrabasie lead sulfate loading 
densities of 68-70 g/in3 these plates consistently yield capacities of 
30 AH/lb. at the 5-hour rate. This is equivalent to 30 percent utilization 
which again compares favorably with current commercial product. 
Figure 3 presents the capacity-porosity data in a different format. 

The data show that, over the range studied, the less material per unit 
volume, the greater the capacity per unit volume. These data show 
that a reduction in the material loading density per unit volume results 
in an increase in plate efficiency which more than compensates for the 
reduction in capacity to be expected from the reduced quantity of 
material in the grid. These unexpected results have very interesting 
implications. For example, if the 1.0 A data in Fig. 3 is extrapolated 
to lower material densities, a loading density of 55 gun" will correspond 
to a utilization of 6.1 AH/1n3. This, in comparison to 4.25 AH/in' at a 
"normal" density of 69 g/in3, represents a 43.5 percent increase in 
capacity for a 20.3 percent decrease in material. Unfortunately, there 
are problems associated with the use of low material densities. As will 
be seen later, lowering material densities results in reduced plate life. 
In addition, there is the practical problem of how to achieve low 
4Pb0 • PbSO., plate loading densities. In general, lower loading density 
plates are obtained by increasing the ratio of water to 4Pb0 • PbSO4 
in the preparation of the paste. However, as the ratio of water to 
4Pb0 • PbSO4 is increased, the paste becomes more fluid and a point 
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is reached where the paste is too fluid for application to a grid. A paste 
density of 60 g/in3 appears to be the useful low limit for water pastes 
of 4Pb0 • PbSO4 . 
In the work reported here, ten days formation was required to convert 

the 4Pb0 • SO4 plates to Pb02 . In many other experiments, which are 
not detailed here, 7-10 days formation in 1.050 sp. gr. H2504 were 
required to achieve complete conversion of 4Pb0 • PbSO4 to Pb02 • 
This is significantly longer than the 2-3 days required to form con-
ventional positive paste formulations. The reduced formation efficiency 
is a result of the comparatively large particle size of 4Pb0 • PbSO4 and 
is not a property of the chemical composition of the material. This 
was demonstrated by studying the formation characteristics of 

4Pb0 • PbSO4 

whose particle size was mechanically reduced. These plates converted 
completely to Pb02 after only 2-3 days formation. This strongly suggests 
that the efficiency of the formation process is related to the material 
surface area. 

IV. CYCLE BEIIAVIOR OF TETRABASIC LEAD SULFATE POSITIVE PLATES 

Continuous cycling and overcharge of lead-acid cell positive plates 
accelerate degradation of the Pb02 matrix. In order to evaluate the 
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stability of 4Pb0 • PbSO4 positive plates as compared to conventional 
plates, stress cycling experiments were carried out. These experiments 
were also designed to evaluate the effect of porosity on the stability 
of 4Pb0 • PbSO4 positive plates. The details of the experiments are as 
follows. Five preweighed grids (2.5" X 3.0" X 0.25"), identical to those 
described previously, were pasted with water pastes of 4Pb0 • PbSO4 
of varying densities and air dried at room temperature for 48 hours. 
We obtained two other plates having identical grids from a commercial 
battery manufacturer and included them in this experiment for com-
parative purposes. 
Cells were assembled as described previously and were formed in 

1.050 sp. gr. 112SO4. The cells having the 4Pb0 • PbSO4 positive plates 
were formed at 400 mA for 10 days whereas the two cells having the 
commercial positive plates were formed at 400 mA for 2 days followed 
by 250 mA for 2.5 days. After formation, all positive plates were washed 
with water, dried at 80°C for 3 hours and weighed to determine the 
amount of material in the grids. 
Each cell was reassembled and transferred to jars containing 2.5 liters 

of 1.210 sp. gr. H2SO4 . The large volume of 112SO4 was used for the 
reason stated previously. The seven cells were connected in series and 
given 7 discharge-charge cycles. The first four discharges were at 1.00 A 
and the last three at 0.90 A. All discharges were to a 1.75 V end-voltage. 
After each of these discharges, the series string was recharged over a 
period of approximately 16 hours at such a rate that 120 percent of the 
discharge capacity was returned to the highest capacity cell in the 
string. The positive plates were then removed and the three Pb02 pellets 
in the top row of the grid were removed leaving six pellets in each grid. 
The plates were returned to the cells and the removed Pb02 pellets 
were washed with water and dried at 80°C. This pellet material was 
examined with an optical microscope, studied by X-ray diffraction 
and analyzed for Pb02 content." 
The reassembled cells were then placed on the following cycle routine. 

All cells in the string were given a deep discharge at 600 mA (5-hour rate) 
to 1.75 V once a week and a 1.0 hour discharge at 600 mA every other 
working day during the week. The deep discharges were followed by 
approximately 16 hours charge at such a rate that 120 percent of the 
discharge capacity was returned to the highest capacity cell in the string. 
The 1.0 hour discharges were followed by 100 percent overcharge over 
a 23-hour period. This cycle routine was continued until all cells gave 
less than 4 hours capacity at the 5-hour rate. 
A photomicrograph of the unformed paste material from the corn-
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merical plates used in this experiment is shown in Fig. 4. The material 
is actually a mixture of white and reddish crystals of varying sizes and 
differs markedly in both crystal size and shape from 4Pb0 • PbSO4 
shown in Fig. 1. Figures 5 and 6 are photomicrographs of Pb02 from 
a 4Pb0 • PbSO4 and a commercial plate respectively after the initial 
seven cycles. X-ray diffraction showed the Pb02 derived from both 
the 4Pb0 • PbSO4 and commercial plates to the O-modification. X-ray 
diffraction analysis of many other 4Pb0 • PbSO4 plates formed in 1.050 
sp. gr. FI2SO4 showed that 13 • Pb02 was exclusively produced. The Pb02 
derived from 4Pb0 .PbSO4 is composed of rather large prismatic crystals 
resembling the original 4Pb0 • PbSO4 crystals. This observation con-
firms an earlier similar report.' On the other hand, the Pb02 obtained 
from the commercial plates is of a much smaller particle size and the 
crystal shape is not obvious at this magnification. 
The results of the cycling experiments are presented in Fig. 7. The 

material densities were calculated from the measured weights of Pb02 
and the known pasteable volume of the grids. The initial data for the 
4Pb0 • PbSO4 grids show, in general, higher initial capacities for those 
plates having less material. This is in agreement with the quantitative 
observations reported earlier in Fig. 3. The 4Pb0 • PbSO4 plate data 

Fig. 4—Photomicrograph of commercial unformed positive paste material (500X). 
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25/1 

Fig. 5—Photomicrograph of Pb02 from 4PbO•PbSO4 (500X). 

Fig. 6—Photomicrograph of 0131302 from commercial plates (500X). 
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show a general correlation between material density and cycle life. 
Cycling of positive plates induces stresses in the Pb02 matrix since 
the conversion of ePb02 to PbSO4 is associated with a 57 percent increase 
in volume. The molar volumes are 27.9 cm8/mole for Pb02 and 43.8 
c emole for PbSO4 . Regardless of whether the stability of the Pb0, 
matrix is attributable to mechanical interlocking of the Pb02 crystals 
or chemical bonding between Pb02 particles (it is probably a combination 
of both), the matrix stability would be related to the extent of inter-
particle contact. Consequently, plates with higher material densities 
would be expected to exhibit longer cycle life than low density plates 
and, as Fig. 7 shows, this is indeed the ease. In all cases the 4PbO•PbSO4 
plates, regardless of material density, gave better cycle lives than the 
commercial plates. The data for the two commercial plates are not 
differentiated since both plates behaved identically. 
Capacity failure of all plates was caused by shedding of Pb02 and 

the rates of capacity degradation reflect the rates of Pb02 shedding 
for these plates. In a comparison of the 4Pb0 • PbSO4 and commercial 
plates based solely upon material density, the cycle life of the commercial 
plates would be expected to be in the 20-25 cycle region whereas only 
8 cycles were obtained. This demonstrates that particle morphology 
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plays an important role in determining the Pb02 matrix stability. 
There is an apparent inconsistency in the 4Pb0 • PbSO4 plate data 

in that the 64.2 g/in3 plate gave better cycle performance than the 66.8 
g/in3 plate. The densities were calculated from the known grid pasteable 
volume. Although care was taken to minimize overpasting or under-
pasting of the grids, slight variations would result in errors in the cal-
culated densities which may account for the above discrepancy. 
Pellet samples from all cells were analyzed for Pb02 to determine if 

there was any correlation between material density and Pb02 contents 
of the 4Pb0 • PbSO4 plates and also to determine if there were any sig-
nificant analytical differences between the commercial plates and the 
4Pb0 • PbSO4 plates. The Pb02 contents of the seven plates ranged 
between 90.2 percent and 94.3 percent but they were not significant in 
relation to the cycle test results. 
Although these results involve a comparison with only two plates 

from the same manufacturer, they are consistent with results reported 
for similar experiments on lead calcium grids.11'12 It is reasonable to 
conclude that the superior performance of the tetrabasic lead sulfate 
positive plates can be attributed to the characteristic size and shape 
of the Pb02 particles obtained from 4Pb0 • PbSO4 . 

V. CONCLUSIONS 

Tetrabasic lead sulfate, having definable and reproducible chemical 
and physical properties, can be synthesized providing that the reaction 
parameters are properly controlled. The use of the material in positive 
plate fabrication is simple and straightforward. Water is the only liquid 
used in paste preparation and no special plate curing conditions are 
required. Since water is used, the definability and reproducibility of 
the 4Pb0 • PbSO4 material enables one to accurately define and control 
the properties of the resulting paste which allows control of plate per-
formance. 
The formed tetrabasic lead sulfate plates yield initial capacities which 

compare very favorably to current commercial product. A drawback 
is the additional formation time required. Various methods of reducing 
the formation time are being investigated. Some of these have been 
very successful and the effects of these on plate performance are presently 
being evaluated. 
The use of 4Pb0 • PbSO, results in a significant improvement in the 

cycle behavior of lead-acid positive plates. Although the cycle data 
cannot be directly extrapolated to actual float service life, it is clear 
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that we have realized a substantial improvement in the mechanical 
stability of the Pb02 structure. This is consistent with the objective of 
improving float service life of lead-acid cells used in telephone service. 
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Lead-Acid Battery: 

Float Behavior of the Lead-Acid 
Battery System 

By PAUL C. MILNER 

(Manuscript received April 30, 1970) 

We discuss in this article the requirements for satisfactory float operation 
of lead-acid batteries and analyze behavior during float in terms of the 
kinetic parameters which characterize the electrochemical processes occurring 
in the overcharge region. We show how knowledge of these parameters may 
be used to estimate whether adequate battery maintenance can be expected 
under specified float conditions. The results emphasize the need for cell 
uniformity, and the treatment provides a basis for determining what 
variability is permissible. 

I. INTRODUCTION 

The design of any battery involves many factors, some to be dealt 
with empirically and some by analysis in light of more fundamental 
understanding. These factors combine to determine end behavior and, 
consequently, utility; detailed considerations of them with regard to 
the Bell System lead-acid battery appear elsewhere in this series of 
papers. Here, we consider the more general topic of float operation of 
lead-acid batteries with as much concern for fundamentals as seems 
appropriate, using the behavior of typical rectangular lead-calcium 
grid cells to illustrate the treatment. 
Although stationary lead-acid batteries, used for load-averaging and 

reserve power in the Bell System, are commonly maintained by connec-
tion to a constant voltage bus, a procedure known as floating, there is 
surprisingly little published information about the details of this 
process and the effects of cell and electrode characteristics on its opera-
tion. The standard text on storage batteries' makes only brief mention 
of float operation and, in fact, provides very little information even 
about the overcharge behavior of cells. 
The purpose of float is, of course, to maintain a battery in a full state 
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of charge and to return it to that state after it has undergone discharge. 
This is accomplished by selecting a bus voltage slightly greater than the 
open-circuit voltage of the fully-charged battery. To minimize operating 
voltage variations, it is desirable that the bus voltage be as low as 
possible. This has the further advantage of avoiding excessive over-
charging which increases maintenance and reduces life. On the other 
hand, if the bus voltage is too low, the rate of recharging may not be 
adequate, the positive or negative plates may not be kept charged, and 
the positive grids may start to corrode at a catastrophic rate. 
Float operation is, therefore, a matter of a fairly delicate balance as 

well as a mode of operation dependent on the overall electrical charac-
teristics of a battery rather than on some separate indication of its 
condition. As a result, for satisfactory float operation, the individual 
cells of a battery must be not only capable of being properly maintained 
by such a regime but also compatible with one another. The first of 
these requires a matching or balancing of positive and negative plate 
behavior in the cells; the second, a matching of cells in the battery. 
Design, uniformity in manufacture, and conditions of use determine 
for the most part how well these requirements will be met. Since the 
basic electrochemical phenomena involved are known (if not completely 
understood), it is possible to examine in a useful fashion the effects of 
some of the variables. 
The following sections cover, in turn, plate behavior, cell behavior, 

and battery behavior as they relate to steady-state float operation under 
conditions relevant to Bell System usage. 

II. PLATE BEHAVIOR 

The electrochemical reactions of importance in the lead-acid battery 
are the following, each listed with its calculated, thermodynamically 
reversible potential in the standard 1.210 sp. gr. 112504 at 25°C against 
a mercury/mercurous sulfate reference electrode in the same solution. 

Pb SO4 + 21120 4=, Pb02 41I+ 504- , 

Vpb 80 ./phoi  = 1.090V; 

21120 =̀, 02 ± 4H+ + 4e,  VH, 0/0 . = 0.620V; 

Pb + 21120 =̀, Pb02 ± 4H+ + 4C ,  VPb/Pla0. = 0.059 V; 

(211g + SO,- Hg2 SO4 ± 2C ,  V dErg . so . = O V) ; 

112 Í7--; 2H+ + 2C ,  VH./H + = —0.612V; 

Pb ± SO,- Pb SO , + 2C ,  VPb/Pb 80. = —0.971 V. 

(4) 

(5) 
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The first and last are the charge-discharge reactions of the positive and 
negative active materials which provide the capacity of the cell and 
give it a fully-charged open-circuit potential of 1.090 — (-0.971) = 
2.061 V. The temperature coefficient of the open-circuit potential is 
about 0.25 mV/°C.' At the positive plate, oxygen is evolved at a 
kinetically controlled rate and the lead of the grid material is oxidized. 
At the negative plate, hydrogen is evolved at a kinetically controlled 
rate, and, if oxygen is present, it will be reduced at a diffusion-controlled 
rate. The corresponding oxidation of hydrogen does not, for kinetic 
reasons, occur at an appreciable rate at the positive. The reactions of 
other electroactive species, which may be present in practical systems, 
are not considered here. 
Electrochemical processes under kinetic control generally follow a 

current density-overpotential relation of the form 

I = io[exp (ciaFnIRT) — exp (—a,FeRT)],  (6) 

where io , the exchange current density, depends on the concentrations 
of reacting species and the temperature; a., and a. , the anodic and 
cathodic transfer coefficients, are usually relatively independent of such 
factors as well as of the potential; and n, the overpotential, represents 
the departure of the electrode potential from its thermodynamically 
reversible value, which depends, of course, on concentrations and 
temperature. F, R, and T are the Faraday, the gas constant and the 
absolute temperature. 
At open circuit and on overcharge in the lead-acid system, the over-

potentials for oxygen and hydrogen evolution are large [no, 1.090 — 
0.620 = 0.470 V and nH,  —0.971 — (-0.612) = —0.359 V] and 
only one of the exponential terms is important. This gives rise to Tafel 
behavior or linear potential-log current relationships for these reactions, 
and it is convenient for the following discussion to write these in terms of 
the plate polarizations, that is, the departures of the plate potentials 
(V, and V_) from those corresponding to the reversible potentials of the 
charge-discharge reactions, rather than in terms of the overpotentials of 
the oxygen and hydrogen evolution reactions themselves. Thus, instead 

of 

RT io 
no, = V+ — VI1.0/0  ln . ' 

ao.O.P  20.0. 

RT  ln 
71  =  V+ — V Pb SO./Pb0, a,, 0,F  io ' 

(7) 
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=  V — —  V P1b/Pb BO. 

ac ,Hi F  ¡O— 

il » and  are thus the extrapolated oxygen and hydrogen evolution 
current densities at the positive and negative plate open-circuit poten-
tials, and (RT /a., 0,F) ln (10) and —(RT /a.,E.F) In (10) are the 
corresponding Tafel slopes, b, and b_. 
For a given plate design with a particular thickness and method of 

manufacture, the ratio of effective surface area to ampere-hour capacity 
at a specified hourly rate is essentially constant, and it is therefore 
possible, in the Tafel relationships, to use currents per ampere-hour 
of capacity in place of current densities. Similarly, for a given cell design, 
the ratio of positive plate ampere-hour capacity to negative plate 
ampere-hour capacity is essentially constant, and both Tafel relation-
ships can therefore be written, for a given family of cells, in terms of 
currents per ampere-hour of positive plate capacity, which normally 
determines cell capacity. Expressed in this fashion, the extrapolated 
oxygen and hydrogen evolution currents at the positive and negative 
plate open-circuit potentials at 25°C are, for typical rectangular lead-
calcium grid cells, /0, = 5-10 2A/Ah and /0_ = — (5-10)1LA/Ah, 
respectively.' The corresponding Tafel slopes at 25°C are  = 70 mV/ 
decade and b_ = —110 mY/decade2. 
This behavior is reasonably well understood on the negative, for, 

under slightly different conditions of measurement, a battery electrode 
of 0.55 cm thickness' and a planar lead surface' have been found to have 
essentially the same hydrogen evolution characteristics per true (BET) 
unit area, with io_  — 10-4/LA/cm' and b-  —120 mV/decade for 
both. The situation with the positive is more complex because of the 
existence of two modifications of lead dioxide, a and /3, and of an as yet 
unresolved controversy over whether the characteristics of oxygen 
evolution on the two are the same." According to Giner and others,' 
the two forms differ only because of porosity under the conditions where 
Rüetschi and his coworkers' found Tafel slopes of 60 and 110 mV/decade 
for the a and fi forms, respectively, and nearly the same values of 
io„ ,  10-2pA/cm2, for both, the true areas being estimated from 
capacitance measurements. The original work on capacitance,' however, 
included results which indicate in. 5 X 10-4gA/BET cm' for a 0.60 cm 

and instead of 

RT  ln nn, = V_ — V g./H+ — 

10 .11. 

RT i., 
(8) 
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thick positive, suggesting that the total surface area of the porous plate 
is not used in oxygen evolution. 
The temperature coefficients of n.,. and n_ for the previously men-

tioned typical lead-calcium cells are —2.88 mV/°C and +2.574 mV/°C, 
respectively.' Taking  and io_ (and likewise Io. and Io_) to follow 
the general relation 

= i4 exp [—E4/R71,  (9) 

equations (7) and (8) give 

b  E. 10) 
aT  T  * ln (10)Rr 

Assuming, as typical values at 25°C,  = 55 mV with b. = 70 
mV/decade and n... -- —55 mV with b.. = —110 mV/decade, equation 
(10) gives E... = 17.8 kcal/mole and E_ = 10.2 kcal/mole. (Neglect of 
the term 7/4/T gives 16.7 kcal/mole and 9.5 kcal/mole.) Although these 
lie in the normal range of activation energies for kinetically-controlled 
processes, they should not be considered as such since  and n_ are 
related to the open-circuit plate potentials corresponding to reactions 
(1) and (5) and are therefore not true overpotentials. 
At the positive plate, in addition to oxygen evolution, grid corrosion, 

reaction (3), occurs, with the slow oxidation of lead through a passivating 
film of Pb02 . This is, currently, the process which determines the life 
of properly designed and manufactured lead-calcium cells. As a result, 
this process has received a good deal of attention but, unfortunately, 
not much fundamental understanding. With regard to its effect on float 
operation and the effect of float conditions on it, the following appears 
to be a reasonable estimate of the pertinent features. 
The rate of grid corrosion is, in the short run, relatively independent 

of potential.' It does, however, increase with temperature and, ulti-
mately, with time in processes associated with the end of cell life. As 
might be expected, increased temperatures reduce the time to the final, 
irreversible increase, but, equally important, corrosion studies indicate 
that extended periods (months to years) of positive plate polarizations 
which are significantly less than about 25 mV have a similar effect. 
This, then, is an important factor in float operation, and it is generally 
considered that adequate maintenance under float conditions requires 
n.,. > 25 mV. At 25°C, normal rates of lead-calcium grid corrosion 
correspond to current densities of the order of 0.2 L.A/cm' of grid surface 
or penetration rates of about 3 X 10-4 cm/yr (1.2 X 10-4 in/yr).' 
Typical rectangular positive plates for stationary batteries have about 
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20 cm2 of grid surface per ampere-hour of positive capacity. The con-
tribution of corrosion current to float can therefore be expressed in the 
same units as /0, and IQ_ , giving I.  4 1.‘A/Ah at 25°C2. While the 
potential dependence of I, can, as a first approximation, be neglected, 
the temperature dependence is important. Assuming, as for I, and 
/0_ , that I, follows a relation of the form 

= 1 exp [—E./RT],  (11) 

the available data' indicate a value for E, for lead-calcium grids of the 
order of 10.5 kcal/mote. This is a purely empirical quantity and cannot 
be given any physically meaningful interpretation. 
At the negative plate, in addition to hydrogen evolution, the reduction 

of any oxygen present in solution takes place at a rate controlled by 
diffusion and thus independent of potential. In 1.210 sp. gr. H2,804 
at 25°C, the solubility of oxygen is about 7 X 10-4 moles/liter,2 and if 
its diffusion coefficient is taken to be about 10-5 cne/sec, the diffusion-
limited current due to oxygen reduction from a saturated solution can 
be calculated from Fick's first law to be about —3(A/(5)1.4A/cm, where 
A is the effective cross-sectional area through which diffusion to the 
plate surface can occur and 8 is the effective thickness of the diffusion 
layer. In practice, A may be expected to be largely determined by the 
area and characteristics (porosity, and so on) of the separator and (5 by 
its thickness, since it is the separator that really defines the paths by 
which oxygen generated at the positive has access to the negative. For 
a given cell design (plate thickness), the separator area is proportional 
to the positive capacity, and thus, like I°, , Io_ , and I, , the oxygen 
reduction current can be expressed on an ampere-hour basis. For the 
previously mentioned typical cell at 25°C, this is LI = — (20-35) 12A/Ah,2 
giving, with the Fick's law estimate, a/(5  7-12 cm/Ah, where a is the 
effective cross-sectional area per ampere-hour. These same factors 
control the electrolyte resistance, typically 0.14 ohm Ah.° With the elec-
trolyte resistivity equal to about 1.2 ohm-cm, this gives alb  9 cm/Ah, 
in good agreement with the previous estimate. The temperature de-
pendence of Id is given by the relation 

Ja =  l  exp [—Ed/RT]  (12) 

with Ed = 13.5 kcal/mole? In cells, as discussed later, there is one 
further important restriction on the magnitude of —/d : it cannot, in 
the long run, exceed the oxygen evolution current at the positives. 
For a float current If = IO. ± I, =  , expressed like the 

others on an ampere-hour basis, the foregoing results can be combined 
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to give 

n, = b, log I  f (13) 
10+ 

for the positive and 

b_ ky . 
.16  

for the negative. To include the temperature dependences of the various 
parameters more explicitly, it is useful to re-write equations (13) and (14) 
in terms of their values at 25°C, which are here denoted with a super-

script zero. Then, 

and 

(T/°K) 7,0r,  I — rcI: 
— 298.15  Lice 100+ 

(T/°K) 0[log  I + rdei n_ — 298.15  b_   

(14) 

(15) 

(16) 

where r = /c/e and rd /d/e, . For the typical cell discussed above, 

b,? = 70 mV/decade, 

b = —110 mV/decade, 

= 5-10 µA/Ah, 

= — (5-10)1aA/Ah, 

e  4 MA/Ah, 

— (20-35)12A/Ah, 

103  log  +  103 (for E.,. = 17.8 kcal/mole); 
.; 1.°+  = 3 .8e  \298.15  (T/°K) 

cr.l.  103  _  103 (for E_ = 10.2 kcal/mole); --- 2..á,,,G98  .15 (7,10K)  log 7g1 —   

I e  10° 10°  
log r,, = log -i! ..' 2.29(298.15  (T/°K)) , (for E c '.--' 10.5 kcal/mole); 

d  .  3 3  \ 

logre = log I  — 2 /à  '94(  10  10 \298.15  er e , (for Ed =  13.5 kcal/mole). 

These data are used in the following sections as a basis for the con-
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sideration of float operation. They refer, of course, only to a "typical" 
lead-calcium cell design, the characteristics of which are representative 
of one type of cell suitable for this kind of service. 

III. CELL BEHAVIOR, PARAMETERS FOR TYPICAL LEAD—CALCIUM CELLS 

When a constant float voltage, V, ; is maintained across a cell, it is 
the cell polarization which is controlled. This is given by n 'cell .= V 
V  =  — n_ and is related to the float current I, which flows 
through both positives and negatives by equations (15) and (16). Thus, 
specification of rf and the plate parameters determines the condition 
of the cell during float operation. While the discussion here deals only 
with the steady-state, it is clear that a cell inadequately maintained in 
these circumstances will be no better maintained in actual use. From 
the previous section, adequate maintenance of positive plates is con-
sidered to require ni. > 25 mV so that grid corrosion is not accelerated. 
Adequate maintenance of the negatives requires only that n_ < 0, but 
in both cases, some margin is obviously desirable. 
The quantities of principal interest, then, are If ; , and n_ . In the 

light of the previous discussion, these are taken to be determined by the 
parameters 100. ,  T, and V, • In all of the calculations, b°, b!, 
and It, are assumed invariant and, together with the temperature 
dependent factors, are assigned the values given earlier. IL. , , and 
1,', depend on design and method of manufacture and can vary con-
siderably. Cells with values lying within the limits given for the "typical" 
cell of the previous section are described in the following as "normal 
range" cells. As a point of reference, a cell with mid-range values of these 
parameters is hereafter described as a "median" cell. Temperature and 
float voltage depend, of course, on conditions of use and can also vary. 
Standard conditions, as in the Bell System, are taken here to be 25°C 
and 2.170 V/cell. 
For a given set of parameters, If and then  and n_ can be calculated 

from equations (15) and (16), taking into account two restrictions: 
(i) must be positive or zero and n_ must be negative or zero. 

Solutions giving negative  or positive n_ are physically inadmissible, 
for in reality the charge-discharge reactions poise the plate potentials 
at zero polarization and the plates then discharge. At n„. = 0, the net 
discharge rate of the positive is If 10+ — I,; at  = 0, that of the 
negative is If ±  • 
(ii) The rate of oxygen reduction at the negative cannot exceed the 

rate of oxygen evolution at the positive; that is, —L can be no greater 
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than If — I. or, when n. = 0, 10, . Solutions for which this is not so 
are also physically inadmissible; instead, Id can be assumed to become 
approximately equal to /, — I f or /0. . In the case of the former, from 
equation (14), the negative polarization becomes independent of I f . 
The following results are by no means all-inclusive but indicate, 

instead, some of the effects to be expected. 

3.1 Median Cell, Standard Float Conditions 

= 7.5 µA/Ah,  = —7.5 ,uA/Ah, ./(a) —27.5 µA/Ah, V f  = 

2.170 V/cell at 25°C. In this ease, 

noel i/mV = 2170 — 2061 = 109, 

= 70 log [(If — 4)/7.5] ± 110 log [(I, — 27.5)17.5], 

and I f  =  50.5 µA/Ah, n, = 55 mV, n_ --- —54 mV. This represents, 
more or less, the average behavior of a "typical" or, perhaps more accu-
rately, a desirable cell. Both plate polarizations are good and float 
operation should be most satisfactory under these conditions. 

3.2 Normal Range Cells, Standard Float Conditions 

= 5-10 pA/Ah, Po_ = — (5-10)µA/Ah, I = —(20-35)pA/Ah, 
V f  .=  2.170 *Veen at 25°C. The ranges in the following tables corre-
spond to the range in /0. , 5-10 µA/Ah. 

/f/(pA/Ah) 
/g_ = —5 MA/Ah 
/g- = —10 µA/Ah 

/g_ = —5 µA/Ah 
10 = —10 µA/Ah 

Ig_ = —5 1.4A/Ah 
10  = —10 MA/Ah 

/g = —20 MA/Ah 
35.3-41.2 
45.5-54.8 

/g = —20 µA/Ah 

56-40 
64-49 

—20 µA/Ah 
—(53-69) 
—(45-60) 

Id° = —35 MA/Ah 
47.4-52.8 
56.8-65.7 

/g = —35 MA/Ah 

66-48 
72-55 

= —35 MA/Ah 
—(43-61) 
—(37-54) 

In all cases the plate polarizations are adequate and float operation 
should be satisfactory under the standard conditions. 

3.3 Median Cell, Standard Float Voltage, Varied Temperature 

= 7.5 pA/Ah, /g_ = —7.5 MA/Ah, I = —27.5 µA/Ah, Vf = 
2.170 V/cell at 5, 15, 25, 35, and 45°C. 
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5°C 15°C 25°C 35°C 45°C  

/f/(µA/Ah)  11.3  24.4  50.5  100.0  190.3 
n./mV  70  63  55  48  41 
n_lmV  —44  —49  —54  —58  —63 

Although there is some reduction in cell polarization with increased 
temperature because of the rise in the open-circuit cell potential, the 
median cell still has what would be considered an adequate positive 
polarization even at the extreme of 45°C (113°F) and should be capable 
of float at this temperature. However, this would hardly be recom-
mended, for the higher temperature would bring about an increase in 
the positive grid corrosion current and a consequent decrease in life. 

3.4 Median Cell and Cells at Extremes of Normal Range Behavior, 
Low (2.150 V/cell) Float Voltage at 25°C 

The lowest positive polarization in the normal range cells occurs for 
ro. = 10 µA/Ah, n_ = —5 µA/Ah, it«: = —20 µA/Ah, while the highest 
occurs for n. = 5 µA/Ah, n_ = —10 1.4A/Ah, r, -- —35 gA/Ah. The 
median cell has /:, = 7.5 µA/Ah, n_ = —7.5 pA/Ah, and ./,1 = —27.5 
µA/Ah. 

Lowest n, Median Cell Highest n.  

/f/(1.4A/Ah)  35.5  44.1  50.6 
77,/mV  35  51  68 
n_/mV  —54  —38  —21 

In each case, the plate polarizations are adequate and float operation 
at this slightly lowered voltage should be satisfactory. 

3.5 Varied n, in Otherwise Median Cell, Standard Float Conditions 

With n_ - —7.5 µA/Ah, r, = —27.5 µA/Ah, and 17 1  =  2.170 V/cell 
at 25°C, an increase in Ig, from 7.5 µA/Ah results in a lowering of n, 
and a corresponding increase in the negative polarization. n„ drops to 
25 mV as I. increases to 29.4 µA/Ah, and here the float current is 
71.0 pA/Ah and n_ = —84 mV. (n, goes to zero when n, = 96.9 
pA/Ah, at which point I f  =  100.9 pA/Ah and n_ = —109 mV.) A 
decrease in n+  increases n, and decreases n_ , and 77_ goes to zero when 
n. reaches 0.859 gA/Ah. Here I f  =  35.0 µA/Ah and ?). = 109 mV. 
In an otherwise median cell, then, the maximum range of /e+ for ade-
quate plate polarizations at 2.170 V/cell and 25°C is only 0.859 to 
29.4 pA/Ah, and this could be considerably reduced at lower float 
voltages and other temperatures. 
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3.6 Varied n_ in Otherwise Median Cell, Standard Float Conditions 

With  7.5 µA/Ah, I = —27.5 µA/Ah, and V, = 2.170 V/cell 
at 25°C, as .1°,_ becomes more negative than the median —7.5 µA/Ah, 
increases and n_ approaches zero, reaching that point at n_ = 

—247.0 MA/Ah, where If = 274.5 MA/Ah and  = 109 mV. As n_ 
becomes less negative, the reverse takes place, but before  reaches 
25 mV, If — I, becomes equal to —Id . This takes place at n_ 
—0.934 MA/Ah, with If = 31.5 µA/Ah,  = 39 mV and n_ = —69 mV. 
Beyond this point, assuming Id =  If which makes n_ independent 
of If , the positive polarization decreases, reaching 25 mV at n_ 
0.689 µA/Ah, with If = 21.1 µA/Ah and n_ -= —84 mV. (n+ goes to 
zero at n_ = —0.408 MA/Ah, with If = 11.5 µA/Ah and n_ = —109 
mV.) In an otherwise median cell, then, the maximum range of n_ for 
adequate plate polarizations at 2.170 V/cell and 25°C is —0.689 to 
—247.0 PA/Ah, a range which could be considerably reduced under 
other float conditions. 

IV. BATTERY BEHAVIOR; FLOAT CHARACTERISTICS OF BATTERIES OF 

TYPICAL LEAD-CALCIUM CELLS 

The previous discussion of cells is obviously applicable to batteries 
provided they consist of identical cells at the same temperature. This 
is not usually the case because of normal variations in the manufacturing 
process, as indicated by the range of parameters given for the "typical" 
cell, and because of non-uniform temperatures under some conditions 
of use. The requirements for adequate plate maintenance remain the 
same (n.,. > 25 mV, n_ <O), but the behavior of the cells in the battery 
during float now depends on the distribution of the battery polarization 
among the cells as well as on the distribution of the resulting cell 
polarizations between the plates. For an n cell battery, 

nV — E Vriji = E (n. — n--)1  (17) 

where 17, is the float voltage per cell and  and t.. are given for the 
different cells by the appropriate versions of equations (15) and (16). 
The following results illustrate some situations of interest. 

4.1 12 Cell Battery, Cells from Extremes of Normal Range Behavior, 
Standard (2.170 V/cell at 25°C) Float Conditions 

The lowest positive polarization in single cell float occurs for n+ = 
10 MA/Ah,  = —5 µA/Ah, 1 = —20 MA/Ah and the highest for 
100+ = 5 µA/Ah, I = —10 µA/Ah, Id = —35 µA/Ah. 
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(i) With 1 cell from the low  group and 11 from the high n. group, 
= 55.7 1.4A/Ah, the low n+ cell has n. = 50 mV,  = —94 mV 

and the high n, cells have n. = 71 mV, n_ = —35 mV. All the 
plate polarizations are adequate and float operation should be 
satisfactory, with cell voltages of 2.205 V and 2.167 V. 

(ii) With 6 cells from each group, I f  =  49.9 µA/Ah, the low  cells 
have  = 46 mV, n_ = —85 mV, and the high ni. cells have 
= 67 mV, 7)- = —19 mV. As before, the polarizations are 

adequate, with cell voltages of 2.192 V and 2.147 V. 
(iii) With 11 cells from the low .1., group and 1 from the high  group, 

the standard float conditions do not provide proper maintenance 
of the negative in the high  cell, and its polarization goes to zero. 
The float current, If , is 42.7 RA/Ah and in the low n.> cells, 
= 41 mV and n_ = —72 mV, which are adequate and give cell 

voltages of 2.174 V. The high n+ cell has 17.> = 62 mV and, with 
= 0, the net negative discharge rate is 42.7 — 35 — 10 = —2.3 

pA/Ah at a cell voltage of 2.123 V. For satisfactory operation at 
25°C, the float voltage must be increased to more than 2.176 V/cell, 
at which point the float current is 45.0 pA/Ah and the negative in 
the high n, cell is no longer discharging though its polarization 
is still zero. 

4.2 12-Cell Battery, Median Cells, 2.170 V /cell with One Cell Hot 

The median cells have lg. = 7.5 µA/Ah,  = —7.5 1.4A/Ah, and 
= 27.5 AA/Ah. 
With 11 cells at 25°C (77°F) and 1 at 35°C (95°F), the polarization 

on the hot negative goes to zero. I f is 53.3 pA/Ah and the 25°C cells 
have n.> = 57 mV and n_ = —59 mV. In the 35°C cell, n, = 26 mV, 
which is marginal at best, and really neither set of plates is adequately 
maintained. The net negative discharge rate in the hot cell is —6.0 
pA/Ah, here given by I, -I- I. because the rate of oxygen reduction at 
the negative is limited by the rate of oxygen generation at the positive 
under these conditions. This is, of course, a somewhat unlikely situation 
with regard to temperature but is of interest because individual median 
cells can be floated adequately even at 45°C. 

V. DISCUSSION 

While a good deal yet remains to be understood about the processes 
occurring in the lead-acid system, its behavior during overcharge can at 
least be formally described in terms of a limited number of experi-
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mentally accessible parameters, some of which can be varied by design. 
These parameters determine the float characteristics and whether or not 
a cell or battery is capable of being satisfactorily maintained by a 
particular float condition, as has been discussed. It should be empha-
sized, perhaps, that in the present state of knowledge, these parameters 
must be determined experimentally in the assembled cell, modification 
of them by design is still largely an empirical business, and calculations 
of float capability must ultimately be verified by float tests. 
Nevertheless, it is useful to consider the effects of variations in the 

parameters, for this gives some estimate of the permissible latitude in 
design, manufacture and use. For both cells and batteries consisting of 
identical cells maintained under identical conditions, it has been shown 
in the foregoing that satisfactory float operation can be expected for 
quite a range of characteristic parameters and float conditions. 
On the other hand, for batteries which do not consist of identical 

cells which are identically maintained, there is far less latitude. Even 
certain combinations of what have here been termed "normal range" 
cells cannot be satisfactorily floated under standard conditions. Varia-
tions in temperature among otherwise identical cells can also lead to 
difficulty. While both these problems have long been recognized, it 
requires a quantitative treatment to specify the variability that can be 
tolerated. In general, satisfactory float operation is unlikely to be 
achieved without good uniformity among cells and their operating 
conditions. 
Finally, there are quantities besides  and t;._ which may be of 

interest in characterizing cell conditions during float. One is the amount 
of float current being passed in excess of that required to keep the net 
negative discharge current equal to zero. This is given by I f ±  ±  l o - . 

Another is what might be called the effective de impedance of the 
negative, a_/a/, , which is given by b_ log e/(1,-1- Id). These and others 
are easily calculated. 
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The electrochemical characteristics of pure lead circular grids, pasted 
plates and seperators were studied individually and then extrapolated to 
encompass a full battery. We present polarization data for grids and pasted 
plates. These can be scaled to predict battery behavior when one takes the 
role of the separator into consideration. 
Proper venting of entrapped gases results in capacity behavior of the 

circular cell which is at least equal to equivalent commercial cells. The over-
charge or float behavior was shown in the laboratory to be excellent. Field 
trials have confirmed the laboratory tests and have shown that the battery has 
excellent capacity and float characteristics which ensure that this capacity 
will be retained for long periods of time. 

I. INTRODUCTION 

In a preceding paper P. C. Milner has outlined a quantitative de-
scription of the float characteristics of the lead-acid battery in terms of 
the various electrode reactions occurring under float conditions and 
has summarized some of the available data on. lead-calcium cells by 
providing numerical values for the various parameters.' In this paper 
we present the results of measurements on. the polarization of the two 
electrodes of the new Bell System lead-acid battery and analyze them 
in the framework of Miler's model. On the basis of these measurements, 
we can make certain statements about the float operation of the new 
cell. 
A second topic covered in this paper is the capacity of the cell and 

the factors that affect it: discharge rate and cell design, including 
electrode configuration and venting arrangements. We include, also, 

1335 
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some results of field trials that have been carried out in the New Jersey 
Bell Murray Hill Central Office and four AT & T Long Lines locations. 

II. FLOAT CHARACTERISTICS 

To determine the float characteristics of the new cell, it has proved 
advantageous to study separately the polarizations of the positive and 
negative plates. During the early stages of the work, it was found that 
the current drawn by an unpasted grid at some specified overpotential 
was quite appreciable in comparison with that drawn by a fully formed, 
fully charged pasted plate at the same overpotential, in spite of the 
fact that the surface areas, as determined by the B. E. T. technique, 
are grossly different. In Sections 2.1 and 2.2, therefore, we present 
polarization data on both pasted and unpasted grids, first for the posi-
tive and then the negative. 

2.1 Polarization of Positive Plates and of Unpasted Grids Held Near the 
Positive Plate Reversible Potential 

Polarization data were obtained by standard techniques. Design 
"B" pure lead circular positive grids were used in this investigation.' 
The properties of this grid design are as follows: 2.6 lbs. grid weight; 
164 in.2 grid surface area; 15.2 in.' pasteable volume; 5.0 lbs. pasted 
plate weight. All pasted positive plates referred to in this paper were 
pasted with tetrabasic lead sulfate.' The plate to be measured was 
placed in a tank of 1.210 specific gravity sulfuric acid. The tank also 
contained appropriate circular counter-electrodes and separators made 
of microporous rubber, placed approximately 5 cm from the plate. 
Electrode potential measurements were made by connecting through 
a 112SO4 salt bridge to a standard Hg/Hg2SO4 reference electrode. 
All measurements to be reported in this section were carried out at 

room temperature. Measurements were carried out either galvano-
statically or at constant voltage. The results obtained by these two 
different methods were found to agree; however, since the galvanostatic 
method was found in practice to yield reproducible data more rapidly, 
this method was used for most of the measurements. To perform a set 
of measurements, the current was set at the desired value and potential 
measurements using a high impedance digital voltmeter that is accu-
rate to 0.3 mV was begun. 
Typically, a time interval of two to ten days would be required for 

the potential to reach a steady value; at the higher currents a steady 
state was reached more rapidly. No effort was made to stir the electro-
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lyte or to control the dissolved oxygen level. Once a stable electrode 
potential had been reached, the current would be changed and a new 
value for the potential obtained in the same manner. A typical experi-
mental run of this kind occupied approximately two months; on this 
time scale, the polarization data were usually reasonably reproducible 
and independent of the order in which the points had been obtained. 
Measurements were also made on grids that had been held for a 

prolonged interval (3 months) at a large positive overpotential (> 1.340 
V vs Hg/Hg2SO4). Here again it was found that a reproducible polariza-
tion curve was obtained, displaced, however, from the initial polariza-
tion curve. 
Figure 1 shows the results of typical sets of measurements and we 

begin by noting that the following reactions may contribute to the 
current required to polarize the positive electrode: 

PbSO4 2H20 4=>- Pb02  4H+ + SO + 2e-,  (1) 

21120 --> 0, + 411+ ± 4e-, 

Pb ± 2H20 —› Pb02 4H+ + 

Oxidation of organic contaminants. 

(2) 

(3) 

(4) 

The first thing to note is that Fig. 1 shows that current passed by the 
unpasted grid at an overpotential similar to that found in Bell System 

1000 

CURRENT IN 

1  

50 100  150  200  250  300 

17 IN MILLIVOLTS 

Fig. 1—Polarization data for pasted and unpasted pure-lead circular positive 
grids. Positives: 0, pasted plates; X, D, bare grids; X, initial; D, after prolonged 
high polarization. 
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usage is only a factor of four lower than that passed by the pasted 
plate, whereas the surface areas are obviously very different. Measure-
ments of surface area, made by the B. E. T. method, indicated in fact 
that the ratio of real area to superficial area of the pasted plate is about 
20,000 : 1.4 The current density distribution on porous electrodes is 
very complex and work is in progress to aid our understanding of this 
fundamental problem. The data show, however, that the Pb02 paste 
utilizes proportionately only a very small fraction of the current sup-
plied to the pasted grid and this implies that the Pb02 paste material 
plays a relatively minor role in the evolution of oxygen based on its 
overall surface area [reaction (2)]. The second thing to note is that the 
currents passed by the unpasted plates at a given overpotential in-
crease after being held for a prolonged period at a relatively large 
positive overpotential. We attribute this increase in current to the 
enhanced corrosion at high overpotentiaLs and the subsequent increase 
in the true surface area of the electrode.' 
It would, of course, be desirable to be able to separate the observed 

currents into the four component parts represented by equations (1) 
to (4). In particular, it would be of the very greatest interest to de-
termine how much of the current is to be ascribed to reaction (3), since 
it is this reaction—the corrosion of the grid—that limits the life of the 
battery. " Unfortunately, we cannot report on this at this time. The 
contribution of reaction (1) can be obtained by careful Tafel measure-
ments at very low overpotentials and reaction (4) can be eliminated 
by using very pure systems. Thus one is left with reactions (2) and (3). 
Where a soluble species is involved, the associated current may be 
detected by rotating ring-disc methods. Since the 02 that is evolved 
is a soluble species that can be reduced at the ring, one can obtain the 
fraction of the current that goes into grid corrosion. We have obtained 
some preliminary ring-disc measurements and will report on this at a 
later date. 
Fitting the data to equation (13) of Miler's paper, we obtain values 

for the parameters b. , and 4,1" shown in Table I. We also define a 
parameter "L," which is the difference between the intercept of the 
extension of the Tafel line to n = 0 and the true extrapolated float 
current at n --- 0. In using Miln.er's equation (13), we have in effect 
obtained a first-order fit to the departure from the Tafel law by sub-
tracting out a constant current which we call "I,,", neglecting, as 
does Milner, the potential dependence of the corrosion current which 
Baker reported.' Otherwise, the following points deserve comment. 
The values for b+ on unpasted grids are consistently higher than the 
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TABLE I—ELECTROCHEMICAL CHARACTERISTICS 
OF BTL POSITIVE ELECTRODES 

b+ 
(mV/decade) (12A/A11) 

I0-1-* 
(,A/AH) 

Pasted Plates  73 
Unpasted Grids 1 (Initial)  87 
Unpasted Grids 2  84 

60 ± 10 
28 
41 

8.5 
3.0 
3.4 

* Data for both pasted and unpasted plates were normalized by dividing by 53 
All which is the 5 hour rated capacity for the positive pasted plate. 

"typical value" of 70 mV cited by Milner for lead-calcium pasted 
plates. Data obtained by us on commercial Pb/Ca pasted grids show 
values of b. , 10 and "I„" which are comparable to our data obtained 
for the pure lead pasted plates indicating that the effect is not alloy 
dependent but results from omission of the paste. This is to be expected 
since, at time zero at least, there are no fundamental reasons why the 
Pb/Ca and pure Pb systems should have different Tafel slopes (b.). 
These values would be expected to change, however, as the positive 
plates age and the area for corrosion and oxygen evolution increase.' 
This is indicated by our observation that holding the grids at a relatively 
high overpotential increased It,' and "Is". As was stated previously, we 
attribute this to enhanced corrosion at high overpotentials which has 
resulted in an increase in the true surface area of the electrode. 

2.2 Polarization of Negative Plates and Negative Grids Held Near the 
Negative Plate Potentials 

Experimental data were obtained in exactly the same way as those 
for the positive plates. The geometry, counter-electrode, separator 
and reference electrode were all the same; the electrolyte was unstirred 
and no effort was made to control the oxygen content. Again, measure-
ments were made for the most part galvanostatically; steady-state 
potentials were typically reached in two to ten days. Since corrosion 
of the negative electrode does not occur, no effect was anticipated of 
holding this electrode for a long period under high negative polarization 
conditions. Experimental results have verified this. 
The physical properties of the negative plates studied are summarized 

later (see Section 3.1). Pasted negative plates used in this study were 
pasted with a commercial negative paste formulation. Figure 2 shows 
the results of a typical set of measurements on unpasted grids and on 
pasted plates. We note again that the current passed by the unpasted 
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100  200  300  400 

7) IN MILLIVOLTS 

500 600 

Fig. 2—Polarization data for pasted and unpasted pure-lead circular negative 
grids. Negatives: (), pasted plate; X, bare grid. 

grids is surprisingly high, although the disparity between the currents 
and the measured B. E. T. areas is not quite so dramatic as for the 
positive grids or plates. For a given overpotential, the unpasted grids 
draw about 3 percent of the current drawn by the pasted plates; the 
areas, on the other hand, were found to be approximately in the ratio 
3000 : 1.4 Analysis of this discrepancy is further complicated by the 
influence of adsorbed expanders on the hydrogen evolution reaction. 
Figure 2 indicates Tafel behavior at high negative overvoltages, 

with an additional, potential-independent component showing up in 
the low overpotential region. Following Milner,' we ascribe the Tafel 
behavior to the reaction: 

2H+ + 2e- H2  (5) 

while the potential-independent current is ascribed to the inverse of 
reaction (ii): 

02 + 41i+ -F 4e- 2H20.  (6) 

Fitting to Miler's equation (14), we derive b— and Id— from the 
Tafel asymptote; the limiting current gives Id directly. Results are 
shown in Table II. 
We note first that the values for b— come close to the theoretical 

value of 118 mV. The values for Id are substantially higher than those 
quoted by Milner for complete cells. As we shall see later, the limiting 
currents observed in the new Bell System cells are themselves 1 to 2 
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TABLE II—ELECTROCHEMICAL CHARACTERISTICS 
OF BTL NEGATIVE ELECTRODES 

b_ 
(mV/decade) 

Io-* 
(AA/All) 

Id* 
(pA/A11) 

Pasted Plates  117 
Unpasted Grids  120 

6.5 
.15 

380 
380 

* Data for both pasted and unpasted plates were normalized by dividing by 53 
AH which is the 5 hour rated capacity for the positive pasted plate. 

orders of magnitude lower than those in Table I, consistent with 
Miler's data. We explain the apparent discrepancy with the data 
shown in Table II as follows. The value of Id depends on the rate at 
which oxygen can be transported to the negative electrode. Since, in 
the experimental geometry used for studying the polarization of iso-
lated plates, the separator is relatively remote from the plates, con-
siderable convection can occur in this system. This would allow more 
efficient transport of 02 to the negative plate than would be encountered 
in a compactly constructed real cell. The potential of the negative 
electrode would then be poised close to the reversible value at all cur-
rents less than. Id as is shown in Fig. 2. 

2.3 Temperature-Dependence of the Polarization at the Positive Plate 

An understanding of the activation energies for all of the various 
processes occurring under float is of importance, not only because of the 
guidance it should give as to the preferred float conditions for operation 
in a given temperature range, but also because it is alternately needed 
to justify the extrapolations of cell life estimates' from measurements 
at elevated temperatures. The problem is one of great complexity and 
is not yet fully resolved. The only measurements which we wish to 
describe at the present time are some that we have made on the tem-
perature-dependence of the current drawn by unpasted grids held in 
the oxygen evolution domain and all polarized approximately 80 mV 
at each temperature. Results of these measurements are indicated in 
Fig. 3. 
The activation energy derived from Fig. 3 is approximately 18 K cal/ 

mole which is similar to that found for the oxygen. evolution reaction 
on Pt! If the evolution of oxygen at the unpasted grid proceeds by a 
mechanism similar to that at a pasted plate, we may tentatively iden-
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Fig. 3—Log current vs 1/T for a pure lead grid held anodic at 80 mV polarization 
at test temperatures from 25-95°C. 

tify this number with the E.,. of Milner's paper, the value of which for 
"typical cells" is quoted by him as 17.8 K cal/mole, in good concurrence. 

2.4 Float Measurements on. Complete Cells 

We have made a substantial number of polarization measurements 
on complete cells. A typical result is shown in Fig. 4. If the conditions 
within the cell were exactly identical to those prevailing in the experi-
mental arrangements described in the preceding sections, we should be 
able to derive Fig. 4 by adding the polarizations for pasted plates 
shown in Figs. 1 and 2. It is obvious at a glance that this cannot be 
done. However, the slopes in Fig. 4 in the high overvoltage region as 
well as the intercepts do agree reasonably well with the slopes and 
intercepts of the two Tafel asymptotes in Figs. 1 and 2; it is only in the 
low overvoltage region that discrepancies occur. Inspection shows the 
principal difference to be the displacement of the steep part of the 
negative polarization curve, which may be reasonably associated with 
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limiting oxygen transfer current Id, to much lower values of the current. 
This must be owing, as argued above, to the slow transport of oxygen 
through the separator. 
The practical importance of the results shown in Fig. 4 resides in the 

fact that typical telephone float conditions (2.17 V) leave the cell pre-
cisely in the region where ?I_ is changing most rapidly. Similar measure-
ments on conventional Pb/Ca cells show this to be the case for this 
system also. The consequences of this are clear. First, since the precise 
location of the steep part of the negative polarization curve is sensitive 
to subtle variations in cell construction, one would expect variations of 
cell voltages in a battery on float similar to that observed for Pb/Ca 
batteries. Secondly, small current changes during float will cause the 
negative plate potential to fluctuate moderately which would be re-
fleeted in cell voltage fluctuations. Thus, during periods of telephone 
plant instability, especially during peak load conditions, moderate 
fluctuations in cell voltages are to be expected. As we shall see later, 
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Fig. 4—Polarization data for the Bell System lead-acid cell design. 
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measurements on field trial cells show this to be the case. In addition, 
measurements on Pb/Ca cells in the field show the expected similar 
behavior. 
The cell voltage variations and fluctuations observed with pure Pb 

and Pb/Ca cells are not a problem. They are a natural consequence of 
the electrochemical characteristics of the negative electrodes of these 
two battery systems. Figure 4 indicates, and actual measurements 
confirm, that the positive plate potentials are extremely stable. 
The purpose of float operation is to have proper distribution of the 

total polarization between both the positive and negative electrodes. 
Close inspection of Fig. 4 shows that if the polarization characteristics 
of one electrode change seriously enough, one would have the undesirable 
situation of having the total cell polarization impressed on only one 
electrode with the other being at open circuit potential. The electrode 
polarization characteristics are sensitive to the presence of impurities 
and this is why particular attention has been given in the design of the 
Bell System battery to the electrochemical effects of trace contami-
nants.° 

2.5 Recommendations for Float 

It is generally believed that corrosion of the lead grid of the positive 
plate becomes very severe if the plate is held for any substantial period 
of time at an overpotential of less than 30 mV.'° Thus, to ensure long 
battery life, the polarization on the electrode must be kept above 30 mV. 
The exact mechanism of this "catastrophic corrosion" is a subject of 
debate but our work has not progressed far enough to make quantitative 
statements. As corrosion of the positive grids occurs during the life of 
the cell on float, the positive plate polarization will show a gradual 
decrease due to the increasing surface area of the corroding electrode. 
Therefore, in order to ensure that the positive plate polarization does 
not fall below 30 mV during the life of the cell, it is essential that the 
cells have an initial polarization somewhat greater than 30 mV. A time 
zero positive plate polarization of 60 mV is quite adequate. At the 
negative electrode, all that is required is that the electrode not dis-
charge. To ensure this, a polarization of only 5-10 mV is adequate in 

the absence of depolarizers. 
For a number of years, Bell System practice has called for float 

conditions that result in a total overvoltage of 110 mV at 25°C. Ex-
amination of Fig. 4 shows that such operation would lead to values for 
and n_ shown in Table III. From Table III, it can be appreciated 

that float operation at 2.17 volts leaves both electrodes in a satisfactory 
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TABLE III— POSITIVE AND NEGATIVE PLATE POLARIZATIONS FOR 
SPECIFIED FLOAT VOLTAGES, FOR THE CELL 

CHARACTERIZED IN FIGURE 4 

Float Voltage n+ my n_ mV 

2.13 60 10 
2.17 70 40 
2.21 75 75 

range of polarization. Floating at too high a voltage (>> 2.21) incurs 
the penalties of excessive float current and increased corrosion at very 
high overpotentials on the positive; floating at too low a voltage, on 
the other hand, might incur the risk of discharging the negative. 

III. CAPACITY CHARACTERISTICS 

It is well known that conventional lead-acid batteries, when dis-
charged at a specified C rate, display a diffusion limited capacitya that 
is less than the theoretical value based on the weight of the paste and 
that also depends on the discharge rate. The dependence on discharge 
rate is given empirically by Peukert's equation / = ata; typically, 
at a rate of C/5 (5-hour discharge), the capacity utilization of a con-
ventional thick plate (0.25 inch) battery runs around 30 percent. In 
this Section, we report capacity figures for the new Bell System lead-
acid battery. It might be a subject for concern that the use of horizontal 
rather than vertical grid stacking would lead to reduced capacity be-
cause of poor circulation of the electrolyte. However, this has been 
overcome by the adoption of the conical plate design and by leaving 
unpasted the grid holes immediately adjacent to the center hub on the 
negative as shown in Fig. 5, thereby facilitating percolation of the fluid. 
The result has been, as we shall show below, that the new cell has a 
capacity equivalent to that of conventional cells. 

3.1 Factors Affecting Cell Capacity 

Our earliest cells had conical plates, with a 100 cone angle, but were 
not adequately vented to allow the gases formed on charging the cells 
to escape and thus also limiting free circulation of the electrolyte. To 
see whether the horizontal stacking might be affecting cell capacity 
in an unfavorable manner, a cell was held with its axis at some chosen 
angle to the vertical and discharged at a fixed rate. The cell used was a 
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Fig. 5—Pasted negative plate showing vent area. 

17-plate cell (8 positives and 9 negatives) using the design "B" positive 
plates and negative plates described in Table IV. Repeating this experi-
ment at several angles to the vertical, the capacity could then be 
plotted as a function of orientation (Curve A, Fig. 6). The results 
clearly show that the capacity is indeed reduced, but rapidly recovers 
its normal value as the plates are made more vertical. As a result, 
venting holes were introduced by leaving the innermost ring of the 

TABLE IV—PLATE COMPARISONS 

Positives Design "C" Commercial 

Dimensions 
Grid Weight 
Pute Vol. 
Paste Weight 
AH Capacity at 10.5 amps 

10.9" Dia. X .250" 
3.2 lbs 
14.0 in 8 

2.2 lbs 
63 ± 5 

9" X 9.5" X .250" 
3.0 lbs 
15.0 in8 
2.2 lbs 
64 ± 5 

Negatives Bell System Commercial 

Dimensions 
Grid Weight 
Paste Vol. 
Paste Weight 
AH Capacity at 10.5 amps 

9.8" Diam. X .187" 
1.5 lbs 
10.8 in 
1.9 lbs 
90 ± 5 

9" X 9.5" X .170" 
1.5 lbs 
11.851& 
2.0 lbs 
90 ± 5 
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Fig. 6—Capacity vs orientation for the Bell System lead-acid cell design. Curve 
A, nonvented STD SEP; curve B, vented STD SEP; curve C, nonvented REV SEP; 
curve D, vented REV SEP. 

negative grid holes unpasted (Fig. 5) and removing the innermost ring 
on the positive electrode. The capacity now no longer showed a signifi-
cant increase when the cell axis was tilted away from vertical (curve B, 
Fig. 6). As an additional step, the separator and fiber glass mat were 
interchanged so that the glass mat was adjacent to the negative plate, 
thus reversing the configuration used in conventional batteries. This 
resulted in a uniform increase of around 10 percent in capacity, inde-
pendent of orientation (Curves C and D, Fig. 6). 
The venting problem has thus been solved, but it is worth noting 

TABLE V—CELL CAPACITY AS A FUNCTION OF CELL ORIENTATION 

Battery Orientation % Nominal Capacity 

Charge 

vert. 
vert. 
hor. 
hor. 

Discharge 

vert. 
hor. 
vert. 
hor. 

114 
105 
77 
76 
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here that in the process of solving it, clear indication was found that 
the problem is associated with failure to achieve complete charge. The 
charging was done at constant current and at least 120 percent of the 
discharge capacity was put back into the cells. A series of experiments 
was done with unvented cells held alternately vertical and horizontal 
on charge and alternately vertical and horizontal on discharge. Ca-
pacity figures obtained in this way, expressed as percent of nominal 
are shown in Table V. 

3.2 Capacity Characteristics of the Bell System Cell 

Figure 7 shows a discharge curve at the C/5 (84 A) rate for a 420 AH 
field trial cell along with a similar curve for a conventional cell of com-
parable size. This cell incorporates the design "C"2 positive grids. The 
BTL and commercial cells have approximately equal weights of paste, 
and it can be seen that the discharge characteristics are very similar. 
Information on weights and volumes for the grids of the field trial cells 
is compared in Table V with that for a comparable commercial cell, 
along with the corresponding plate capacities. It is seen that the physical 
properties and performance of the design "C" positive plates are es-

2.2 

-2.17 FLOAT VOLTAGE 

2.1 

OPEN CIRCUIT VOLTAGE 

(77 °F,1.210 SPECIFIC GRAVITY) 

CELL VOLTAGE 

2.0 
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(5 HOUR RATE) 

RANGE OF 
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4,  
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• 
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BATTERY DISCHARGE ---
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TIME IN HOURS 

5  6 

Fig. 7—Five hour rate discharge characteristics of a 420 AH Bell System cell 
compared to a typical conventional design. 
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Fig. 8—Capacity vs discharge rate characteristics of field trial cell design com-
pared to typical conventional design. —, performance of typical commercial tele-
phone cells; 0, field trial cell. 

sentially the same as those for the commercial plate. The same is true 
for the Bell System and commercial negative plates. 
The capacity of a typical field trial cell was also measured as a func-

tion of the discharge rate and compared to the performance of an equiva-
lent commercial cell. In all cases recharging was done at the C/10 
rate (42 A) until 110 percent of the discharge capacity was returned to 
the cell. The results are shown in Fig. 8 in which the logarithm of the 
current is plotted as a function of the logarithm of the time required 
for the cell voltage to fall to 1.75 volts. According to Peukert's equation, 
these points should fall on a straight line, the slope of which is related 
to the design of the cell (plate thickness, acid concentration, and so on). 
It is seen that, at all currents investigated, the performance of the 
circular cell is at least equivalent to the commercial cell. We conclude, 
therefore, that the circular design cell gives satisfactory capacity be-
havior and that no performance penalties are incurred with this radi-
cally new design. 

IV. FIELD TRIALS 

Field trials of the circular lead-acid cell design' were initiated in 
January 1969. The objectives were to determine any problems associated 
with shipping, racking, interconnection, and float behavior, and also to 
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Fig. 9—Field trial cell element. 
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TABLE VI— FIELD TRIAL LOCATIONS 

Date Location Company No. of Cells 

1/30/69 Murray Hill, N. J. N. J. Bell Tel. Co. 23-(48V) 
2/7/69 Gouldsboro, Pa. AT & T Long Lines 6-(12V) 
3/21/89 Shirley 

Long Island, N. Y. AT & T Long Linea 6-(12V) 
4/11/69 Noyac 

Long Island, N. Y. AT & T Long Lines 6-(12V) 
9/17/69 Dover, Missouri AT & T Long Linee 11-(24V) 

-I-(2 end cells) 

Fig. 10—Clamping fixture for lifting cell by its cover. 
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provide information concerning any necessary design modifications. 
The field trial cells (Fig. 9) were manufactured at our Design Capability 
Line. These are 17-plate cells (8 positive and 9 negative plates) rated 
at 420 AH at the 5-hour discharge rate and incorporate the Design "C"2 
pure lead circular grid. The cells also incorporate the molded poly-
vinylchloride jar and cover." 
There are five field trial locations (Table VI) with a total of 54 cells 

under investigation. All cells were shipped via common carrier in square 
wood crates which were modified with polyurethane pads to accommo-
date the circular design. Upon arrival at the field trial sites, all cells 
were closely examined for physical damage and in no case was damage• 
observed. In a subsequent cross-country shipment, shocks in excess of 
500 G were experienced by the crated cells without damage to the 
battery. Racking, interconnection and turnover into plant service 
posed no problems. The unpacking and racking operation was, in fact, 

Fig. 11--Fie1d trial cell being installed at Gouldsboro, Pa., TD-2. 



ELECTROCHE MICAL CHARACTERISTICS 1353 

Fig. 12—Trial installation at Murray Hill, New Jersey Bell Telephone Co. Cen-
tral Office. 

facilitated by the strength of the jar-to-cover seal" which permits the 
cell to be lifted by its cover. A clamping fixture (Fig. 10) fits under the 
lip of the cover while the cell is still in the crate. The cell can then be 
lifted by a hoist (Fig. 11) and moved into position on the rack where 
the cell is lowered and the clamp is easily removed. 
Figure 12 shows the Murray Hill 23-cell (48 V) installation and Fig. 13 

is a closeup view of a single cell in that installation. It can be seen that 
the jar is considerably oversized for the cell element. The reason for this 
is that the jar was designed to accommodate a 1680-AH cell and our 
limited production capabilities made it necessary to manufacture smaller 
cells (420 AH) in order to meet field trial commitments. It should also 
be noted that the round jar occupies the same rack space as a typical 
commercially supplied 1680-AH cell. 
Lead-acid cells used in the Bell System must meet two major electro-

chemical requirements: (i) The cells, at the time of installation, must 
be capable of delivering 90 percent of rated capacity. (ii), At a battery 
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Fig. 13—Closeup of field trial cell. 
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float voltage of 2.16 to 2.18 volts per cell, all cells must be above 2.13 V 
minimum. The purpose of the 2.13 V minimum is to ensure adequate 
polarization to maintain cells in a full state of charge. 
Capacity measurements prior to shipment showed that most cells 

had at least 100 percent capacity and that the 90 percent capacity 
requirement posed no problem. In addition, capacity measurements 
have been made on six cells subsequent to installation and these gave 
116 to 130 percent of rated capacity. 
With regard to the individual cell voltage distribution on float, 

Table VII shows that all cells meet the minimum 2.13 V requirement. 
These measurements are made periodically and the data in Table VI 
are the latest data available from each installation. Plate polarization 
measurements taken during the early stages of the field trials showed 
that positive plate polarizations of a few cells were much lower than 
desired. Specifically, one cell at Murray Hill, one at Gouldsboro and 
two at Shirley had positive polarizations very close to zero mV. This 
problem was diagnosed as resulting from cyclohexanone contamination.2 
This solvent was originally used to make jar-to-cover seals for the cells. 
For the four cells in question, the positive plate polarizations were 
brought to an acceptable value by boost charging. We feel that this 
treatment accelerated oxidation of cyclohexanone to electrochemically 
innocuous materials. Since this treatment, the previously contaminated 
cells have shown very satisfactory float behavior. Any future problems 
of this nature have been eliminated by the development of a heat-
sealing technique for making jar-to-cover seals.12 All cells in the Dover, 
Missouri, installation incorporate jar-to-cover seals made by this 
method. 
Table VI also lists detailed positive and negative plate potential 

data. Average plate potentials are given for each installation and also 
the potential ranges. Fluctuations in plant voltage, especially during 
peak-load conditions, are naturally reflected in fluctuations of individual 
cell voltages. It was observed, during the course of these measurements, 
that fluctuations in cell voltage resulted in nearly equivalent fluctuations 
in negative plate potential, whereas positive plate potentials remained 
constant. This behavior is expected since Fig. 4 shows that under float 
conditions the negative plate potential is in a region where small changes 
in current will cause large fluctuations in that potential; the higher 
capacitance of the positive, of course, is also a factor. 
The data in Table VI show very satisfactory polarizations for both 

positive and negative plates. Correcting the open circuit positive plate 
potentials for temperature variations, the voltage extremes of 1.150 
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and 1.196 correspond to polarizations of 60 and 105 mV respectively. 
The 60-105 mV polarization range is quite adequate for maintaining 
positive plates in a healthy state. Similarly the voltage extremes of 
—0.972 and —1.021 for the negative plate potentials correspond to 
polarizations of 5 and 53 mV respectively. This polarization range is 
satisfactory for maintaining negative plates in a fully charged condition. 

V. SUMMARY AND CONCLUSIONS 

Polarization measurements of individual positive and negative pure-
lead circular plates have led to the following significant observations: 
(0 The differences in current drawn at a given overpotential for pasted 
plates as compared to unpasted grids are surprisingly small in view 
of their large differences in surface areas. This difference is much more 
pronounced for positive plates than for negative plates. (ii) The oxygen 
diffusion current (Id) of the negative electrode is very sensitive to the 
design of the experimental setup. (iii) The Tafel parameters for pure 
lead are, as expected, very similar to those of Pb/Ca. 
These polarization data for grids and pasted plates may be scaled 

directly to predict battery performance when one takes the oxygen 
diffusion characteristics of the separator into consideration. Polarization 
data on completed cells of the circular design show very satisfactory 
polarizations of both electrodes, adequate for long-term use in telephone 
float service. 
It has been shown that the discharge performance of the circular cell 

is quite satisfactory. With proper venting, the capacity of the circular 
cell is at least equivalent to its commercial counterpart. 
Field trials, in progress at five locations, show the circular design 

lead-acid cell to conform to the electrochemical requirements of the 
Bell System. Capacity data for these cells in the field show better than 
nominal performance. The voltage distributions of cells in batteries 
are satisfactory and individual electrode polarization data show these 
to be adequate. 

REFERENCES 

1. Milner, P. C., "Float Behavior of the Lead Acid Battery System," B.S.T.J., this 
issue, pp. 1321-1334. 

2. Cannone, A. G.  Biagetti, R. V., and Feder, D. 0., "Positive Grid Design Prin-
ciples," B.S.T.J., this issue, pp. 1279-1303. 

3. Biagetti, R. V., and Weeks, M. C., "Tetrabasic Lead Sulfate as a Paste Material 
for Positive Plates," B.S.T.J., this issue, pp. 1305-1319. 

4. Amlie, R. F., Ockerman, J. B., and Rüetschi, P., "Absorption of Hydrogen and 
Oxygen on Electrode Surfaces," J. Electrochem. Soc., 108, No. 4(April 1961), 
pp. 377-383. 



1358  THE BELL SYSTEM TECHNICAL JOIJRNAL, SEPTEMBER 1970 

5. Koontz, D. E., Feder, D. O. Babusci, L. D., and Luer, H. J., "Reserve Batteries 
for Bell System Use: Design of the New Cell," B.S.T.J., this issue, pp. 1253-
1278. 

6. Ness, P., "Gegenwürtiger Stand Der Forschungsarbeiten an Positiven Elek-
troden in Bleikakkumulatoren," Elect rochim. Acta, 12, No. 2(February 1967), 
pp. 161-178. 

7. Baker, R. A. Extended Abstracta, Battery Division, Electrochemical Society, 
Houston Meeting, Oct. 1960, p. 53. 

8. Bockris, J. O'M., and Srinivaaan, S., Fuel Cells: Their Electrochemistry, New 
York: McGraw Hill, 1969 p. 438. 

9. Butherus, A. D., Lindenberger, W. S., and Vaccaro, F. J., "Electrochemical 
Compatibility of Plastics," B.S.T.J., this issue, pp. 1377-1392. 

10. Lander, J. J., "Anodic Corrosion of Lead in H2,804 Solutions," J. Electrochem. 
Soc., 98, No. 6(June 1961), pp. 213-219. 

11. Iluseby, T. W., Ryan, J. T., and Hubbauer, P., "PVC Battery Jars and Covers," 
B.S.T.J., this issue, pp. 1359-1376. 

12. Dahringer, D. W., and Shroff, J. R., "Jar-Cover Seals," B.S.T.J., this issue, 
pp. 1393-1404. 



Lead-Acid Battery: 

Polyvinyl Chloride Battery 
Jars and Covers 

By T. W. HUSEBY, J. T. RYAN and P. HUBBAUER 

(Manuscript received January 14, 1970) 

A detailed materials engineering evaluation of a low-cost, high impact, 
structurally modified rigid polyvinyl chloride (PVC) has demonstrated 
that battery jars and covers can be molded from PVC in conventional 
equipment. The battery jars are flame resistant, transparent, and suffi-
ciently tough to withstand considerable abuse without cracking. Although 
mechanical properties indicate the material becomes slightly more brittle 
after exposure to 1.220 specific gravity H2804 at 120°F, the behavior at all 
times exceeds the currently used styrene-acrylonitrile in toughness. PVC 
maintains its rigidity beyond 120°F and accelerated tests indicate it will 
creep less than 1 percent after 20 years at room temperature under all 
expected loads. Jars weighing 12 pounds and covers weighing 4.5 pounds 
were each molded in carefully designed molds in a five minute cycle at 
400°F without difficulty. The molded parts show very little stress concen-
tration even without expensive annealing treatments and are free of molding 
defects. The cover diameter is molded 0.005 in. larger than the jar to insure 
proper fit during assembly. This dimensional accuracy is maintained 
without requiring special cooling fixtures after molding to restrict uneven 
shrinkage. 

I. INTRODUCTION AND DESIGN CRITERIA 

Industrial battery jars historically have been manufactured from 
either hard rubber or relatively brittle thermoplastics such as styrene 
and styrene-acrylonitrile copolymer. Each of these materials has a high 
tensile strength in excess of 10,000 psi. However, they all crack and 
fracture at very low strains and, although such plastics have a high 
ultimate strength, they can absorb little energy during impact. The 
toughness, or work required to bring a material to failure, is related to 
the area under the stress-strain curve as depicted in Fig. 1. The tough 

1359 
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STRAIN 

  (b) 

Fig. 1—Typical stress-strain curve for (a) brittle plastic, and (b) tough, ductile 
plastic. 

material illustrated by curve (b) has the ability to yield and dissipate 
energy prior to breaking. Thus, even after yielding, this material is 
capable of supporting a load although the deformation may continue to 
increase. This toughness or impact resistance is gained at the expense 
of some reduction in rigidity and in failure stress. The rigidity, or 
stiffness, of a material is related to its modulus of elasticity. The loss in 
modulus is often due to the introduction of a toughening agent or im-
pact modifier such as a soft rubber well dispersed throughout the hard, 
brittle matrix. In selecting a plastic for the new Bell System battery 
jars, emphasis was placed on toughness and impact strength as one of 
the most desirable and important material improvements. 
Clarity for inspection and service convenience is another desirable 

feature in a battery jar. This is best achieved in heterogeneous, rubber-
modified, tough plastics by matching the refractive indices of the two 
phases. However, since a perfect match is seldom attainable, especially 
over a sufficiently wide temperature range, it is also beneficial if the size 
of the dispersed phase remains less than about 0.1 i.tm in diameter. 
In addition, for long-term service, a suitable battery material must 

have a certain chemical resistance. For example, the material must be 
free of cracking and mechanical property deterioration in the presence 
of 112SO4 and various other chemicals which might be present in central 
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offices. It is also important that the material not yield substances that 
adversely affect the electrochemical performance of the battery. This 
important property is fully discussed in an accompanying article by 
A. D. Butherus and W. S. Lindenberger. 
Because cells may also be subjected to loads at temperatures as high 

as 120°F, the long-term creep resistance should also be considered. 
This is especially important since inclusion of soft impact modifiers 
into hard plastics increases their tendency to creep. 
To reduce the hazard of central office fires, it is desirable for the 

battery plastic to be flame retardant. Several test methods are available 
which allow comparisons of this important property to be made. One 
such method measures the minimum amount of oxygen necessary in a 
controlled environment to support combustion.' Thus, plastics which 
require an. oxygen-rich environment during combustion will be flame 
retardant in air containing 21 percent oxygen. A comparison is given 
in Table I of the minimum oxygen concentration necessary to support 
combustion of most of the common thermoplastics. 
Finally, the material must be fabricated by conventional injection 

molding technology. The molded jars should also not require any anneal-
ing treatments to minimize orientation stresses. 

II. PROPERTIES OF POLYVINYL CHLORIDE 

2.1 General Descriptian 

Rigid polyvinyl chloride (PVC) is a commercial, low-cost plastic 
having a high degree of resistance to solvent crazing and chemical attack. 
As shown in Table I, no other conventional plastic can match its flame 
retardancy. Indeed, PVC will support combustion only in environments 

TABLE I—OXYGEN INDEX RATING OF COMMON THERMOPLASTICS 

Polymer Oxygen Index (%) 

Polyoxymethylene 
Polyolefms, polystyrene, impact 
styrene, cellulosics, ABS 

Styrene-PPO copolymers 
Polycarbonate, polyamide 
Polysulfone, PPtD, flame retardant 
polycarbonate copolymers 

Polyvinyl chloride 
*Polyimide 
*PTFE 

16 
17-20 

21-24 
25-28 
30-32 

40 
51 
95 

• Cannot be processed by injection molding. 
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containing more than 40 percent oxygen, nearly twice as much oxygen 
as exists in air. Since it is relatively unstable at high temperatures, its 
use in injection molding, especially of large or intricate items, has been 
severely restricted. However, PVC can be stabilized and modified to 
be processed successfully under many molding conditions. These 
modified compounds make PVC a material suitable for use in large 
battery jars. 
PVC resin is a high molecular weight polymer containing carbon, 

hydrogen, and chlorine, whose chemical structure is represented in 
Fig. 2a. It is transparent and remains very rigid up to temperatures 
of 160°F. Its glass transition temperature, at 175°F, is closely associated 
with this loss in rigidity since the modulus decreases rapidly in this 
temperature range. Its melting temperature is slightly above 400°F. 
The crystalline fraction is not large, even under the most favorable 
conditions, owing to polymerization conditions which limit the regularity 
of the molecular structure. Thus, while the amount of crystallinity may 
total 10 percent in commerical polyvinyl chloride, especially if samples 
are carefully annealed, the mechanical behavior of injection molded 
PVC remains similar to the behavior of amorphous polymers. 

2.2 Thermal Stability 

PVC resin is unstable at high temperatures and degrades prior to 
melting. To minimize degradation, it must be stabilized and processed 
below its melting point at temperatures where its viscosity is quite high. 
This accounts for the difficulty in molding parts from PVC. When. the 
plastic degrades it gives off corrosive hydrogen chloride vapors and 
forms a discolored, brittle residue. Dehydrochlorination leads to forma-
tion of long segments of unsaturated carbon atoms which are responsible 
for the color change during degradation.' This degradation can be 
minimized by the addition of a small amount of heat stabilizer, often 
a combination of organic tin compounds. 
A significantly more stable polymer can be made by copolymerizing 

( 
— CH2 — CH 

CI in 

(a) 

( 
— CI-Ia — CH ) — CH2 — CH 

I   
n CH3 

(b) 

Fig. 2—Structural formulae for polyvinyl chloride and vinyl chloride-propylene 
copolymer. 
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- a small amount of propylene with the vinyl monomer.' The resultant 
vinyl chloride-propylene copolymer (Fig. 2b) contains about 5 weight 
percent propylene or about one unit for every 15 vinyl chloride units. 
This structural modification enhances stability by effectively retarding 
the evolution of hydrogen chloride. The enhanced stability can be 
demonstrated in several ways. The Brabender method' serves to indicate 
thermal stability under laboratory conditions approximating the molding 
process where energy is added both as heat and work. A comparison 
between the vinyl chloride-propylene copolymer and a PVC of equiva-
lent molecular weight is shown in Table II. The processing time relates 

TABLE II—THERMAL STABILITY OF PVC BY BRABENDER METHOD* 

Material Processing Time (Minutes) 

Polyvinyl chloride 
Vinyl chloride-propylene copolymer 

5} 
11 

* Manufacturing Standard 17000, Section 1171, Method A. 

to the time at 375°F required to cause serious degradation in the sample 
while it undergoes mechanical working. Since these samples have 
identical heat stabilizers added in the same amounts, the longer time 
indicates that the copolymer is more stable to heat and work than the 
homopolymer. 

2.3 Processability 

Introduction of propylene does not significantly change the pro-
cessability of PVC. This can be observed from measurements of viscosity 
at a temperature typical of injection molding. Figure 3 shows viscosity 
measurements (n) at 392°F over a range of shear rates (1;). 
Because polymer melts are viscoelastic, their flow properties change 

with shear rate. During injection molding, plastic melts are subject to 
high shear rates usually exceeding 1000 seconds'. Most plastics are 
difficult to mold if the viscosity at high shear rates exceeds about 8000 
poise; easily processed materials have high shear-rate viscosities of 
approximately 1000 poise. Figure 3 shows that the copolymer has nearly 
the same viscosity as an equivalent molecular weight homopolymer 
over a wide range of shear rates. 
Without an impact modifier the PVC battery jar probably could not 

reliably withstand the shock loading associated with transportation or 
an earthquake environment. Therefore, a rather large amount of rubbery 
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Fig. 3—Melt viscosity versus shear rate for polyvinyl chloride and vinyl chloride-
propylene copolymer at 392°F. Weight average molecular weight of both polymers 
Is 80,000. 

plastic is used to toughen the PVC compound. The addition of rubber 
particles to PVC changes its processability. Recent studies of stress 
relaxation in ABS," another impact modified plastic, have shown that 
above the glass transition temperature of the hard matrix a major effect 
of the dispersed elastomeric phase is to increase the molecular entangle-
ment. Since entanglement interactions strongly influence the flow 
behavior, the addition of rubber particles is expected to increase the 
viscosity. Indeed, an increased viscosity has been observed previously 
in ABS and in impact modified PVC.' Figure 4 illustrates the increase 
in viscosity due to impact modifier in this compound. Notice, however, 
that the increase is not so much as to make processing impossible. 
Proper dispersion of rubber particles throughout the matrix is a vital 

factor in developing high impact strength. Figure 5 is a transmission 
electron micrograph obtained from a sample of the impact modified 
vinyl chloride-propylene copolymer. Phase contrast is improved by 
exposing the sample to osmium tetroxide which preferentially stains 
the rubber particles and thereby increases the electron density." The 
electron staining is also an oxidative process which stiffens the soft 
rubber particles and aids in the preparation of ultra-thin specimens. 
The rubber particles in Fig. 5 are largely spherical, well dispersed, and 
about 0.1 en in diameter. 
To maintain transparency, the rubber particles must have a refractive 
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Fig. 5—Transmission electron micrograph of impact-modified copolymer. 
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index close to that of PVC, 1.537 at 25°C. An easily dispersed material 
having a refractive index of 1.536 at 25°C is methyl-methacrylate-
butadiene-styrene polymer (MBS).1° In such compounds, methyl-
methacrylate and styrene polymers are grafted to styrene-butadiene 
rubber to improve compatibility with PVC. These impact modifiers 
usually have a butadiene content approximating 50 percent. Most clear, 
impact-modified PVC compounds contain MBS as the impact modifier. 
Since the impact modifier is not flame retardant and it increases vis-
cosity and raises cost, it is necessary to balance these considerations 
against impact strength. 
Processability of PVC is also improved by the addition of a wax. 

This lubricates the molding equipment during processing and enhances 
processing characteristics. 

2.4 Mechanical Properties 

The properties of the compound developed for cell jars reflect a 
combination of properties of the described ingredients. Some commonly 
measured engineering properties appear in Table III. Especially evident 
is the improvement in impact strength at the expense of modulus and 
ultimate strength. 

2.5 Effect of Acid Exposure on Modulus and Strength Properties 

Table IV shows values for some of the mechanical properties evaluated 

TABLE III—ENGINEERING PROPERTIES OF IMPACT MODIFIED 
POLYVINYL CHLORIDE 

Property 
ASTM 

Test Method 

Value 

With 
Impact 
Modifier 

Without 
Impact 
Modifier 

Tensile strength (psi) D-638 7000 8800 
Type I 

Elongation at break (%) D-638 110 36 
Type I 

Impact strength D-256 28 0.7 
(ft—lb/in notch) Method A 

Flexural strength (psi) D-790 9600 13,100 
Flexural modulus (psi) D-790 355,000 416,000 
Deformation under load (%) D-621 3.45 1.66 
24 hours at 2000 psi, 50°C 

Heat deflection temperature (°K) D-648 144 145 
264 ps 

Oxygen index MS-17000 33 40 
Section 1226 



BATTERY JARS AND COVERS 1367 

TABLE IV—ENGINEERING PROPERTIES OF IMPACT MODIFIED PVC* 
AFTER EXPOSURE TO 1.220 SPECIFIC GRAVITY 

H2SO4 AT 120°F 

Initial 3 Months 6 Months 16 Months 

Tensile Strength 
(Psi) 

Elongation (%) 
Modulus (psi) 

7500 

50 
350,000 

8300 

25 
350,000 

8300 

25 
350,000 

8350 

18 
350,000 

• Specimens machined from a battery jar. 

at room temperature before and after exposure to battery acid at 
120°F for up to sixteen months. Note that the elongation measurements 
indicate slight embrittlement after exposure to heat and acid. Separate 
experiments have determined that most of the change is due to heat 
rather than acid. The tensile strength, for example, increases but levels 
off after three months. Even after the combination of acid exposure 
and heat aging, the PVC remains tougher and less brittle than styrene-
acrylonitrile is before acid exposure. At no time has the modulus shown 
any decrease from its initial value. These data show that PVC surpasses 
in mechanical toughness the plastic currently used for batteries, styrene-
acrylonitrile. 

2.6 Effect of Temperature on Mechanical Stiffness 

Because normal battery service temperatures extend up to 120°F, 
it is of interest to examine modulus through this temperature range. 
The dynamic mechanical behavior can be used conveniently to measure 
the temperature-dependent stiffness properties. This nondestructive 
test measures the steady-state stress response to a sinusoidal deforma-
tion. The response can be resolved into two components, one acting in 
phase with the deformation and one acting in quadrature. That portion 
of stress in phase with deformation determines the elastic modulus, E', 
while the quadrature component gauges the damping modulus, E". The 
ratio, .E'VE', is defined as tan 6. Figures 6 and 7 show the temperature 
dependence of E' and tan 8, respectively. This information reveals that 
the modulus of impact modified PVC remains in excess of 250,000 psi 
up to the maximum operating condition of 120°F. It should be empha-
sized that this test measures short-time, temperature-dependent 
behavior, the time scale being inversely proportional to frequency. This 
behavior is not quantitatively characteristic of longer time response 
because the mechanical behavior is time-dependent. It is therefore 
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Fig. 6—Dynamic modulus E' versus temperature at 110 Hz for impact-modified 
polyvinyl chloride. 
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Fig. 7—Loss tangent versus temperature at 110 Hz for impact-modified polyvinyl 
chloride. 
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important to inquire into the time-dependent isothermal creep behavior. 

2.7 Long-Term Creep Behavior 

Plastics are known to deform and creep under constant load due to 
their time-dependent viscoelastic behavior. A characteristic strain-time 
curve of an amorphous plastic at constant load is shown in Fig. 8. 
With certain restrictions, the influence of increased temperature is 
to shift the creep response uniformly along the logarithmic time scale 
toward shorter times. Thus, the creep response of a plastic at an elevated 
temperature appears the same in logarithmic time as at a lower tempera-
ture, except for a shift in time scale. This relation between temperature 
and logarithmic time is exploited during accelerated creep testing. 
Although initially the relationship was exhaustively tested at low loads 
for amorphous polymers above their glass transition temperatures, it 
has recently been applied, with good success, to rigid polymers in their 
glassy state and with higher loads.'112  
Figure 9 shows the creep compliance, J (t) = €(0 / cr , where 6(t) is the 

time varying strain and u is the constant stress, at three temperatures. 
Note that the compliance appears independent of load at the two lowest 
temperatures. The master curve in Fig. 10 is obtained by shifting the 
data at higher temperatures uniformly along the logarithmic time axis 
to form a continuous curve at 78°F. The displacement in units of 
logarithmic time is denoted as log (4, the logarithmic shift factor. The 
shift in time scale between 78°F and 122°F corresponds to an accelera-
tion by a factor of 300. 
Figure 11 shows the creep strain at 122°F under a load of 500 psi, 

LOG t  

Fig. 8—Typical creep curve for amorphous thermoplastics. 
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Fig. 9—Creep compliance versus time for impact-modified copolymer. 

which exceeds the stress likely to occur in practice. The strain after 
24 days at 122°F corresponds to a 20-year creep test at 78°F. Note 
that this acceleration factor pertains only to time-dependent mechanical 
properties and not to property changes due to aging, chemical change, 
deterioration in the presence of acid, or to any electrochemical effects. 
Figure 11 indicates that the creep response to loads of 500 psi or lower 
for long periods of time is less than 1 percent at 78°F under the most 
extreme loading conditions. This is a negligible amount. Indeed, even 
with continuous exposure to 122°F the estimated 20-year creep remains 
below 5 percent for loads up to 500 psi. 

HI. MOLDING TECHNOLOGY 

Certain aspects of the molding technology required to produce large 
molded parts from PVC are of interest. In order to assure ourselves 
that molding PVC in large battery jars was feasible, it first was decided 
to mold PVC in existing molds of rectangular shape. With the coopera-
tion of one of the battery manufacturers, the material supplier, and the 
molder, List 508 battery jars were molded from PVC. The molding 
weighed 17 pounds and is still the largest item ever molded from PVC. 
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It is significant that the molder, who had no previous experience with 
PVC, had no difficulties in molding this large jar. 
The cylindrical jar, weighing 12 pounds and having a 1/4 inch wall 

thickness, is not quite so heavy because it is thinner than the square 
design. It was molded by a second molder without previous experience 
with PVC on a 1600-ton reciprocating screw injection molding machine 
(Fig. 12), one commonly found in many large custom molding shops. 
The parts are molded on a five minute cycle at 400°F under 17,000-psi 
injection pressure. The covers weighing 4.5 pounds were molded in a 
smaller machine, also in a five minute cycle at 400°F under 7500-psi. 
The molded parts (Fig. 13) are free of bubbles, burn marks, imper-

fections, and obvious weld lines. The cylindrical geometry permits the 
necessary dimensional accuracy to be achieved without using special 
cooling fixtures after molding to restrict uneven shrinkage. These 
fixtures are necessary to prevent warping in square geometries. The 
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Fig. 10— Master curve of creep compliance versus reduced time for impact-modified 
copolymer at 78°F. 

T(°F) Log ar 

78 
104 —1.5 
122 —2.5 



1372  THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1970 

0.8 

0.2 

0 
O  10  20  30  40  50  60  70  80  90  100 

TI ME IN DAYS 

Fig. 11—Creep at 122°F and 500 psi of impact-modified copolymer. 

parts are also satisfactorily free of stress concentration, even without 
expensive annealing treatments, as was demonstrated by examination 
through polarizing films. Use of two films as a polariscope identifies 
regions of varying orientation which correspond to areas of high residual 
stress in the molded part. It is noteworthy that, in this case also, the 
molder has never encountered difficulties in either starting up, running 
for extended times, or shutting down his machine. 
These extremely high quality moldings were achieved by careful design 

of both cover and jar molds. Several mold design details which con-
tributed to the successful molding can be pointed out in Fig. 14, a 
schematic of the jar and cover. Both cover and jar molds are made from 
prehardened tool steel to eliminate the necessity for hardening and 
subsequent grinding. The jar mold is equipped with an auxiliary, 
hydraulically-operated ejector ring on the moving die. This allows the 
molder to eject on the top surface of the jar and push the jar off the 
mold. This feature costs very little but allows him to mold jars with only 
1/2° draft on each side. A small draft pays off in less wasted space 
when mounted in service. Hand-operated air valves on the molds for 
the insides of the jar and cover prevent a vacuum seal from hindering 
ejection from the mold. Air valves on the molds for the outsides help 
push the parts onto the moving sides as the molds open. 
Cold slug wells are opposite the center gate in both cover and jar 

mold. This provides a trap for the first amount of cold plastic from the 
machine. The cover is center gated across the center post hole and 
machined out later. This gate arrangement insures uniform fill and 
minimizes stress concentration due to residual orientation. Effort was 
made to provide maximum cooling in all parts of the mold through 
special use of additional cold water passages. This is essential for 
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Fig. 13—Injection-molded vinyl chloride-propylene copolymer battery jar and cover. 
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Fig. 14—Illustration of battery jar and cover. 

adequate cooling of large parts having uniformly thick sections of 
1/4 inch or more. A mold finish of about two microinches was achieved 
by hand polishing following the final grinding. This extra fine finish 
was required for satisfactory transparency. 

IV. SUM MARY 

In conclusion, rigid polyvinyl chloride is a versatile design material 
exhibiting desirable mechanical properties, flame retardancy, and 
chemical resistance. Although not as easily processed as many plastics, 
it can be molded without difficulties using good molding practice. 
A detailed materials engineering development program has demon-
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strated that properly compounded and stabilized PVC can be molded 
in conventional equipment under controlled manufacturing conditions 
using a properly designed mold to produce battery jars and covers of 
high reliability. 
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Lead-Acid Battery: 

Electrochemical Compatibility of Plastics 

By A. D. BUTHERUS, W. S. LINDENBERGER 
and F. J. VACCARO 

(Manuscript received April 29, 1970) 

Because of the float use-mode of reserve batteries in the Bell System, 
the cell behavior is quite sensitive to small amounts of electroactive organic 
substances in the cell electrolyte. Premature cell failure has in the past 
resulted from the introduction of a new plastic without testing its com-
patibility with the cell electrochemistry. We describe an accelerated test 
method by which the extraction rate of organic residues from the plastic 
container into the cell electrolyte is predicted and the electrochemical effects 
of these residues is determined. These data predict that in normal service 
no adverse electrochemical effects from interaction of the electrolyte with 
the jar or cover will occur in the cylindrical lead-acid cell for a minimum 
of 50 years. 

I. INTRODUCTION 

1.1 Materials Selection 

The general problem of materials selection for battery use is divided 
into two areas: (i) the test material must meet some specified physical 
property requirements and maintain them over a period of long ex-
posure to battery electrolyte (usually a strong corrosive acid or base 
solution), and (ii) the material must not introduce any solute into the 
electrolyte which will upset the electrochemical behavior of the cell. 

During the early history of lead-acid battery development, the cell 
was placed in a container made of a material which experience had 
shown resistant to the sulfuric acid. Since a wide range of polymeric 
materials was unavailable, glass and lead-lined containers predominated. 
During the 1930s, hard rubber containers for lead-acid cells were intro-
duced. There was no compatibility testing of this material but, in retro-
spect, it can be seen that none was needed since: 

1377 
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(i) cell lifetimes were short due to failure mechanisms which were 
faster operating than cell contamination by the container material; 

(ii) cells were generally cycled, which tended to decompose organic 
contaminants due to the high charge potentials; 

(iii) a lead-antimony alloy was used in the grids and the antimony-
caused negative overvoltage lowering was so large that it swamped 
the much smaller increases caused by organic contaminants. 
These cells required much higher float currents due to this shift 
and lead-calcium cells which float at much lower currents are pre-
ferred for Bell System use. 

These characteristics masked the slow-appearing effects caused by 
organic contamination. With the advent of extremely long-lived, low 
float current lead-acid cells, organic contamination from container 
materials can measurably upset cell behavior. 

1.2 Material Testing 

In recent years various plastics have been used in these applications.' 
Styrene, styrene copolymers and rubber-filled styrene plastics have 
gained the broadest acceptance.' With the advent of large new families 
of plastics, testing for suitable mechanical properties and monitoring 
their degradation in the particular electrolyte have become common-
place.' The effects of the electrolyte on the properties of the plastic can 
be measured more rapidly. By increasing the test temperature or in-
creasing the severity of the test conditions in other ways (mechanical 
stress, radiation, and so on). 
The second area of material compatibility, which is the effect of the 

plastic on the battery, has not to our knowledge been rigorously in-
vestigated. Weight-change studies are routinely used to determine the 
amount of electrolyte attack on a polymeric material*; that is, if the 
loss of the plastic is small over some period of time, the material is as-
sumed chemically compatible with the cell. The effect of the small 
fraction of "lost" material on the cell electrochemistry has not generally 
been investigated. For typical cyclic battery service in which the cell 
is routinely charged and discharged, the effects of these organic con-
taminants are usually small enough to be innocuous, since the cycling 
of the cell either promotes the oxidation of the contaminants or covers 
them up in recharge cycles. In the Bell System, however, batteries 
which serve as a back-up or reserve power supply are floated, that is, 
maintained in a fully charged state by a potential of 2.17 volts per cell. 
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In such a use mode, the effects from electrolyte contamination by organic 
substances can be very harmful to cell life and performance. 

1.3 Example of Electrochemical Incompatibility 

A history of incompatibility problems has existed in the Bell System. 
Some standard lead-acid cells with porous polyvinyl chloride (PVC) 
separators were placed in Bell System use between 1954 and 1965. These 
separators were cheaper and less brittle than the normally used micro-
porous hard rubber units. All of these cells showed needlelike dendritic 
lead deposits on the negative plates after a few years of service. These 
dendrites shorted and discharged the cells, behavior which has since 
been duplicated in this laboratory in similar cells in which the processes 
were accelerated by elevated temperatures. The cause of this dendritic 
growth was traced to the PVC separators by the procedure of leaching 
separator samples with cell electrolyte and introducing this solution 
into stably-floating cells, which promptly grew needles. Since solutions 
leached from pure PVC polymer (resin without additives) show no 
electrochemical effects; the effects observed must have been due to the 
residual organic solvents and wetting agents used in fabrication of the 
separators. It was found that the balance of the polarization (discussed 
subsequently) was markedly disturbed in the doped cells. No further 
investigations were undertaken and the new separator material was 
withdrawn from Bell System use. 
Two conclusions are drawn from this experience: 

(i) New materials for fabrication of battery components must be 
verified as electrochemically compatible with the cell under use-
mode conditions. 

(ii) A test procedure must be devised in which the compatibility of new 
materials can be determined in a relatively short time. 

Due to the undesirable properties inherent in the presently used styrene-
acrylonitrile plastic,' a new, rigid PVC copolymer which shows a 
superior combination of physical properties has been recommended 
for the jar and cover of the new cylindrical cell. Because of the previous 
experience with PVC plastic, compatibility testing was mandatory. 
There is a need for a test procedure which accelerates the plastic-cell 

electrochemistry interaction such that a valid choice of materials can 
be made in a relatively short time ( < 12 months). The work reported 
here is an example of a general test method which we believe to have 
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broad application in material selection for use in batteries or other 
electrochemical devices. 

II. THE FLOATING CELL 

2.1 Description of Float 

A battery used as a reserve power source in the Bell System is 
"floated" when not delivering emergency electrical power; that is, the 
cells are maintained at full charge by overcharging the cell at a constant 
voltage of 2.17 V., which is 110 mV above the thermodynamic reversible 
potential of the cell (Fig. 1). This results in operation in regions where 
the potentials on the positive and negative plates are largely fixed by 
the Tafel behavior of the electrodes (the "Tafel lines" on Fig. 1).° 

2.2 Grid Corrosion and Plate Polarization Balance 

It has been shown' that grid corrosion in the positive plate is mini-
mized at potentials of 20-30 mV above the reversible potential of the 
Pb02/PbSO4 electrode and, to provide a sufficient margin of safety, up 
to 80 of the 110 mV excess potential should be on the positive plates 
of the cell, with the remaining 30 mV on the negative plates (Fig. 1). 

POTENTIAL 
-a. 

POSI TIVE  Pb0 2 PbSO4 ) 1.089 - 

REFERENCE (Hg/H92 SO4) 0 - 

E° NEGATIVE ( Pb /Pb504 )  -0.970 - 

ao mV 

2.06V 

-4k-
I 30MV 

- 2.17 FLOAT POTENTIAL 

_- H 2 TAFEL 

SHIFT DUE TO 
- CONTAMINANT 

s. 

LOG p.A/AH 

Fig. 1—Float properties of BTI, cell, showing effect of contaminants. 
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The division of this excess potential is determined in large part by the 
slopes and intercepts of the hydrogen and oxygen Tafel lines' and a 
shift of one or both curves will change the fraction of the excess potential 
found on each plate. Since these cells must float at the lowest practicable 
float currents, the cells exist in a potential region where the negative 
polarization curve has an anomalously steep slope due to oxygen re-
duction.' Because of this, changes in the overpotentials of the cell will 
have significant effects in the float balance, and an increase in the 
hydrogen overpotential and/or a decrease in the oxygen overpotential 
will decrease the fraction of available excess potential on the positive 
plates of the cell. As the positive polarization drops significantly below 
30 mV, the corrosion rate of the grid, which is the failure mechanism 
of the lead-acid cell on float," increases rapidly, shortening the life 
expectancy. If the shift were sufficient to place the entire 110 mV on 
the negative plates, the positive electrodes would remain at their 
reversible thermodynamic potential and would self-discharge. 
In addition to causing overpotential shifts, the organic residues can 

change the growth habit of the negative electrodes, again affecting cell 
performance. This can be beneficial in some cases, and organic "ex-
panders" are used to produce a spongy, high surface area, efficient lead 
anode.") The effect can, however, be destructive as in the case of the 
dentritic structure caused by the PVC separators as described in 
Section 1.3. 

III. ORGANIC CONTAMINANTS AND ELECTRODE BEHAVIOR 

A very large number of organic solutes affect electrochemical processes. 
The role of surface-active organic substances in modifying electrode 
reactions was noted as far back as 192311; extensive literature has been 
developed on this subject, though predominantly limited to mercury or 
platinum electrodes. The usual result of even minute amounts (a few 
ppm) of electroactive organic substances in an electrolyte is a marked 
shift in Tafel behavior, especially for hydrogen evolution. A shift of 
tens of millivolts on a 1 cm' electrode is typically caused by less than 
10 ppm of an electro-active contaminant:' In general, electrode reactions 
are quite complex and a rigorous description of the mechanisms and 
identification of the reaction products and intermediate species is 
always difficult and often impossible. The inclusion of organic substances 
at the reaction interface complicates matters further; we therefore 
will not discuss the mechanisms of the organic molecule-electrode inter-
action but refer the reader to some of the extant literature. ' lit It is 
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sufficient to note that organic contaminants in small amounts can affect 
Tafel behavior markedly and thus may present a problem for long-lived 
batteries. 

IV. INITIAL TESTING 

4.1 General Description 

Most plastics consist of a mixture of various components. In addition 
to the polymer resin, stabilizers, antioxidants, lubricants, waxes, impact 
modifiers (usually another polymer species) and colorants are typically 
found in plastic formulations.' These complicate investigations, for any 
one or all of these components may introduce sufficient electroactive 
substances into the electrolyte to upset the float balance. The magnitude 
of the problem may be seen by noting that a plastic is usually considered 
resistant to chemical reagents (ASTM D 543) if the percent weight 
change in the given reagent is 0.1 percent or less over a four-week period 
under specified conditions and the weight change with time is described 
by a relatively flat curve? That such a test is inadequate for the present 
problem is shown by the fact that a weight loss maximum of 0.1 percent 
from the cylindrical battery jar (normalized to the same test conditions 
as ASTM D 543) would introduce about 100 ppm organic contaminants 
into the cell electrolyte. By calculation, this amount of foreign material 
would cover the actual surface area of the positive and negative elec-
trodes (determined by B.E.T. methods) 15 to a depth more than three 
monolayers. 
To determine if the selected plastic might cause electrochemical 

problems, equal amounts of thinly-shaved samples of the test plastic,5 
a propylene-PVC copolymer, and the styrene acrylonitrile plastic now 
in use were subjected to standard sulfuric acid electrolyte (1.210 sp. gr.) 
for 28 days at 60 C in the apparatus shown in Fig. 2 (this apparatus was 
used for all subsequent extractions). 60°C was chosen as a temperature 
high enough to accelerate the chemical processes without getting too 
close to the glass transition temperature (T9) of the plastic. (The reasons 
for this temperature limit are discussed in item ii of Section 5.1.) 
Since a measurement of the effect of the test plastic relative to the 

presently used material was desired rather than an absolute value in this 
preliminary test, the electrochemical effects were grossly exaggerated 
by the use of a lead electrode of very small area in a rotating disk 
configuration." This apparatus was used to measure the hydrogen and 
oxygen overpotential shifts in the test solutions compared to a pure 
acid solution. The test plastic caused a shift in the hydrogen over-
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Fig. 2—Extraction apparatus. 

potential of about 200 mV while the previously used styrene acrylonitrile 
caused a 50 mV shift. The oxygen overpotential was not measurably 
affected, and both solutions caused a slight increase in the lead corrosion 
current. Thus a source of possible cell deterioration was indicated. 

4.2 Relative Effects of Plastic Components 

To measure the relative effect of each formulation component in-
dependently, samples of the pure components (supplied by the manu-
facturer) were extracted separately at 60°C with the same volume of 
1.210 sp. gr. sulfuric acid as used in the previous test. The amount of 
each component extracted was equal to the amount of that component 
found in the thinly shaved test plastic extracted in the previous experi-
ment. As shown in Table I,21 the individual overpotential shifts are 
apparently not additive (the mechanism may be competitive—the 
organic molecule which adheres most tightly to the lead excludes the 
other species from the main reaction mechanism). It is evident that the 
organo-tin stabilizer dissolution products produced the major electro-
chemical effects; in fact, the effects caused by the pure stabilizer were 
both qualitatively and quantitatively (on a relative scale) identical to 
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TABLE I21—ROTATING DISK ELECTRODE STUDY OF 
PLASTICS AND COMPONENTS 

Sample Effects 

PVC Co-Polymer •-•-• —200 mV 112 overpot. shift 
slight increase in corrosion 
current 

Styrene Acrylonitrile ,---, —50 mV 132 overpot. shift 

PVC Base Resin No effect 

Stabilizer ,-.., —200 mV 112 overpot. shift 
slight increase in corrosion 
current 

Lubricant ,----100 mV 112 overpot. shift 

Impact Modifier ,--, —50 mV 112 overpot. shift 

the effects due to the entire plastic formulation. Therefore, the appear-
ance of electroactive dissolution fragments of the plastic in the electrolyte 
was monitored by the measurement of the concentration of stabilizer 
fragments in the sulfuric acid. 
This assumption that the electrochemical effect of the plastic leachants 

was directly related to the stabilizer decomposition was supported by 
obtaining samples of a plastic compound whose formulation was 
identical to the test material except for the substitution of a lead-based 
stabilizer for the normal organo-tin compound. A sample of this experi-
mental plastic and a sample of the lead stabilizer were extracted inde-
pendently as before, but the extracts both showed identically negligible 
electrochemical effects. This supports the assumption that the effects 
produced by the normal test material are effectively caused entirely by 
the organo-tin stabilizer.* 

V. ACCELERATED TEST PROCEDURE 

5.1 Test Assumptions 

The test method evolved from the following facts and assumptions: 

(i) The stabilizer fragment concentration in the acid will increase 
with time at a given temperature, probably by diffusion through 

* This experimental lead-stabilized plastic, though electrochemically innocuous, 
is unsuitable for fabrication of battery jars since it is opaque and is also almost 
impossible to injection-mold. Small (0.19 g) plaques were molded only with great 
difficulty. 
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the plastic to the electrolyte interface. This process can be ac-
celerated by increasing the test temperature. An apparent activa-
tion energy can be measured for the process. 

(ii) So long as the test temperature does not closely approach the glass 
transition temperature of the plastic, the extraction processes occur 
by mechanisms identical with those operative at room temperature, 
which permits valid extrapolation of the accelerated reaction rates 
to room temperature. 

(iii) The stabilizer was shown to be completely digested by the 1.210 
sp. gr. sulfuric acid and the concentration of tin ions in the electro-
lyte is thus a precise measure of the amount of stabilizer decomposi-
tion. 

(iv) It was shown that the appearance rate of tin ions is directly 
proportional to the ratio of the exposed plastic surface area per unit 
sulfuric acid volume used in the extraction. The leaching can be 
accelerated by increasing this ratio (Fig. 3). Other geometric 
effects were compensated for by using plastic samples of the same 
physical dimensions for all tests. 

5.2 Test Procedure 

In the test procedure, equivalent quantities of plastic (with equal 
surface areas) were extracted into equal volumes of standard 1.210 sp. gr. 
sulfuric acid at 400, 50°, 60°, and 70°C for up to several weeks. (The 
time was dependent on the extraction temperature.) Small samples of 
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acid were removed periodically and analyzed for tin ion." The samples 
removed were a small enough fraction of the total acid volume so that 
the change in the plastic surface area/acid volume ratio was small 
enough that the change in reaction rate which resulted was within the 
error limits of the measurements. 

5.3 Test Results 

Resulting concentration data are plotted vs time (Fig. 4) and show 
linear behavior over the measured temperature range. 
A high plastic surface area/acid volume ratio was used to speed up 

the extraction, and linear extrapolation out to the actual plastic surface 
area/acid volume ratio present in the BTL cell produced the upper set 
of time coordinates. A rate equation of the form 

d[Snl  
dt  e 
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2  3  4  5 6 
1  1  1  e 70 C 

60°C 

50 °C 

30°C (86 °F) 

j_40°C 
- -+---

40  BO  120  160  200  240  280 

SURFACE AREA  
DAYS AT T, HIGH 

ACID VOL. 

Fig. 4—Extraction rates of stabilizer. 
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was assumed and treatment of these data by the Arrhenius method 
(Fig. 5) produced an apparent activation energy 

= 10  1 kcal/mole. 

The use of this value produces the extrapolated room temperature 
stabilizer decomposition rate described by the dashed line in Fig. 4. 

5.4 Application to Real Cells 

To determine the relationship between contaminant concentration and 
electrochemical effect in real cells, stably-floating cylindrical cells were 
doped with extract aliquots of a known stabilizer fragment concentration 
and the cell characteristics (electrode potentials, float currents and cell 
potential) were monitored. Four to six weeks were needed after each 
extract addition for the cell to restabilize. From these data a plot of 
hydrogen overpotential shift vs stabilizer fragment concentration in the 
cell was constructed. (Fig. 6) 
An elevated temperature accelerated test was run on cells with large 

amounts of the test plastic immersed in the electrolyte. The conditions 
duplicated the testing of the experimental microporous PVC separators 
in which dendritic lead structures caused premature cell-death. No 
abnormal lead deposits or altered plate structures were noted in this 
test nor were any changes in float voltages or currents observed?' 
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The appearance rate of the stabilizer decomposition products in the 
battery at room temperature is now known (Fig. 4) and we have 
established the relationship between the stabilizer fragment concentra-
tion and the shift in the hydrogen overvoltage (Fig. 6). We can therefore 
construct a plot showing the increase in the hydrogen overvoltage 
(Fig. 7) as a function of time at room temperature. All that remains is 
the establishment of a maximum allowable overpotential shift and the 
limit can be read directly from this plot. 
Since an increase in the hydrogen overpotential of 50 mV will produce 

a disastrous increase in the corrosion rate of the positive grid, the 
allowable shift must be less than this value. It is considered that a 
maximum of 30 mV is a sufficiently conservative value. Figure 7 shows 
that even with a worst-case interpretation of the data, the lifetime limit 
imposed by the organo-tin stabilized test plastic is in excess of 50 years 
and thus we should not see electrochemical problems in Bell Telephone 
Laboratories-designed cells due to the plastic case for at least this period 
of time. 

VI. DISCUSSION 

Though the experimental work reported here was very specifically 
related to the immediate problem, we believe it to have wide applica-
bility. 

6.1 Diffusion and Extraction 

Though no assumptions have been made concerning the mechanism 
of the extraction process and the work described is quite empirical, it is 
probable that the rate limiting step involves diffusion of the stabilizer 
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to the electrolyte/plastic interface. There exists some supporting evi-
dence. When thinly shaved samples of the test plastic were extracted 
in sulfuric acid, up to 80 percent of the available tin compound was 
extracted into the acid, but the physical dimensions of the sample 
shavings were unchanged, and there was little (< 2 percent) weight loss. 
If the tin extraction were only due to dissolution of the plastic surface, 
about 80 percent of the sample would have had to dissolve to produce 
the measured tin concentration. Thus the stabilizer must have diffused 
through the polymer matrix to the acid. In addition the 10 ± 1 kcal/mole 
activation energy is comparable with the activation energy of other 
diffusing species in PVC as shown in Table II."' The fact that the 

TABLE H24'28—DIFFUSION IN VARIOUS PLASTICS 

Polymer Diffusant 

Activation 
Energy 
kcal/Mole 

Rigid PVC 
Rigid PVC 
Rigid PVC 
Rigid PVC 
Rigid PVC 
Rigid PVC 
Polyethylene 
Polyethylene 
Polyethylene 
Polypropylene 
Polypropylene 
Polypropylene 
Poly-4-methylpentene-1 
Poly-r-methylpentene-1 

N2 
Ar 
02 
CO2 
CH4 
H20 

n-Octadecane 
DLTP 
N-ode 
N-ode 
DLTP 
Phenol A 
DLTP 
Phenol A 

14.79 
12.3 
13.03 
15.44 
18.8 
9.98 
12.4 
12.4 
12.3 
20.5 
19.8 
22.3 
14.5 
14.2 
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measured 10 ± 1 kcal activation energy is less than any of the values of 
Table II is comforting since extrapolation based on a low Ea.t will yield 
conservative time predictions. 

6.2 Future Applications 

If, in the future, methods are available for prediction of diffusion rates 
in plastics based on the average molecular weight, the physical structure 
of the polymer, the size and structure of the diffusing molecule and other 
such parameters, the problem of plastic material selection can be ac-
complished by a priori calculations rather than the time-consuming 
extraction described in this paper. In addition, plastics may in the 
future be used as dispensers of a desired additive, slowly releasing small 
amounts of the dopant which may, for example, be used to maintain a 
given float balance or retard a particular corrosion process. 
Finally, the rotating disk electrode will probably gain importance as 

a tool for testing compatibility of various solutes in electrochemical 
devices. Since the electrodes appear to be at least as sensitive as most 
analytical methods for determination of low solute concentrations, it 
will probably be calibrated and used directly as an analytical tool, 
bypassing the time-consuming sampling and separate analytical pro-
cedures. 

VII. CONCLUSIONS 

7.1 Life Limit of BTL Cell Due to Container Material 

It has been shown that even a "worst-case" treatment of the data 
results in a projected 50-year minimum life limit for the BTL cell with 
a container fabricated of the test plastic. This prediction is based on 
86°F nominal ambient. If the cells are required to operate at higher 
temperatures, a corresponding life limit can be calculated by use of the 
measured 10 ± 1 kcal activation energy. 

7.2 Rotating Disk vs Real Cell Experiments 

The rotating disk provides a quick method for establishing relative 
levels of electrochemical effects due to a wide range of materials. An 
example of its utility was demonstrated in early field trials in which a 
polarization shift was seen in a small number of cells. This resulted in 
the positive plates floating at their reversible potential and the entire 
110 mV excess potential was shifted to the negative plates—a condition 
that would result in self-discharge of the positive plates. By use of the 
rotating disk electrode apparatus as a screening tool, it was determined 
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that cyclohexanone, a solvent used in the jar-cover sealing procedure, 
was entering the cell electrolyte. 
Potential scans through the hydrogen evolution region of the lead disk 

were made in (1.210 sp. gr.) 112SO4 solutions containing various amounts 
of cyclohexanone. The shift in hydrogen overvoltage (nri,) relative to 
uncontaminated acid solution was approximately 50 mV for electrolyte 
containing 10 ppm cyclohexanone, an amount which was shown to be 
easily leached from a freshly made cyclohexanone solvent-sealed joint 
into the battery electrolyte of a BTL cell. The overvoltage shift was 
toward more negative potentials, the same direction observed on 
negative plates in the field trial cells. The result of these experiments was 
the development of an alternate sealing procedure,» and the problem 
has not reappeared in subsequent field trials. 
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Lead-Acid Battery: 

Jar-Cover Seals 

By D. W. DAHRINGER and J. R. SHROFF 
(Manuscript received April 29, 1970) 

A novel jar-cover seal has been designed and fabricated for the new 
Bell System battery. The seal consists of a tongue-and-groove seal joint 
design (jar and cover respectively) with an infrared heat absorbing layer 
at the joint interface. This heat absorbing layer causes the fusion and 
sealing of the jar and cover surfaces when exposed to high intensity concen-
trated infrared energy. The seals prepared in this manner are leak free, 
acid resistant and have extremely high joint strength. A jar-cover seal life 
equivalent to the useful life of the polyvinyl chloride in the jar is anticipated. 

I. INTRODUCTION 

The leakage of electrolyte from lead-acid storage batteries has been 
a chronic problem to consumers. Industrial and individual consumers 
share such common seal:related deficiencies as electrolyte leakage, 
corrosion buildup and premature battery failure. Additionally, telephone 
companies have experienced high maintenance costs, fire and explosion 
hazards, and interrupted service.' These problems can be related to 
both the inherent characteristics of the lead-acid system and to in-
adequate joint design considerations. The limited availability of 
materials resistant to battery acid and the dimensional changes which 
occur in electrodes and plates are factors, inherent in lead-acid batteries, 
which result in poor reliability. Poorly designed cap or plug type jar-
cover seals on batteries currently used in telephone plant provide very 
little effective seal area. In addition, they all use adhesives or sealants 
with low toughness which further contributes to premature battery 
failure. 
These effects are more obvious in batteries for telephone use because 

of their large dimensions, type of service and long design life. 
Early in the development of the new cylindrical battery, studies were 

undertaken to provide reliable jar-cover seals. The initial performance 
requirements for the seal were that: 

1393 
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(i) The seal joint be permanently leakproof—to both electrolyte and 
internally generated gas. 

(ii) The seal material be electrochemically compatible with the 
lead-acid battery system. 

(iii) The seal material be stable to all concentrations of battery acid 
that it might encounter. 

(iv) The seal be strong enough to support safely the weight of a com-
plete battery (approximately 400 lbs.). 

(y) The seal be resistant to shock and lateral deformation. 
In addition, the seal joint design had to be compatible with an 

injection-moldable jar and cover and the sealing procedure had to be 
economical and feasible for production. 

II. JAR-COVER SEAL JOINT DESIGN 

The circular battery jar geometry and an impact-resistant, unplast-
icized, polyvinyl chloride (PVC) jar material were selected prior to 
detailed considerations of the seal design.' Both selections ultimately 
proved to be fortunate in terms of seal joint design and sealing technique. 
Initially, consideration was given to the possible use of plug or cap 

type joints between the jar and cover. These early designs were aban-
doned in favor of a tongue-and-groove arrangement. Such a design 
offered advantages of self-alignment with improved shock and static 
stress resistance. 
Figure 1 shows a diagrammatic cutaway view of an assembled jar 

and cover with a sectional detail of the actual joint area. Incorporated 
in the design are matching tapers (4r) on both the inner and outer 
surfaces of the jar and corresponding tapers on the cover. This design 
permits the assembly of the joint with essentially no sliding friction, 
with a maximum bondline area and with self-adjusting (over a broad 
range, including zero) bondline thickness. 

III. SEALING METHOD 

3.1 Early Sealing Method Investigations 

Before the ultimate sealing technique was selected, several methods 
were considered. These include: 
(i) Adhesive bonding with: 
(a) solvent or bodied solvent* applied by dipping or brushing, 

' The solvent used was cyclohexanone which was bodied or thickened with be-
tween 15 and 25 weight percent of the jar and cover plastic. (Aireo B983 - Propylene-
modified PVC.) 
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Fig. 1—Jar-cover seal design and assembly. 
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(b) bodied solvent applied by injection, 
(c) frozen solvent gasket, and 
(d) solventless adhesive; 

(ii) Welding with embedded, heated resistance wire; 
(iii) Preheating with hot matching dies; 
(iv) Spin welding; and 
(y) Ultrasonic welding. 

Of these early methods, the solvent-related sealing techniques offered 
the best combination of production feasibility, low cost and acceptable 
seal strength. After extensive mechanical testing, several field trial cells 
were prepared using the solvent-dip technique. Although the mechanical 
characteristics of these seals were satisfactory, electrode polarization 
was encountered. Investigations confirmed that contamination of the 
electrolyte by cyclohexanone from the sealant was responsible for the 
polarization.' Investigation of all of the above sealing methods was 
superceded by the investigation of the infrared sealing technique 
described below. 

3.2 Infrared Sealing Technique 

An infrared sealing technique was devised as a practical, production-
oriented method for making the jar-cover seal. The method involves 
concentrating sufficient thermal energy at the jar-cover interface to 
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permit welding to occur. Specifically, a focused source of high-intensity 
infrared energy is directed through the outer cover skirt to the interface 
between the cover and the jar. At this interface, a thin layer of infrared-
absorbing material becomes hot, melts, and causes the melting and 
fusion of the adjacent jar and cover surfaces. The fused layers solidify 
upon cooling to form the seal. 
A quartz line heater* was used in the initial experiments to provide 

a focal line energy of approximately 125 watts per inch when operated 
at 110 volts ac. Later, other operating conditions were found to be 
better (see Section 3.4). The absorbing layer was a 0.0015 to 0.002 inch 
thick black coating of the same plastic used for the jar and cover molding 
and containing a small quantity of a carbon black dispersion. With the 
cover in place, the infrared source was focused on the coated surface at 
the jar cover interface and the battery rotated with respect to the 
infrared source until the entire seal was formed. The assembly and 
sealing steps are shown schematically in Fig. 2. 
Times ranging from minute to 2 minutes were necessary, depending 

on the experimental conditions employed, to achieve complete 40-inch 
circumferential seals. Shorter sealing times are possible with variations 
in the infrared source parameters. This will be discussed in a later 
section. 
Of particular importance in the successful use of this technique is the 

alignment of mating surfaces and the availability of contact pressure 
at the interface during sealing. An attempt to seal a joint with either a 
misalignment or a lack of follow-up contact pressure would result in 
only a one-sided melt and a low strength, potentially leaky, seal. The 
jar-cover seal design incorporated features to achieve alignment and 
contact pressure within the range of molding tolerances on the jar and 
cover diameters, provided the original tapers are accurate. 
During the sealing operation, we can observe the point at which a 

seal forms. As the absorbing layer melts and fuses at the jar-cover 
interface, the air layer disappears, providing a visible "wetting" of the 
cover and blackening of the absorbing layer. This characteristic is 
extremely helpful in quality control evaluation of the seal. 
If heating is continued for a period of time beyond that necessary for 

the seal to form, blistering, burning and charring can result on the 
outer surface of the cover. This causes an unsightly appearance and 
degradation of the materials involved. Experiments designed to minimize 
this problem are discussed in Section 3.4. 

* Research, Incorporated, Model 5215-5, "Quartz Line Heater" with water-
cooled elliptical reflector, and 1200 T3/CL/HT lamp. 
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BLACK 
ABSORBING 
LAYER 

HIGH INTENSITY 
FOCUSED 
IR. LIGHT 

ASSEMBLED 
JAR -COVER 

SEALED 
JAR - COVER 

Fig. 2—Jar-cover seal assembly and sealing sequence (schematic). 

3.3 Infrared Absorbing Medium 

The infrared sealing technique was originally evaluated using a black 
film macle from a solution of the jar cover material in cyclohexanone 
to which a carbon black dispersion was added. Sections 1 and 2 of Table I 
give the formulation data. Because of handling difficulties with the film, 
a direct coating technique of the jar lip was devised. Cyclohexanone was 
originally selected as a solvent because of its solution capacity and 
relatively low hazard potential. However, this solvent was ultimately 
replaced by more volatile methyl ethyl ketone (MEK) to reduce 
possible cell contamination due to residual solvent and to accelerate 
solvent evaporation. The coating formulation with MEK is shown in 
Section 3 of Table I. The solids content of this formulation was changed 
since the MEK is capable of dissolving only up to 15 percent of the PVC. 
The present technique does not form a seal at the inner jar-cover 

interface because little or no energy passes through the absorbing layer 
at the outer jar-cover interface. Should it prove desirable to seal the 
inner jar-cover interface, this can be accomplished by applying the 
absorbing layer to the entire inner jar surface and only the upper half 
of the outer jar surface. When exposed to the radiation, such an arrange-
ment leads to a two-sided seal. 
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TABLE I—INFRARED ABSORBING MATERIALS 

1. Coating Solution 

25% Aireo B983 in Cyclohexanone — 95.0 

Carbon Black dispersion* — 5.0 

Total 100.0 

2. Dry Filin Components 

Aireo B983 — 92.7 

Carbon Black — 2.9 

Vinyl resin VYFIH — 4.4 

Total 100.0 

3. Methyl Ethyl Ketone Based Coating Solution 

15% Aireo B-983 in MEK — 95.0 

RBFI #5404 — 5.0 

Total 100.0 

* RBH #5404, Inmont Corp. 
Carbon Black 
Vinyl resin VYITH 
Methyl Ethyl Ketone 
Total 

— 15.0 
— 22.5 
— 62.5 
100.0 

3.4 Operating Parameters of Infrared Heat Seal Technique 

As explained in Section 3.2, most of our initial experiments were 
carried out with the lamp operated at 110 volts and the seal in the 
focal plane. During the course of these experiments it became clear, 
however, that the margin between seal formation and the onset of 
blistering and charring was not as wide as one might wish. We have 
therefore investigated the effects of running the lamp hotter and of 
moving it further away. 
In order to determine which ranges of wavelength are effective for 

forming the seal and which for causing blistering and charring, the 
infrared transmission characteristics of the jar or cover material were 
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obtained, using a Beckman IR-9 spectrophotometer. The infrared 
transmission spectrum of the PVC (Fig. 3) shows a small absorption 
peak around 1.2 12 and a region of strong absorption beyond 1.7 g. The 
blackened film used for sealing, on the other hand, may be presumed to 
be strongly absorbing throughout this region. Ideally, therefore, a light 
source with its emission restricted to the range 0.17 g to 0.6 p. would be 
preferred. Since optical filtration is not practical in view of the high 
radiant flux, some control of the emission spectrum can be achieved by 
adjusting the temperature of the source. Figure 3 shows computed 
values for the spectral distribution of the light emitted by the lamp at 
three different voltages, based on measurements of the color temperature 
of the filament made with an optical pyrometer. It will be seen that, 
other things being equal, higher voltage operation should be preferable 
because a larger fraction of the emitted energy lies in the range of wave-
length below 1.7 jz, where it is effective for sealing. 
To investigate the effect of varying the voltage applied to the lamp 

(and its temperature), test specimens were assembled from small squares 
of jar. These were clamped together with a film of the absorbing material 
between them. A recording thermocouple was placed immediately 
behind and in direct contact with the film. The infrared source was then 
focused on the area of the seal at the thermocouple and temperature 
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recorded as a function of time. The instants at which the seal was formed 
and at which charring became evident were recorded by visual observa-
tion. Results are shown in Fig. 4 for three different voltages applied to 
the lamp. It will be seen that, while there is some decrease with in-
creasing voltage in the time to formation of seal, there is also a sub-
stantial decrease in the time to onset of charring. This is to be expected 
since, even though the relative amount of radiation at wavelengths 
beyond 1.7 ji decreases with increasing filament temperature (Fig. 3), 
the absolute amount does not. It is possible to compensate for the 
increase in overall intensity by moving the lamp further away from the 
seal. Figure 5 shows what happens when the lamp is run at 150 volts 
and moved progressively further away from the seal. It can be seen 
that the increase in distance is accompanied by a considerable increase 
in char time, with only a slight increase in seal time, and that, somewhere 
between one and two inches, charring no longer occurs. The increased 
sealing time at the 2-inch distance is compensated by the broader 
section of seal which can be made with the out-of-focus beam. 

IV. MECHANICAL STRENGTH TESTS 

Several tests were used to evaluate the breaking strength of jar-cover 
seals. Shear separation tests were conducted on specimens cut from a 

o 
0  2  4  6  8 

TIME IN SECONDS 

lo 12 14 

Fig. 4—Thermocouple temperature vs time for various IR source voltages (absorp-
tion layer at source focus). 
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Fig. 5—Thermocouple temperature vs time at various distances from focus at 150 V. 

jar-cover seal in the form of a wedge segment of the cover with a one-inch 
arc. The specimens were placed in a testing fixture and stressed at a rate 
of 0.1 inch per minute using a Tinius—Olsen "Universal Testing Ma-
chine." The force required to separate the seal joint segment was 
determined and recorded as pounds per circumferential inch of seal 
joint. The testing fixture with a specimen is illustrated in Fig. 6. 
Initial joint strength test results for the infrared sealed jar-cover 

assembly exceeded the tensile strength of the jar wall using the shear 
strength fixture and method described above. The actual failing loads 
averaged about 1500 pounds per inch of seal and generally the failures 
occurred in the jar wall immediately below the bond area. A few speci-
mens fractured in several places, that is, the top and middle of the 
outer cover skirt, and a few failed by yielding of the jar wall below the 
bond area. However, none of these specimens showed any sign of bond 
area damage or failure. With a total of 40 inches of circumferential seal 
and each inch capable of supporting three or more times the weight of 
the battery, there can be little doubt as to the adequacy of the seal 
strength. 
Several jar-cover assemblies, containing 700 pounds of lead weights, 

were suspended by a ring support under the outer cover skirt. After 
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Fig. 6—Jar-cover shear strength test. 

three weeks suspension and several deliberate 6" drops to a concrete 
surface, no evidence of joint failure could be found. 
Additional tests were conducted on sealed empty jars by pressurizing 

to 5 psi with air and inspecting for leaks. These tests were continued for 
many months without loss in pressure. Commercial practice for cells 
currently delivered to the Bell System calls for leak testing at a pressure 
of only  psi for 30 seconds. 

V. CONCLUSION 

It is demonstrated that reliable; jar-cover seals can be prepared for the 
new lead-acid battery. Of the variety of sealing techniques investigated, 
heat sealing by an infrared heat source focused on an absorbing medium 
placed at the seal interface was found to be economically attractive and 
production oriented. Seals obtained by this technique are reliable and 
provide high seal strength. An added advantage of this sealing technique 
is the ability to determine quality of the seal by simple visual inspection 
during or after the operation. 
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Lead-Acid Battery: 

Post Seals for the New Bell System Battery 

By L. H. SHARPE, J. R. SHROFF and F. J. VACCARO 
(Manuscript received April 9, 1970) 

A novel post seal has been designed and fabricated for the new Bell System 
battery. The seal consists of a cylindrical "clamp" of a rigid cured epoxy 
resin molded in place on the lead posts and a flexible one-piece butyl rubber 
structure attached to the epoxy and to the battery jar cover. Accelerated 
tests show that the seal effectively slows lead corrosion. A useful seal life 
in excess of 40 years is predicted. 

I. INTRODUCTION 

The posts on all lead-acid batteries are sealed to prevent the escape 
of sulfuric acid electrolyte from the battery container. If this highly 
corrosive aqueous solution of sulfuric acid escaped, it would constitute 
a hazard and a nuisance in a central office. Electrolyte leaking from the 
seal of a post can create a high conductivity path to ground. This path, 
connected to the battery, can lead to heating and arcing which may 
result in the ignition and burning of adjacent combustible materials. 
In addition, batteries with leaking post seals require costly periodic 
maintenance. Leaked electrolyte must be cleaned up, neutralized and 
replaced. 
The post seals of many batteries in float operation leak after being 

in service for times which are incompatible with Bell System objectives 
of reliable component performance for twenty to forty years. In this 
paper, we describe a post sealing system which is developed to be com-
patible with the expected long-lived behavior of the other components 
of the new Bell System battery. 
Post seals (there are three types) on batteries currently in telephone 

plant have at least two features in common: 

(s) They exert circumferential pressure on the post to make the 
seal. 
(is) They have seal lengths of less than one-half inch. One type of 

seal is flexible so as to accommodate motion of the post, relative to 
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the cover, due to plate growth in service. The other types are rigid. 
None of them offers any redundancy in sealing. 
Figure 1 pictures each of the three types of post seals currently in 

use. Each seal has a relatively short length and acid eventually works 
its way to external electrical connections or to ground. Two of these 
designs (Types 1 and 2) are rigid sealing systems so that premature 

TYPE 1 

TYPE 2 

TYPE 3 

, - SEAL NUT 

- PLASTIC COVER 

----- - GASKET 

---- LEAD POST 

ARC BURNED SEAL 

-PURE LEAD INSERT 

-- PLASTIC COVER 

EPDXY SEAL 

LEAD POST 

----SEAL NUT WASHER 

'-PLASTIC COVER 

- SPACER 

- LEAD POST 

Fig. 1—Current post seals. 
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failure can occur when element movement (from whatever cause) exerts 
abnormal stress on the seal. 
Because of the hazards involved when post seals leak acid the Bell 

System defines procedures for maintaining batteries so as to produce 
a clean and essentially acid-free environment. Proper maintenance 
requires that the individual cell posts and cover be wiped regularly. 
On the basis of the current acquisition rate of 100,000 cells/year 

in KS 15544/L 400 and 500 series and an average life of 13 years, the 
total cell population should reach 1.3 million over the next few years. 
At a very conservative estimate of $6/cell/year for labor costs required 
to clean cells due to post leakage, this generates a total of $7.8 million 
in costs per year for the Bell System. 
The performance criteria for the new battery post-seals are as follows: 

(i) The seals must be resistant to acid leakage. Acid may be splashed 
into the space above the elements during transportation or placement; 
it will be sprayed above its normal level during gassing; it will attempt, 
by corrosion and capillarity, to move up the lead posts. 
(ii) The seals must be compatible with the electrolyte and also with 

the electrochemical conditions at the posts and the electrochemistry 
of the battery. That is, the seals and the materials comprising the seals 
must not be chemically degraded either by the electrolyte or by the 
corrosive conditions at the posts. Additionally, they must not produce 
material, in time, at either post, which will alter the electrochemistry 
of the battery, 
(iii) They must accommodate motion of the plate stack due to 

vibration in shipment and plate growth in service. The design objective 
was that a one-inch vertical motion of the plate stacks and posts relative 
to the cover be permitted, without breaking the seal. 
(iv) The seals must be readily manufacturable. Further, procedures 

for their assembly must be compatible with other assembly procedures 
for the battery. 

II. DESIGN AND CONSTRUCTION 

Figure 2 shows early post seals, in batteries currently on field trial, 
which consist basically of three separate parts-. 
A primary post seal of heat-shrinkable, crosslinked polyethylene 

tubing which is shrunk tc.. fit tightly on the lead post coated with 
NO-0X-ID-"A", a nonsoap, thickened, paraffinic grease highly re-
sistant to oxidation. 
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BUTYL ADHESIVE---

POLYETHYLENE 
RING  

BUTYL ADHESIVE - 

.„- POLYETHYLENE SHRINK TUBING (1) 
, 

POLYVINYL 
CHLORIDE 

"  COVER 

-- BUTYL RUBBER GASKET (2) 

__- GREASE 

„--BUTYL ADHESIVE 

--POLYETHYLENE BELLOWS (3) 

Fig. 2—Three-piece post seal assembly. 

A flexible bellows of the same or similar polyethylene (which permits 
relative motion of the post and cover) joined to the shrink tube and to 
the skirt of the post hole in the cover with a thermoplastic polyisobutylene 
adhesive. 
A secondary seal which is a corrugated butyl gasket, tightly fitted 

around the shrink tube, which positions the post centrally in the cover 
hole and prevents acid and gases from escaping if the bellows should 
fail. The gasket fits tightly against the wall of the hole but is able to 
slide against it to accommodate post motion. 
These seals were thought to have at least three advantages over 

seals in batteries presently in service: 

(i) Corrosion paths to the outside world are longer—an order of 
magnitude longer than current designs. 
(ii) They accommodate post motion due to plate growth and element 

movement during shipment and installation or during an earthquake 
or nuclear attack. 
(iii) They provide a redundant electrolyte and gas sealing system. 
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This three-piece seal, however, has been superseded by other designs 
mainly because of materials problems and the difficulty of assembling it. 
The next logical step in the seal design was the creation of a one-piece 

seal which combined all of the components of the previous design into 
a single molded part. This design, which was molded in butyl rubber, 
is shown in Fig. 3. In it we have the elements of the earlier design—the 
sleeve, the gasket and flexible bag which performs the function of the 
bellows of the previous design. 
The sleeve is made so as to fit tightly on the post and the seal is as-

sembled as follows. Using the lead post as a plug at the lower end of 
the sleeve, air pressure is applied at the upper end so that the sleeve 
inflates slightly. The sleeve is then easily slid over the post, previously 
coated with either a nonoxidizing grease or a noncuring butyl sealant, 
into proper position and the air pressure released. The bag is then turned 
inside out and fastened to the skirt of the cover hole with a butyl adhesive, 
completing the seal. This one-piece seal takes considerably less time, 
effort and technique to assemble than the three-piece design. 

led  - -LEAD POST -----___  *  

'.111110  WI0 

I l le  e 4  

$ 
\ \ PÓLYVINYL CHLORIDE 

."-- GASKET ---

COVER  iIIli er   5,4 ,,t‘  . ! e  7 4 

4  4 S LE EVE - 'l , :, ;› ! 1  I 

gp„4. ,, a 13UTYl. ADHESIVE 

FLEXIBLE BAG--

Fig. 3—One-piece post seal assembly. 
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With respect to the primary post seal, circumferential pressure of 
the rubber sleeve in combination with the nonoxidizing grease provides 
a lower limit of corrosion restraint. A multiplicity of clamping rings 
spaced up the length of the sleeve would provide an additional level 
of restraint. 
A lead-acid cell positive post at a potential above its thermodynamically 

reversible value will corrode or oxidize. The electrochemical reactions 
of importance at this post are as follows: 

21120 4=1 0 2 +  4H' ± 4e- (1) 

Pb -I- 21120 <=> Pb02 ± 4H+ + 4e-.  (2) 

At the positive post, oxygen is evolved at a kinetically controlled rate 
(equation 1) and lead post material is oxidized (equation 2). 
From the above, it is apparent that with corrosion at the positive 

post there occurs a decrease in density of surface layer material resulting 
in a volume increase and a larger post diameter. In addition, there is 
the evolution of oxygen. The volume increase and the evolving oxygen 
can readily displace a soft or deformable material from the surface 
of the post and allow electrolyte and resulting corrosion product to 
progress upward. 
When the lead oxide on the negative post is at a polarized potential, 

it can be reduced and hydrogen liberated. The pertinent electrochemical 
reactions are as follows: 

2H+ + 2e- <-=> 132 

Pb0 + 2H+ + 2e- —> Pb H20. 

The production of a porous surface with evolving hydrogen could result 
in rapid capillary flow of acid up the post. 
Consideration of the above failure modes dictates the selection of 

a sealant material which will not readily yield to the stresses developed 
during lead oxidation-reduction. A restraining cylinder having ap-
propriate mechanical properties and surrounding the post would pre-
sumably cause the lead dioxide corrosion product to be produced in 
the form of a dense barrier offering relatively few capillaries and de-
creased opportunity for "wicking" of acid up the post. The corrosion 
rate up the post would then depend upon the compression which the 
restraining cylinder could provide. The use of a restraining cylinder 
on the negative post, it is felt, would not result in the generation of 
high compressive forces in the absence of a volume increase at the surface. 
Although there are many mechanical clamping devices available 

to form a compression seal, material selection and clamp configuration 
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do present problems. A restraining cylinder of material molded in place 
on the lead post seemed to offer a relatively simple compression seal 
in which the complete post length could be utilized. Epoxy resins, cured 
in place, were selected for the restraining material because they offered 
favorable chemical and mechanical properties and ease of use. 
Figure 4 shows a post seal combining all features of the previous 

seals with a full length circumferential "clamp" which may be made 
even more effective by the inclusion of grooves in the lead post. It 
consists of: 

(2) The primary post seal—a fairly rigid crosslinked epoxy resin 
cast around the post-providing a long path length against acid creepage. 

POST _ 
SLEEVE 

GASKET- - 

BELLOWS 

‘it 

(a) 

LEAD POST, 

CAST EPDXY 
SEAL -,  

POLYVINYL 

COVER 

COVER_ --
SKIRT 

ONE PIECE 
SEAL 

ADHESIVE 

GASKET 

(b) 

Fig. 4—Final post seal assembly: (a) one-piece post seal, (b) post seal assembly. 
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(ii) The one-piece butyl rubber structure previously described, 
fitted over the epoxy resin, which provides both the primary and 
secondary electrolyte and gas seals, that is, the flexible bag and the 
corrugated gasket. 

The sleeve of the one-piece rubber structure has, however, been 
modified so as to make it serve the function of a mold during casting 
of the epoxy resin around the post. 
Fifteen randomly distributed conical projections are provided on 

the inner surface of the sleeve. These projections allow proper location 
of the sleeve on the post providing necessary annular space for molding 
the epoxy "clamp." The projections also facilitate random flow of the 
epoxy into the space and flow of air bubbles out. A heavy molded ring 
at the lower end of the sleeve fits tightly to the post eliminating pos-
sibility of epoxy leakage before cure. The curing in place of the epoxy 
in contact with the sleeve also provides a good joint between the epoxy 
and the rubber sleeve. The post seal is assembled as follows: 
The rubber sleeve is located in place over the post by the conical 

projections. A supporting fixture is used to enclose the sleeve and prevent 
bulging during epoxy injection. The epoxy is then injected in the annular 
cylindrical space between the post and sleeve and cured. The cover 
is located in the proper position over the corrugated gasket. The bag 
is then turned inside out and fastened to the skirt of the cover hole 
with a butyl adhesive, completing the seal. 
Materials selection as to compatibility with lead-acid cell performance 

was of primary concern. After consideration of mechanical properties 
and design criteria, it had to be insured that the proposed material 
was unaffected by the acid electrolyte. 
The epoxy sealant was evaluated for inertness by performing leaching 

experiments in 1.210 specific gravity sulfuric acid. The epoxy was first 
cured in the form of sheets 0.1 inch thick. Pieces cut from these sheets 
were added to a quantity of acid, maintained at a temperature of 
70° ± 2°C, such that the ratio of epoxy surface area to solution volume 
was at least equivalent to that expected in a cell. At predetermined 
intervals, samples of the solution were removed and cooled to room 
temperature. After cooling, the solutions were analyzed, by means 
of the current-potential behavior observed at rotating lead disks under 
linear potential scan conditions, to determine if electrochemically 
active materials were present. Scans on the lead disk were both anodic 
and cathodic in direction to simulate reactions at the negative and 
positive cell plates. Leaching was continued and scans were made until 
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the epoxy had become brown in color, indicating severe oxidation. 
At no period in the acid leach test did the lead disk analysis indicate 
the presence of materials which would alter the normal operation of 
a lead-acid cell. 
Before acceptance of the butyl rubber for the one-piece seal material, 

it was also examined by a method similar to the above. Leach solution 
was tested by rotating lead disk techniques as well as by additions of 
butyl rubber-acid solutions to charged cells with pasted plates. This 
material also proved to be clean electrochemically. Materials selection 
and the details of assembly procedures and techniques are not yet final. 
However, we expect that the general features of both post seals in the 
final design of the new Bell System battery will be as we have just 
described them. 

III. ACCELERATED TESTING AND RESULTS 

Accelerated degradation of the primary post seal for test purposes 
was accomplished by potentiostating the lead post with proposed seal 
at a relative high overpotential in standard battery electrolyte. The 
increase in corrosion rate at the current densities required to maintain 
the test overpotentials results in accelerated progress of electrolyte 
and resulting corrosion product up the lead post. Tests were carried 
out at normal room temperature (75°F). We did not test at an elevated 
temperature because we felt that development of thermally induced 
stresses, heat degradation of materials, and so on, would unnecessarily 
complicate analysis of seal behavior. 
The primary concern of this study was evaluation of seals for the 

positive post. The corrosion mechanism, stress and environmental 
conditions at this post, it was felt, require a seal which should more 
than satisfy the requirements for a seal at the negative post. Preliminary 
accelerated test data on negative posts appear to justify the above 
belief. 
Primary post seals were prepared for testing by first abrading lead 

posts 1.72 inch in diameter to brightness with #600 abrasive paper 
and then wiping carefully with clean rags. The cleaning technique 
used was chosen to insure minimum lead surface contamination and 
oxide formation so as to provide a reasonably well-defined surface on 
which to begin testing. 
The epoxy resin plus curing agent was poured into a removable mold 

surrounding each post and cured to form a collar 0.1 inch thick and 
several inches long. Coatings less than 0.05 inch thick severely deformed 
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and disintegrated during test. The posts were then immersed in sulfuric 
acid (1.210 specific gravity) with the bottom of the epoxy collar sub-
merged in the acid about 1 inch. Several posts were potentiostated at 
each of three voltages, that is, +1.16 V, +1.30 V, and +1.50 V relative 
to a Hg/H e04/1:12SO4 (1.210 specific gravity) reference electrode. 
The voltage +1.16 V is the positive post potential of a battery under 
normal float conditions. The other potentials represent accelerated 
test conditions. Since the epoxy coating is transparent and the corrosion 
product dark brown, it was possible to observe and measure visually 
the progress of corrosion up each post. The precision of this measure-
ment was better than ±0.010 inch. Measurements were made at 60-day 
intervals to determine a corrosion rate at each voltage. 
Initial concern in any accelerated test procedure is that the accel-

erating parameter influence only the rate at which reactions take place. 
Alternately stated, accelerated testing should not cause reactions to 
occur which would not ordinarily occur at unaccelerated conditions. 
Temperature as an accelerant, for example, was rejected since it was 
felt that the reaction mechanism might change at elevated temperatures. 
Voltage, more precisely current density, was selected as the accel-

erating parameter. It was then necessary to ascertain that the increased 
voltage influenced only the reaction rate of corrosion at the positive 
post. This was accomplished by potentiostating lead posts at each of 
the three above mentioned positive potentials. 
At 60 days, voltage was plotted against corrosion rate on linear co-

ordinate paper (see Fig. 5). The resulting linear relationship for this 
relative short period indicates the consistency of the reaction mechanism 
at the various voltages. Calculation of an acceleration factor from these 
data yields one day at 1.50 V as being equivalent to approximately 
nine days at 1.16 V (float potential). Plotting data at the 60th day, 
it was felt, would reflect purely corrosion phenomena with minimum 
influence due to resultant compressive forces or height of corrosion 
on the posts. Data at an early time for the 1.16V test condition, however, 
would also include substantial measuring uncertainties. 
Figure 6 graphically portrays the progress of corrosion up the positive 

post with time. Two potentials are plotted, +1.50 and +1.16 V, repre-
senting the accelerated and float conditions respectively. It is significant 
that the slope of the curve for 1.50 V is markedly decreasing with time. 
This decrease in slope or corrosion rate can perhaps be attributed to 
the production of compact corrosion product as previously hypothesized. 
Similar data for 1.16 V would require a number of years to obtain, 
although the current corrosion rate is approximately 0.2 inch/year. 
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Fig. 7—Corrosion rate of positive post as a function of time (1.50 V). 

The decrease in corrosion rate with time is plotted on an integral 
and differential basis in Fig. 7. It is apparent that the corrosion rate 
has decreased to 30 percent of its original value from the first (60th day) 
to the fourth (240th day) 60-day interval. These incremental slope 
changes contribute to the 40 percent decrease in the integral corrosion 
rate plot. From the data for the 1.50 V test, it is apparent that 
the presently observed corrosion rate (0.2 inch/year) at 1.16 V can 
realistically be expected to decrease to one-half or 0.1 inch/year, which 
would yield a useful seal life of at least 40 years. 

W. CONCLUSIONS 

A novel post-seal has been designed and fabricated for the new Bell 
System battery. Accelerated tests have been carried out which indicate 
a useful life for this seal in excess of 40 years. Such a seal life is obtained 
by: 

(i) Utilizing long posts, thus providing long path lengths for cor-
rosion, 
(ii) Stifling corrosion effectively by surrounding the posts with a 

rigid cast epoxy cylinder, 
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(iii) Permitting relative motion of plate stacks and battery jar 
cover to accommodate stack motion in service, and 
(iv) Building redundancy into the seal. 
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Lead-Acid Battery: 

Techniques for Bonding the Positive 
Plates 

By R. H. CUSHMAN 

(Manuscript received April 13, 1970) 

Two fusion-bonding processes have been devised for bonding adiacent 
curved- or fiat-lead lugs of the positive plates used in the new Bell Labo-
ratories lead-acid battery. We describe both processes, but emphasize the 
Mechanical Thermal Pulse (MTP) Continuous Fusion-Bonding Process, 
which was chosen for use in the prototype battery manufacture. This 
process is capable of bonding many battery lugs simultaneously with 
simple equipment and with relatively precise control of bonding parameters. 

I. INTRODUCTION 

The purpose of this article is to discuss the bonding of the positive 
plates of the new lead-acid battery to form a complete battery cell. 
The negative plates are bonded by a center-pour technique described 
elsewhere in this issue. 
Figure 1 shows past of one element of the new battery, using an early 

prototype positive-plate design. During assembly, negative plates are 
stacked between positive plates until the element is complete; typically 
ten or more negatives are used. Each circular positive plate has four 
or more pure-lead lugs. These must be bonded to the corresponding lugs 
on the adjacent positive plates. 
At the bottom of Fig. 1 are two unpasted positive plates after bonding 

with a pasted negative plate in position. Note that the battery lugs 
in this early design were flat to facilitate bonding studies. Figure 2 
shows a pair of lugs cut out of the battery plates. This is a later design 
using curved lugs, approximately 0.188 inch thick and 2.25 inches long 
and formed out of pure lead. It is desirable to use curved lugs to provide 
a maximum cross section of the lug, maximum electrical conductance, 
and simplest overall geometry. 
Two new concepts of fusion bonding were developed. Both are to be 

1419 
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Fig. 1—Exploded and assembly view of three battery plates. 

used in manufacture, one for bonding the positive plates and the other 
for a secondary bonding operation. This article, therefore, considers 
both processes and discusses bonding of both flat and curved lugs. 

II. BONDING REQUIREMENT 

The left-hand sketch in Fig. 3 represents a cutaway view of a bond 
area. Appropriate spacers and insulators are normally interspersed 
between the negative and positive plates. Note that there is complete 
access to the outside of the positive-plate like in the bond area but 
extremely limited access to the inside bond area. 
A fundamental requirement is that each pair of lugs must be bonded 

completely without voids or cracks. This requirement is necessitated by 
the stresses occurring in the lead as a battery is floated. Accelerated life 
tests have confirmed that the cracks in the bond region tend to widen 
and deepen, increasing the internal battery resistance. This results in 
degradation of performance and can eventually progress sufficiently to 
cause failure. 
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The first prototype batteries were assembled and bonded with a hand 
Hehare welding technique and with the plate axis vertical. This was 
relatively laborious and time-consuming with typical bonds requiring 
up to a minute or even more. In addition, considerable difficulty was 
experienced in achieving crack-free, complete penetration of the lugs. 
It was recognized that for faster bonding (i) it would be necessary to 

determine whether a confining, sealing mold could be applied to the 
present battery geometry to afford reliable containment of the molten 
lead, and (ii) the battery axis should be in a horizontal position so that 
gravity would help control the molten lead during bonding. An alternate 
approach would be to attempt to bond the battery plates without the use 
of any confining, sealing mold or back-up fixture. It will be shown that 
both approaches were proven feasible but the latter approach proved 
to be more advantageous. 
Several other points in the battery design influenced the choice and 

design of the bonding method. Due to the unusually long life expectancy 
for this battery design, contamination of the bond area had to be kept 

11111111111" 
411111111P 

Fig. 2—Two positive plate lugs. 
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to a minimum. In addition, both the magnitude and duration of the peak 
temperature in the bond area had to be kept to minimum values to 
prevent thermal damage to the pasted area of the plates, the separators 
or the insulators. 

III. BONDING METHODS 

Groups within the Bell System investigated several different bonding 
methods. The processes included: Heliarc welding, infrared bonding, 
laser bonding and mechanical thermal pulse or MTP bonding. Table I 
compares bonding process characteristics. Note that the target tem-
perature, the melting point of pure lead, is approximately 327°C. It can 
be seen that the MTP processes have the lowest peak temperatures, yet 
they possess very high heating rates. This has proven useful in minimizing 
variations in bond temperature. In general, with a given work part and 
its typical variation in characteristics, the higher the ratio of the effective 
source temperature to the target temperature of the work part, the more 
crucial automatic temperature control becomes. In this application, 
conventional feedback techniques for controlling were not adequate, so 
a new approach was developed. 
Figure 4 illustrates the general MTP principles involved. Thermal 

energy is stored in an appropriately shaped metal block or ram. This 
thermal energy is transferred by thermal conduction to the two or more 
work parts to be bonded. Sufficient pressure is applied between the hot 
ram and the work parts to assure low thermal resistance values at the 
interface, making it possible to transfer rapidly relatively large quantities 
of thermal energy. The transfer is relatively independent of variations 
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in the characteristics of the work parts. Note that the peak temperature 
of the ram, and thus of the work parts in the bond area, has a precise, 
predetermined upper limit—that is, the control temperature of the 
ram itself. The ram can either be pulse or continuously heated to the 
desired temperature. 
Typical variables in work parts tend to have a strong effect on the 

thermal energy transferred, but the effect is only minor in the MTP 
processes. Such variables include emissivity, reflectivity, color, surface 
roughness, electrical conductivity, volume thermal conductivity, and 
surface contamination. 

IV. MTP HEATED RAM PROCESSES 

The MTP fusion-bonding process that makes use of a heated ram is 
extremely simple in concept. Figure 5 illustrates the basic principles. 
A carefully shaped, relatively large ram of a material with high thermal 
conductivity and with high heat capacity, such as copper, is preheated 

TABLE I—COMPARISON OF BONDING PROCESSES 

Process 

Effective 
Source 

Temperature 

Energy 
Transfer 
Method 

Energy 
Transfer 
Magnitude 

Temperature 
Control 
Method 

Mechanical 
Thermal 
Pulse (MTP) 

800°0' Conduction Heated ram 
transfers 
fixed amount 
of energy 

Determined 
by ram or tip 
temperature 

Radiant 
(Incandescent) 

3400°C Radiation 

Determined 
by total 
energy trans-
ferred 

Radiant 
(Arc) 

5700°C Radiation 

Oxy- 
Acetylene 

3200°C Forced 
convection 

Feedback 
Heliarc 5700°C Joule heating 

plus ion born- 
bardment 

varies energy 
transfer rate 
or duration 

Atomic 
hydrogen 
arc 

10,000°C Joule heating 
plus ion born-
bardment 

Laser ,.....lost Radiation 

* Maximum ram or tip temperature. 
Based on solving the Stefan-Boltzmann equation. 
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Fig. 4—Principles of processes of bonding with the mechanical thermal pulse 
(MTP) method. 

to a specified temperature. The ram is positioned over the bonding 
fixture and then plunged with a low force against the two lugs to be 
bonded contained in a confining back-up fixture. 
The thermal conductivity of copper is approximately 11 times greater 

than that of lead, and copper's heat capacity per unit volume is 2.35 
times greater than that of lead. Consequently, the heated ram stores 
sufficient thermal energy to form a bond between the two lead lugs with 
a relatively low temperature drop and rapid recovery. Typically, bonds 
are formed in one to ten seconds. It is possible to combine two or more 
rams to create two or more bonds simultaneously. 
The ram stroke is controlled so that the ram first melts the surface 

of the lead lugs. Then the ram progressively penetrates to the inside 
bottom of the lugs as melting continues. The penetration can be readily 
controlled so that the ram either penetrates completely to the inside 
bottom of the lug, or to within a predetermined distance from the back 
of the lug. Consequently, the heated ram offers positive assurance that 
the thermal energy completely penetrates the entire cross section of the 
lug. 
It is appropriate at this point to compare the MTP heated rain process 

with alternative bonding techniques. During bond formation between 
the two lead lugs, the solid, room-temperature lead is heated to tempera-
tures beyond its fusion temperature and changes from a solid to a liquid. 
Consequently, the electrical, thermal, optical, mechanical and metal-
lurgical characteristics of the lead change appreciably throughout the 
formation of the bond. Specifically, changes may occur in electrical 
resistance, emissivity, density, thermal conductivity, ductility, and 
so on. These changes in characteristics must be taken into account and 
appropriately compensated for if accurate temperature control is to be 
maintained. Since the MTP heated ram completely penetrates the lead 
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lugs, transfer of the thermal energy to the work parts depends primarily 
upon the relatively unchanging thermal characteristics of the heated 
ram itself. In addition, since the ram material has a relatively high thermal 
conductivity, the ram penetration through the center of the bond area 
assures a minimum temperature differential between the outer and inner 
surfaces of the bond area. 
The shape of the ram is chosen to provide a storage space for the molten 

lead that is displaced by the volume of the heated ram. Tests have 
confirmed that this molten lead can be stored in a hollowed-out center 
section of the ram. After the initial surface melting, the ram starts to 
penetrate the two lugs, forcing the displaced molten lead into the hollow 
center. Very little lead, if any, flows outside the confines of the ram 
itself. As the ram is removed, the molten lead flows back into place to 
form the bond. The copper ram is plated with approximately one mil of 
nickel to protect against oxidation and minor abrasion. 
Lead oxidizes quite readily and the oxide is an excellent thermal 

insulator, even in relatively thin layers. Initially, the oxide coating 
adheres poorly to the surface of the ram. Consequently, with this method 
it is desirable to wipe the ram with a metal bristle brush after each bond 
or set of bonds to remove this loosely adhering coating from the ram. 
The ram can be rapidly and reliably cleaned by a single in-line, one-stroke 
motion. Appropriate gas jets, protective atmospheres or other techniques 
might be considered as alternative cleaning methods. 
Calculations indicate that from 1000 to 5000 joules are required to 

bond each pair of lead lugs. The range of energy shown encompasses 
different bonding speeds. At the most rapid rates investigated—that is, 
about one second bonding time—minimum thermal energy is required. 
At easier-to-control, more practical bonding times of from three to seven 
seconds, the larger quantity of thermal energy is required since a larger 
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Fig. 5—Fusion bonding with an MTP heated ram. 
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Fig. 6—Positive plate bonding fixture. 

volume of the lead work parts absorbs appreciable thermal energy. The 
optimum time at the present stage of development is approximately 

five seconds. 
A major advantage of the MTP heated ram fusion process is its 

capability of transferring this relatively sizable quantity of thermal 
energy rapidly, repeatably and with minimum variation in the peak 
temperature of the work parts. The MTP ram temperature is typically 
a maximum of 600 to 700°C; thus the lead temperature is limited to this 
maximum value. The relatively low temperatures used in MTP fusion 
processes are beneficial in reducing metallurgical changes in the lead 
structure, reducing turbulence and vaporization, and eliminating boiling 
in the bond area. 
The forces required to create these bonds are surprisingly low. Typically 

they range from three to five pounds for a bond length of approximately ' 
2.25 inches. 
Figure 6 is a close-up view of a typical back-up fixture as viewed from 

the top, looking down from the ram's position. Note that two lugs have 
been bonded and that the adjacent two lugs are in position ready for 
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bonding. The fixture slides in from both sides and mates to form a con-
taining seal against loss of the molten lead. Figure 7 shows a front and 
back view of a typical bond along with two metallurgical sections con-
firming that complete fusion bonds have indeed been achieved. 
Tests were made with a chromel-alumel thermocouple bonded to the 

bottom area of the ram tip. Storage oscilloscope traces of the ram tem-
perature drop during a typical bonding cycle of actual battery lugs are 
shown in Fig. 8. This chart confirms that the tip temperature initially 
dropped rapidly to approximately the melting point of lead (327°C) 
and then more slowly rose to approximately 455°C at the end of six 
seconds. The quantity of thermal energy required to melt the lead is 
approximately 40 percent of the energy required to raise the lead from 
room temperature to 455°C. Consequently, the temperature of the lead 
rises rapidly to its melting point, then tends to remain there until all 
the lead in immediate contact with the ram becomes molten. Only then 
does the temperature of the lead start to rise above its melting point. 
In addition, the relatively small differential between the temperature 
of the ram and the melting point of lead helps assure that the molten 

Fig. 7—(a and b) Front and back views of an early test bond; (c and d) 3X and 
6X views of the bond area. 
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Fig. 8—Oscilloscope trace of ram surface temperature during typical bond. 

lead will be heated only to a moderate temperature slightly above its 
melting point throughout the entire bonding cycle. 
Tests verify that 900 to 1000 watts of electrical power are adequate 

to heat the MTP ram. The ram should be protected by suitable high-
temperature thermal insulation to reduce thermal loss and to provide 
more rapid recovery of temperature between bonds. 
The MTP heated ram lead-bonding process is practical for applications 

where it is possible to incorporate a simple back-up or confining fixture 
to contain the molten lead during bonding. It has been shown feasible 
to make excellent bonds with either: 

(i) narrow back-up fixtures of metal, 
(ii) resilient back-up fixtures of high-temperature plastic or foam 

such as used for the battery separators or insulators, or 
(iii) thin high-temperature glass or plastic, adhesive-coated tape. 

Back-up fixture types ii and iii can be left in the battery or can be removed 
after the bonding is completed. Metal back-up fixtures naturally have 
to be removed after the bond is completed. 

This heated ram process uses simple, low-cost equipment; is capable 
of forming many bonds simultaneously; and is easy to control and reliable. 
However, it is clearly best suited for use where free access to the work 
parts is more readily available. For that reason, it is currently under 
consideration for use in bonding the lead strap to the periphery of the 
positive battery plates to create an electrical connection for the subse-
quent forming process for the lead paste. 
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V. CONTINUOUS MTP FUSION BONDING PROCESS 

5.1 Principles 

Figure 9 is an artist's rendition of the MTP continuous fusion bonding 
process. No back-up mold is required. In the heated ram process, the 
bond is made with the battery axis horizontal and the two lugs to be 
bonded located at the top center of the battery. In the continuous bonding 
process the battery axis is still horizontal but the lugs are bonded at 
the bottom center of the battery. In this way, gravity helps contain the 
molten lead on the inside (top) of the two lugs being bonded. The molten 
lead on the outside (bottom) of the two lugs being bonded is now directly 
contained by the bonding fixture itself. As a consequence, only the heated 
bonding tip need project within the confines of the circumference of the 
battery. This markedly simplifies the fixturing and stacking arrange-
ments for the numerous battery plates, separators, and insulators 
required for each battery cell. 
The battery is bonded from the bottom with a carefully shaped heated 

tip that projects up through a supporting plane. The plane is preferably 
curved to match the outside contour of the battery lugs. The battery 
lugs and the tip are moved relative to one another so that the tip pro-
gressively is passed along the entire length of the two lugs to be bonded. 
The lugs melt in the immediate hot-tip area only and quickly solidify 
as the tip passes by. The molten lead is contained automatically by the 
supporting plane on the bottom and by the non-molten portions of the 
lead parts adjacent to the bond area. Typically a time of from 15 to 
25 seconds is required to bond two battery lugs using present equipment. 

5.2 Mechanical Design 

To describe the mechanical design of the tip unit, it is convenient to 
consider first the tip itself, then the tip assembly and the drive mecha-
nism. A view of the tip is given in Fig. 10. The size of the projecting, 
active portion of the tip is approximately 0.125 inch by 0.2 inch in 
diameter. The tip is designed to project approximately two-thirds of the 
way through the parts to be bonded. If the tip projects all the way 
through the lead parts, there is a tendency to slow down the flow of the 
molten lead into the cavity left by the tip as it passes by. 
The general requirements for an alloy to be used for the tip are that 

it should be: 

(i) resistant to high-temperature corrosion, 
(ii) resistant to molten lead, 
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Fig. 9—MTP continuous-fusion bonding process. 
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Fig. 10—Details of the heated tip. 
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(iii) formable at room temperature, 
(iv) machinable with standard tools, and 
(v) low in cost. 

Also it should possess: 

(i) high compressive strengths at high temperatures, and 
(ii) high electrical resistivity. 

Several high-temperature resistant metal alloys were tested for the 
heater tip, including Kanthal and Nichrome. The most success in bonding 
experiments, however, was achieved with Inconel 718 alloy shown in 
Table II. The tips are stamped out of a flat sheet, thereby reducing their 
cost to a minimum. The tips can be bent into the final shape at room 
temperature if the tip is oriented approximately 450 to the rolling direc-
tion of the flat sheet. For maximum tip life, the tip temperature during 
bonding should be kept to as low a value as possible. The reason is that 
the relationship of tip life versus temperature is exponential. To increase 
tip life further, the tips are plated with 0.5 to 1 mil of chromium on the 
active area. 
The temperature in the center of the active tip area is continuously 

sensed with a conventional thermocouple and displayed for the operator. 
In our laboratory test, we used 20-mil diameter chromel-alumel thermo-
couple wire, glass-insulated, for these measurements. 
Figure 11 shows a section view of the mounting assembly. This repre-

sents the heart of the bonding process. First, it provides a reliable connec-
tion of low electrical resistance between the power supply welding cables 
and the heated tip. The electrical resistance of this connection is stable 
in spite of appreciable temperature excursions and the resultant mechan-
ical stresses. Secondly, the assembly design is modular in concept, allowing 
for the mounting of a complete assembly within the center-to-center 

TABLE II—INCONEL 718 ALLOY, LIMITING CHEMICAL 
COMPOSITION IN PERCENT 

Nickel (phis Cobalt)  50.00-55.00  Cobalt  1.00 max. 
Chromium  17.00-21.00  Carbon  0.08 max. 
Iron Bal. Manganese  0.35 max. 
Columbium  Silicon  0.35 max. 
(plus Tantalum)  4.75-5.50  Phosphorus  0.015 max. 

Molybdenum  2.80-3.30  Sulfur  0.015 max. 
Titanium  0.65-1.15  Boron  0.006 max. 
Aluminum  0.20-0.80  Copper  0.30 max. 

'Conforms to AMS specifications. 
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Fig. 11—Section view of the heated tip mounting assembly. 

distance of adjacent bonds. Its attachment to the overall bonding machine 
is simple, allowing rapid and easy replacement. 
The stable electrical resistance is achieved by using a compliant 

outer metal frame to compensate for the relatively large dimensional 
changes created by the temperature excursions. The frame is designed 
in the form of a U-shaped spring. The relatively large gold-plated copper 
blocks are brazed with a silver alloy to the stranded welding cable and 
are used to make electrical connection to the heated tip. The tip has a 
close-fitting, thin sheet of high-temperature transite insulation placed 
in its center around the previously inserted thermocouple wires. The 
two 0.5-inch square terminal ends of the tip are gold plated to assure 
minimum electrical interface resistance. The gold-plated copper elec-
trodes are then pressed against the two contact faces of the tip by means 
of insulated screws inserted in opposite faces of the U-shaped spring 
frame. The spring frame is designed to flex during operation, thus main-
taining a heavy clamping force between the copper electrodes and the 
heated tip at all times. 
The force required to push the tip through the lead has been measured. 

When the support for the tip does not touch the lead, this force is typically 
less than ten pounds. When the support for the tip bears relatively 
firmly against the outside of the lead lugs, however, the force can approach 
an upper limit of approximately 100 pounds. Depending, then, on the ' 
degree of precision of the alignment between the tip support structure 
and the circumference of the battery lugs, the force required to push 
the tip through the lugs can vary between 10 and 100 pounds during 
one bond. Since the bonding speed should be controlled accurately, 
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this necessitates a motor-drive system that can withstand this variation 
with minimal change in speed. A constant-speed motor with a large 
gear reduction ratio worked quite well. The majority of tests were made 
with motor speeds yielding either 15 to 18 seconds or 26 to 30 seconds 
per bond. 
We have made successful bonds using both (i) preset and fixed tip 

alignment and, (ii) spring-loaded, self-compensating tip alignment. 
The majority of tests were made with the preset tip alignment, since 

it simplified the mechanical design. Fixed alignment does, however, 
require that the shape of the battery plates be accurately controlled. 
Tests have confirmed that either a compensating or spring-loaded 
type of tip support structure can be used. The choice between a fixed 
or compensating design depends largely upon the precision to be expected 
in the manufacture of the battery plates. 

6.3 Electrical Design 

During the course of the experimental work, it became apparent 
that it would be advantageous to have two power supplies, one for 
current to heat the tip and one to supply current flowing through the 
lead. To understand why, consider the sketches of Fig. 12, showing 
the heated tip under three conditions. In each of the three sketches, 
the four points of interest in the following discussion are identified as 
A, B, C and D. In the idle condition occurring between bonds (left), 
the tip can readily be heated to a uniform temperature as shown. With 
just one power supply to heat the tip, no current flows in the lead, and 
it can be seen in the center sketch that the points of physical contact 
(B and C) between the heated tip and the work parts have dropped 

650°C 

ENI 

IDLE 

800°C  327°C 

EH r 
NO LEAD CURRENT 

600°C  800°C 

Fig. 12— Heater tip temperature profiles. 
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to a much lower temperature than the balance of the heated tip. This 
occurs rapidly and is, of course, exactly the reverse of what is desired. 
The right-hand sketch of Fig. 12 illustrates what happens when "lead 
current" is applied by means of a second power supply. This additional 
current through the tip to the lead lugs serves the useful function of 
heating the points of contact between the heated tip and the work to 
a higher temperature than the balance of the tip. This is precisely what 
is needed. It is interesting to note that as the points of contact (usually 
two or more) between the heated tip and the lead lugs change in location, 
the old points of contact that were disrupted automatically cool down 
and the new points of contact automatically heat up. 
Figure 13 is a schematic diagram of the original laboratory power 

supply for the MTP continuous fusion bonder. The area of most interest 

ALARM CIRCUIT 
BUZZER 

CRI 

120V ac 
130 ,,  
PHASE 1 

120V ac 
60̂ u 

PHASE 2 

VI 
IDLE 

K I 
POWER 
RELAY 
(IDLE 

POSITION) 

V2 
BONDING 
HEATER 

T2 
HEATER 
CURRENT 

HEATER 
TIP 

Ql 

V3 

o 

T3 
LEAD 

CURRENT 

o 

o 

BONDING CYCLE 
MICRO SWITCH 

S 

I 2ov ac 
60'N, 

PHASE 1 

TIMER MI 

S3 
OPERATE SWITCH 
(OFF POSITION) 

 o 

EMERGENCY 
POWER 
SWITCH 

—O ' 

S2 

BATTERY 
CLAMP 

LEAD 
LUG A 

LEAD 
LUG B 

M2 

4I A 

S4 
MANUAL  HEATER TIP 

REVERSING SWITCH  DRIVE MOTOR 

Fig. 13—Schematic diagram of laboratory power supply for MTP continuous-
fusion bonder. 
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is identified by the dashed line. Two step-down transformers, T-2 and 
T-3, are used to provide the relatively large bonding currents. Both 
power transformers are, in turn, fed by autotransformers to provide a 
convenient means of changing bonding currents. Transformer T-2 
provides the current for heating the hot tip directly and hence is called 
the heater-current power supply. Transformer T-3 passes current 
through the heated tip and thence to the lead battery lugs to be bonded. 
This second power supply is called the lead-current power supply. 
As discussed above, the function of this current is to heat the tip hotter 
in the areas of contact between the tip and the lead battery lugs. The 
passage of this electrical current through the tip to the lead work parts 
creates only minimal heating of the lead itself due to the relatively 
high electrical resistance of the heated tip compared to that of the lead. 
It is necessary to provide electrical connection from the lead current 

power supply to the battery lead lugs. Separate lead current clamps 
and cables are used for each bond when simultaneous multiple bonds 
are being made. In this manner the power supply for each heater tip 
is isolated except for one common point, thus preventing interaction 
between the different power supplies. Either a simple alarm circuit 
(step-down transformer T-1 in Figure 13) should be provided to assure 
that connection to the lead current power supply has been made, or 
as an alternative, the lead clamp should be locked in position automati-
cally as the heater tip is raised into position ready for bonding. 
Since the two power supplies have a common resistance consisting 

of a portion of the heater tip and a predetermined portion of the total 
length of the supply cable*, the current flowing in one circuit does affect 
the current flowing in the other. This coupling can be adjusted to be 
either aiding or cancelling. Negative coupling is preferred, since this 
provides maximum heater current for the tip when the lead current 
is not flowing, and decreases the heater current when the lead current 
is flowing. In Fig. 12 '1H is the idle heater current, I Bif is the bonding 
heater current, and IL is the lead current. Note in Fig. 12 that the two 
ac power supplies are shown as de batteries. When they are connected 
to provide negative coupling (that is, with the polarities shown), then 
the common-current path in the heater tip is limited to the region from 
points A to C, with most of the current concentrated between points 
A and B. It can be seen from the center and right-hand views that adding 
current ./"L will reduce the magnitude of current I g g while simultaneously 
increasing the current flow in regions surrounding points B and C. 

* Approximately 5 inches in our test using #4 AWG cables approximately 43 
inches in length. 
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Fig. 14—Top surface of two bonded flat-lead strips. 

This increased current generates additional heat energy by joule heating 
at points B and C. The thermal energy is then transferred to the lead 
by thermal conduction to create uniform, void-free bonds. 
Early experiments using a heated tip of similar design, with the 

thermocouple mounted in the center of the tip and coupled to a high-
speed potentiometric controller, afforded convincing evidence that 
conventional feedback temperature control did not adequately satisfy 
this application. For example, if the thermocouple area of the tip was 
not contacting the lead, the controller would sense a high temperature 
and would not feed additional power to the tip, even though the actual 
points of contact between the tip and the lead could be below the melting 
point of lead. The resultant errors were many hundreds of degrees 
centigrade and occasionally caused burn-out of the tip. 
In summary, two power supplies connected for negative coupling 

are used to provide the equivalent of a multi-point automatic tem-
perature control system which adequately compensates for random 
changing points of contact between the tip and the lead work part 
with minimal electronic circuitry. The idle heater current (see Fig. 13) 
functions to keep the bonding tip at a moderate temperature between 
bonds. It can be eliminated if the tip is allowed to cool back to room 
temperature between bonds and then pulse-heated to bonding tem-
perature just prior to contacting the lugs. 
In our initial test, 60-cycle 120 V ae power was used. Two circuits 

are required having a 120° phase relationship. This is necessary because 
if both the lead current and the heater current are in phase, the heating 
rate of the tip is so rapid (typically 500°C/second) that there would 
be appreciable temperature swings between successive half cycles of 
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current. The improvement in tip temperature control and life is pro-
nounced when a deliberate out-of-phase condition between the heater 
current and lead current power supplies is provided. 

5.4 Performance of the Experimental Bonder 

Figure 14 shows the top surface of two flat lead strips, having the 
same thickness as the battery lugs, that were bonded with this bonding 
process. Lead oxide was left in place on the lead parts prior to and during 
bonding. Both lead strips rapidly melted in the center, flowing together 
while the lead oxide floated to the top as shown. Many test bonds have 
been made with relatively heavy layers of lead oxide present in the 
bond area. Reasonable amounts of lead oxide can be floated out in the 
molten stage to provide good bonds. For manufacture, however, the 
forming process for the positive plates provides an excessively heavy 
layer of dark oxide, and it is not deemed practical to attempt to bond 
through this layer of oxide, since its depth and character are not specified 
or controlled. Hence, a mechanical or chemical pre-cleaning of the 
bond area is recommended. Preferably this pre-cleaning should be done 
as close as possible to the time the bond is to be formed. This is not 
unduly critical, however, since good bonds can readily be made to plates 
that have been pre-cleaned several days prior to bonding. 
Figure 15 shows front and back views of three typical bonds. These 

FRONT B ACK 

Fig. 15—Photographs of three bonded lugs. 
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lugs were cut out of complete battery plates for the purpose of the 
photographs. 
The start and end of the bonds were not problems using a constant-

speed tip drive with flat lugs. With curved lugs the battery plates are 
kept stationary and the tip assembly is moved from one end of the lugs 
to the other. Thus gravity tends to cause the molten lead to fall back 
into place at both the beginning and end of bonding. This has proved 
to be quite helpful. The tip is advanced at a constant speed prior to, 
during, and after bonding. In some cases the additional sophistication 
of a variable speed, programmed, motor-driven system might be worth 
considering. 
The left- and right-hand sketches in Fig. 16 show a slight projection 

at the start and end of the bond. The shape of the lugs prior to bonding 
is shown by the dashed lines. Note the small raised pool of molten metal 
directly above the leading edge of the tip as it progresses through the 
bond. As the tip emerges from the bond, a very small quantity of lead, 
typically one-half the volume of the exposed tip, is pulled out of the 
bond by the advancing tip. These slight distortions of bond shape are 
probably minor enough to be ignored. Such distortions can be equalized, 
however, by tilting the lugs off center so that the leading edge of the 
lug is slightly higher than the trailing edge. 
Figure 17 shows two metallurgical views of sections of bonds. These 

samples were not etched but were very carefully polished to minimize 
smearing. Figure 17a shows a view of a typical bond made under the 
following conditions: 

(i) 280 amps RMS lead current, 
(ii) 295 amps RIVIS heater current, 
(iii) 830°C bonding temperature, 
(iv) 480°C idle, and 
(v) 28 seconds bonding time. 

START END 

Fig. 16—Bond shape at the beginning and end of a lug. 
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Fig. 17—Metallurgical views of typical bonds. (0.4" actual = 0.01"). 
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Figure 17b shows a view of a pair of lugs that were bonded three times. 
These three bonds were made under the following conditions: 

(z) 245 amps RMS lead current, 
(ii) 260 amps RMS heater current, 
(iii) 1030°C bonding temperature, 
(iv) 720°C idle, and 
(y) 17 seconds bonding time. 

The repeated bonding of the same set of lugs clearly confirms that 
these bonds can be readily repaired. Also, such metallurgical views 
indicate that homogeneous, clean bonds are formed. 
It requires approximately 6000 joules of energy to form an MTP 

continuous fusion bond to one pair of lugs 0.188 inch thick by ap-
proximately 2.25 inches long. 
Two test cells of three and four positive battery plates with appro-

priate separators and insulators with all the bonds made by the MTP 
continuous fusion process were submitted to accelerated life tests at 
Bell Telephone Laboratories, Murray Hill, N. J. In addition, two test 
cells bonded by the MTP heated ram process underwent accelerated 
life tests. All four of these first test cells withstood the equivalent of 
several centuries of normal operation without weld failure. 
Analyses of bonded samples were also made to determine if there 

were traces of nickel or chromium, the major metals involved in the tip. 
Tests carried out by L. D. Babusci of Bell Telephone Laboratories 
indicate only trace amounts (below 0.001 percent) of these materials 
in the bonds. 
Figure 18 shows an oscilloscope trace of the temperature sensed at 

the center of the tip during a typical bonding cycle. There is an ap-

---)1 IDLE r---BOND (APPROX.25SEC)-- 1*----powER OFF 

o 
o TIME 

Fig. 18—Oscilloscope trace of tip temperature during typical bond. 
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Fig. 19—Variations in tip and bond temperature caused by different power 
settings and bonding speeds. 

preciable temperature differential between the tip and the lead. Con-
sequently, this temperature represents the probable upper limit for 
the temperature of the lead during the bond. It should, therefore, serve 
as a convenient dynamic indication of bond quality since it is sensitive 
to variations in both the bonding equipment and the lead lugs them-
selves. The temperature during bonding can be displayed on an oscil-
loscope or a strip chart recorder, or it can be incorporated in a comparison 
circuit yielding simple "go-no go" type control. 
Next, the effects of the different process controls on bond formation 

is discussed. Tests have indicated that when the idle tip temperature 
is varied, the variation primarily affects the beginning of the bond. 
Changing the heater current, however, primarily affects the outside 
or bottom of the bond. Changing the lead current, in turn, primarily 
affects the inside or top of the bond. And finally, varying the speed of 
the bond tends to control the end of the bond. Consequently, independent 
control can be exercised over each of the four surfaces of the bond. 
Figure 19 depicts the variations in tip and bond temperature caused 

by different power settings and bonding speeds. Curve A represents 
the optimum. It shows a gradual rise from the idle temperature to 
bonding temperature, with a stable plateau throughout bonding fol-
lowed by a gradual drop-off at the end of the bond. Curve B confirms the 
sharp rise in temperature at the end of the bond that results if current 
is maintained as the tip emerges from the back end of the lug. Curve C 
shows that if the drive speed is too fast, bonding temperature will start 
to droop, causing the back end of the bond to become too cold. Con-
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versely, Curve D shows the reverse situation when the drive speed is 
too slow. Finally, Curve E shows the situation when the heater current 
and lead current settings provide too little power, thus allowing the 
bonding temperature to drop too low in value. 

5.5 Operation 

The operation sequence is as follows for either individual or multiple 
bonds: 

(i) Each heater tip is adjusted to the desired idle temperature. 
(ii) The operate switch (S3 of Fig. 13) is depressed and held depressed 

throughout the entire bonding process. Once this button is released, the 
motor is stopped and tip temperatures automatically drop back to the 
idle position as a "fail safe" mode of operation. 
(iii) The motor is started, advancing the tip. Once the leading edge 

of the tip touches the lead lugs, the voltage across each heater tip is 
switched from the "idle" setting to the higher "bonding" setting by the 
microswitch Si. 
(iv) As the center of the tip lines up with the trailing end of the lug, 

both the heater and lead currents are turned off by the microswitch Si, 
switching back to the idle tip heater supply. The motor continues to 
operate until the tip has advanced at least 0.25 inch past the back end 
of the lug. 
(v)  The bonds are complete at this point. To prepare for the next 

set of bonds, the tip is lowered out of contact with the lugs and is retraced 
to its starting position. The tip is brushed lightly with a brass bristle 
brush to remove any lead particles adhering to the tip after each bond. 
It is then either slid over axially until it is in line for the next adjacent 
lug, or the battery assembly fixture is rotated an appropriate number of 
degrees to line up the next row of lugs. 

Table III lists typical currents, voltages and temperatures measured 
at appropriate points in the control circuit for two speed settings. It 
should be noted that the design of the heater tip influences these values. 
The listed parameters represent the approximate rms values of voltages 
and currents as measured or calculated, using the laboratory prototype 
curved lug bonding fixture with 120 volts ac input to the autotransform-
ers. The two power supplies were connected to provide negative coupling 
with a 120° phase difference. 
In the first prototype bonders, a microswitch was used to turn the , 

heater and lead current voltages on and off for all tips at the beginning 
and end of each bond. An alternative technique that appears to offer 
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TABLE III—TYPICAL BONDING PARAMETERS 

1443 

Idle During Bond 

15-17 Sec. 
Bonding 
Time 

28-30 Sec. 
Bonding 
Time 

15-17 Sec. 
Bonding 
Time 

28-30 Sec. 
Bonding 
Time 

Heater current power supply 
Step  Secondary current 
down 
transformer, 1 Secondary voltage 
T2  (Open circuit) 

165A 

1.2V 

130A 

0.9V 

315A 

2.2V 

290A 

2.0V 

Lead current 
Step 
down 
transformer, 1 
T3 

power supply 
I Secondary current 

Secondary voltage 
(Open circuit) 

0 

0 

0 

0 

330A 

2.3V 

280A 

2.0V 

Bonding temperature 
At center of 
heater tip 760°C 540°C 930°C 820°C 

more promise for production applications is individual sensing of the 
beginning of each lug for each pair of lugs being bonded. This can be done 
by turning on the lead current before the tip first contacts the lugs. Then, 
when the tip contacts the lug, the initiation of lead current is sensed with 
an appropriate transformer, using one lead current cable as a single 
'turn primary. The output of the transformer is used directly to power a 
relay which turns on the heater current power supply. Standard power 
relays carry out this function within 25 milliseconds. At a total bonding 
time of 25 seconds, this represents a tip travel of 0.025 inch and yields 
higher precision than when microswitches are used. 
Turning off the power after the bond is completed is slightly more 

complex. First, turn-off should be independent of motor speed so as to 
provide a reasonable tolerance for variations in motor speed under 
changing load. Second, turn-off should ideally occur at the point when 
the hot tip has emerged approximately one-half way out from the back 
end of the lug. The reason is that the tip, as it emerges from the lug, pulls 
la narrow strand of molten lead with it. Consequently, the path of the 
lead current from the tip back to the lugs increases in resistance and 
applies an excessively large quantity of thermal energy to the back end 
of the bond. This is further aggravated as the tip continues to move, 
rupturing the now thin strand of molten lead and creating an arc which 
adds still additional thermal energy. 
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The optimum method is to turn off both the lead current and heater 
current upon sensing a predetermined distance of tip travel after initia-
tion of lead current. This can be done with stepper motors or stepper 
relays, one for each tip, fed by a single electromechanical pulse generating 
switch operated by the tip drive shaft. All the units would be reset 
automatically at the end of each bonding cycle. This technique has the 
advantage that the individual positive plates can be stacked together 
with less precise alignment without affecting the quality of the bond. 
In addition, the operator has the freedom of changing the bonding speed 
without having to readjust the on-and-off mechanisms. 
The MTP continuous fusion bonding process can form successful bonds 

between lugs which are quite severely out of alignment. However, tip 
temperatures rise above the normal level, reducing tip life. Figure 20 
shows three of the most common types of misalignment errors. Such 
errors usually occur to some degree because of the distortion in shape 
that results from handling and stacking large numbers of soft, pure-lead 
plates. However, successful bonds have been made when lugs are radially 
or tangentially out of alignment by as much as 0.125 inch. This is quite 
severe when one considers that the lugs are only 0.188 inch thick. This 
capability for handling misalignment is a significant production advan-
tage. 
Figure 21 is a photograph of the second prototype machine built by 

Western Electric at Kearny, N. J., utilizing the above design principles. 
This machine, shown installed at the Design Capability Line, was used 
to confirm that two bonds could be made simultaneously and also to 
test out the various control techniques. An improved version of this 
machine with the capability of bonding up to ten pairs of lugs simul-
taneously is nearing completion. 

ERRORS  SPACING 
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BONDING 
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OFFSET  SUPPORT 

F  
CORRECT 

1 

Fig. 20—Misalignment errors and resultant bond shapes. 
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Fig. 21 —Prototype MTP continuous-fusion bonder. 
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As production experience accrues with this new bonding process, an 
additional simplification will be considered. All bonding tips could be 
r held stationary, while the battery assembly is rotated in a continuous, 
constant-speed motion for one complete revolution. This approach has 
already proven feasible. 
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VI. CONCLUSIONS 

This article discussed the basic requirements for bonding the positive 
battery plate lugs of the new lead-acid battery. Two new bonding con-
cepts were developed specifically to meet the requirements of this pro-
gram. The MTP continuous-fusion bonding process was chosen for the 
positive plate bonding due to its many control advantages. These advan-
tages include: 

(i) simultaneous multiple bonds; 
(ii) accurate and repeatable temperature control; 
(iii) simple electronic controls; 
(iv) individual control capability for the top, bottom, front or 

back end of the bond; 
(v) elimination of any back-up or confining fixtures within the 

circumference of the battery; 
(vi) automatic initiation and removal of bonding power for each 

pair of lugs being bonded; 
(vii) capability of bonding through severe contamination; 
(viii) capability of bonding severely misaligned lugs; and 
(ix) rapid bonding speed. 

The second bonding process, MTP heated ram fusion bonding, is 
currently being considered for a secondary application of bonding 
lead straps to the periphery of the positive battery plates for use in the 
paste forming process. Additional applications for these processes are 
currently being studied involving the transfer of up to 90,000 joules 
of energy per bond. The basic bonding concepts involved in both processes 
suggest the possible extension of MTP fusion bonding to other low 
melting temperature metals such as tin, zinc, aluminum, magnesium, 
and so on. 
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Lead-Acid Battery: 

Incorporating the New Battery into the 
Telephone Plant 

By H. J. LUER 
(Manuscript received April 29, 1970) 

The new Bell System battery has been designed to eliminate the problems 
experienced in applying the old cells. This article tells how the new cell 
will be incorporated into the telephone plant and describes a new plastic 
battery rack which has been specifically designed to accommodate the new 
cell in an optimum manner. 

I. LEAD-ACID BATTERIES —EXISTING PRACTICES 

Batteries have been an important part of the Bell System plant since 
the earliest days. Equipment arrangements have varied in size from 
a few dry cells in a wall telephone to installations occupying thousands 
of square feet of floor space in a modern telephone office. The design 
intent in each of these arrangements is fundamentally identical: to 
provide a mounting for the battery which protects it from its environment 
in such a way that neither the safety of operating personnel nor the 
reliability of the telephone plant is jeopardized. This intent has generally 
been well satisfied but not always in an economically optimum manner. 
Specifically, the present 180- to 1680-ampere-hour cells have certain 
characteristic faults which have severely limited the design options 
available to those charged with incorporating them into the plant. 

1.1 Equipment Problems with Present Cells 
1.1.1 Multiplicity of Sizes 

The present product line includes eleven ampere-hour capacities, 
each of them purchased from three different manufacturers in both 
lead-calcium and lead-antimony. Since the specifications are of the 
"end-requirement" type, the manufacturer is free to vary many of the 
design parameters to suit his own product. As a result, the equipment 
designer must provide accommodation for 66 sets of physical dimensions. 

1447 
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This has been a major problem and has resulted in a proliferation of 
mounting arrangements with considerable confusion in the field. 

1.1.2 Cell Fragility 

Another major difficulty arises from the basic construction of the 
cell. The polystyrene case is fragile; the cover seal is weak; in time, 
electrolyte seepage can be expected in every installation. Leakage of 
electrolyte onto a battery rack can raise the potential of the rack suffi-
ciently above ground to constitute a safety hazard. Leakage from two 
cells on the same rack can establish a current path sufficient to ignite 
the battery jar material. This has resulted in several disastrous fires 
and service outages. These characteristics leave the applications engineer 
very little latitude in mounting design. The cell must be supported 
over its entire base and can tolerate no continuous loads anywhere 
else on its outside surface. 

1.2 Dynamic Environments 

The impact of these constraints becomes apparent only when one 
considers the variety of dynamic environments to which the cells may 
be exposed in service. Roughly, these fall into these categories: normal 
service, earthquake areas, and sites hardened against nuclear attack 
with 2-psi overpressure, 10-psi overpressure, and 50-psi overpressure. 

1.2.1 Normal Service 

The normal service installations are typically as illustrated in Fig. 1. 
This "soft site" environment is quite benign and involves essentially 
no shock or vibration. The battery rack is designed as a "minimum 
cost" item and is only strong enough to support the heaviest cell. The 
structure consists of several welded steel upright supports and formed 
steel shelves of various lengths which are laid across the supports and 
bolted in place. The steel is protected by an acid-resistant paint and 
by polyethylene sheeting under the cells. The parts are shipped "knocked-
down" and assembled on site by Western Electric Company installation 
personnel. The illustration shows a two-row, two-tier rack but a single-
row, two-tier version is available for mounting against a wall and three-
tier versions have been used in the past. The cells are supported on their 
bottom surfaces and are not otherwise braced. Options are provided 
to extend the upright support structure so as to allow the mounting 
of cable racks and bus bars over the stands. 
These soft site racks are representative of the majority of battery 

racks used in the Bell System and generally give satisfactory service. 
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Fig. 1—Battery rack for normal service. 

However, in the large areas of the country susceptible to earthquakes, 
racks require special attention. The entire West Coast has been classified 
in this category for some time and, because of recent wider recognition 
of the problem, the requirements for special treatment are gradually 
being extended eastward—in some cases as far as the Mississippi River. 

1.2.2 Earthquake Areas 

There are presently two battery racks being used in these earthquake 
areas. Figure 2 shows a modified soft site stand which has gained wide 
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Fig. 2—Soft site rack modified for service in earthquake areas. 

popularity. The modifications, which double the installed cost of the 
stand, consist mainly of "add-on" bracing to support the stand laterally 
from an overhead ironwork structure and support the cells on the shelves. 
The shelves themselvés are stiffened by the addition of wooden blocks. 
The battery bracing, an "egg crate" structure bolted to the stand, 
provides lateral and longitudinal adjustments to accommodate the 
various sized cells. Because of case fragility, clearance must be provided 
around the entire cell; it is thus free to rattle around in response to ground 
motion. Nonetheless, the cell is held on the shelf. This arrangement 
is only marginally satisfactory but will withstand a mild tremor without 
damage and will probably ride out a moderate shock without collapse. 
The frequently raised question of whether or not these racks would 

survive a major earthquake has remained unanswered because no Bell 
• System area has experienced such an event since these stands were 
put into service. However, racks of identical design were in use in the 
Alaska Communications Building in Anchorage during the 1964 Good 
Friday earthquake. Figure 3 illustrates the damage sustained by one 
of these racks. This was a three-tier, two-row rack and employed the 
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egg-crate bracing. Collapse was apparently caused by a lateral motion 
of the floor but there was certainly substantial coincident vibration. 
During collapse, the middle shelf came into contact with the terminals 
of the lower cells and caused a fire which destroyed some of the lower 
cells. 
Shortly after this incident, a new rack (Fig. 4) was designed which 

provides additional stiffness and strength through the use of heavier 

Fig. 3—Battery rack damage resulting from Alaska earthquake, Good Friday, 1964. 
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Fig. 4—Battery rack designed for earthquake areas. 
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steel with diagonal bracing within the rack structure and the welding 
of gussets under the shelves. The shelves are bolted between the up-
rights and the egg-crate has been strengthened. The cells must still 
be allowed to rattle, however, and thus would be thrown upward if 
substantial vertical acceleration were experienced. This rack is now 
the recommended standard rack for use in earthquake areas, but there 
has been considerable resistance to its general use because it costs three 
to four times as much as the earlier model. 

1.2.3 Hardened Sites 

The 2-psi hard sites impose vibration and shock loads which are of 
about the same acceleration level as a moderate earthquake and of 
shorter duration. It is anticipated that the rack illustrated in Fig. 4 
will prove satisfactory for this service. 
The 10- and 50-psi hard sites require a much higher order of protection. 

Dynamic loads during a nuclear attack are expected to exceed the 
capabilities of both the earthquake rack and the standard batteries 
themselves. 
Figure 5 shows a battery modified for use in these sites. This is essen-

tially the standard polystyrene cell enclosed in a glass-reinforced polyester 
frame to provide mounting details and shock protection. The cell is 
available in 1680- and 840-ampere-hour versions and is purchased with 
hardening details attached at a cost of two to three times that of the 

Fig. 5—Specially reinforced cell for service in sites hardened to resist nuclear 
attack. 
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regular cell. Unfortunately, many of these cells leak and, because of the 
reinforcing frame, they are extremely difficult and costly to clean. 
Environmental tests were conducted on this design to assure that 

it could survive an expected 5-G shock when mounted in the 50-psi 
site. In order to make certain that the cell is never exposed to more 
than 5 Gs in service, a new battery rack was designed specifically for 
hardened site use (Fig. 6). This stand is much stiffer and stronger than 
the earthquake stand. It is made of heavier gauge steel and has added 
reinforcement welded to the uprights for additional horizontal strength. 
Two 2-tier, 2-row racks, separated by an aisle, are joined by a diagonally 
braced superstructure to provide lateral strength. The hardened cells 
are bolted to the shelves and are interconnected by means of fine-strand 
flexible cable instead of the usual rigid bus bars. This allows for some 
relative motion among the cells with minimal stress on the battery 
posts. 
Since accelerations due to floor motions in a 50-psi hardened site 

Fig. 6—Spring-mounted battery rack for service in sites designed to withstand 
50-psi overpressure. 
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are expected to exceed the 5-G capability of the cells, the stands in these 
sites are mounted on a rigid steel platform which in turn is supported 
on a system of steel or rubber springs. The mass of the stand is matched 
to the stiffness of the springs to provide an overall natural frequency 
of about 4 cycles per second. This effectively decouples the stand from 
the building and assures a sharply defined shock and vibration regime 
for the cells with expected peak acceleration never exceeding 5 Gs. 
Because motions in the 10-psi sites are expected to be far less severe 
and not to exceed 2 Gs at any frequency, the stands in these sites are 
bolted directly to the floor without a steel platform or suspension springs. 
The special cells, stiffened stands, flexible connectors, platforms, 

springs, and low production rates make these installations 10 to 20 
times as expensive as the normal installation. Fortunately, they involve 
only a small percentage of the total number of batteries being used. 

II. THE NE W CELL 

Let Us now consider the advantages and disadvantages of the new 
battery from a plant viewpoint. 
The most significant feature is the degree of design control which 

will be established for the new cell. All parts and materials will be con-
trolled by separate Bell System specifications. Fabrication and assembly 
procedures will be carefully delineated and will be under the surveillance 
of Western Electric inspection personnel. This assures uniformity in 
cell size and performance and allows standardization of plant equipment 
and procedures to accommodate a reasonably stable product line. 

2.1 Reduction in Number of Sizes 

Instead of the present 66 physical sizes, the new cell will be available 
in only four sizes. Table I lists the present sizes and the replacing new 
sizes. These four capacities will be packaged in the same diameter jars 
with four different heights. All corresponding internal parts will be 
identical for the four sizes, but the number of plates will differ. Terminals 
and cover details will be identical for all sizes. These sizes have been 
selected as a compromise between economies deriving from high volume 
manufacture and those attendant to buying the minimum battery 
needed for a given installation. 

2.2 New Cell Configurations 

This reduction in available sizes is not without penalty. Figure 7 
compares the outline configurations of the new cells with those of the 
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TABLE I—COMPARISON OF PRESENT-CELL SIZES 
AND REPLACING-CELL SIZES 

Present Cell Replacing Cell 
Projected 

Annuarf; te:eurchases 

180 A.H.* 
240 A.H. 

240 A.H. 14000 

300 A.H. 
420 A.H. 

420 A.H. 25000 

540 A.H. 
680 A.H. 
840 A.H. 

840 A.H. 18000 

1080 A.H. 
1320 A.H. 
1680 A.H. 

1680 A.H. 52000 

* In some installations it may be more economical to replace the 180-ampere-hour 
cell with parallel strings of the present 100-ampere-hour cell. 

old cells. It is apparent that, while total volume is approximately the 
same, there is a substantial change in geometry. Except for the largest 
size, the new cells are lower than those they replace but have a larger 
"footprint." 
This change in geometry poses no problem for the 1680-ampere-hour 

cell in either new installations or in the replacement of existing cells. 
Figure 8 shows a trial installation in a New Jersey Bell office in which 
a string of new cells was installed in space previously reserved for 1680-
ampere-hour cells of the old design. These field-trial cells have smaller 
capacity but the outside dimensions are equivalent to the new 1680-
ampere-hour cell. There is sufficient space on the shelves for the new 
cell and the additional height is readily accommodated by the existing 
stand. 
For the smaller sizes, the problem is considerably more difficult. 

The new cells cannot be exchanged on a one-for-one basis without 
changing the stand. Also, the present stand design would demand 
excessive floor space if it were made long enough for the new cells. The 
solution here is to provide a completely new stand design which takes 
advantage of the geometry of the new cell to permit three- and four-tier 
arrangements. Present practice limits battery racks to two tiers because 
air tends to stratify into layers of different temperature. As a result of 
this temperature differential, cells near a ceiling connected in a series 
with others near the floor would self-discharge under normal float-voltage 
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Fig. 7—Comparison of new round cells with old cells. 
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Fig. 8—Early trial installation of new cells. 

conditions.' The new cells will be short enough so that three tiers of the 
840- and 420-ampere-hour size and four tiers of the 240-ampere-hour 
size will be less than 7 feet high (Fig. 9). It is expected that temperature 
differentials within this height will be acceptable. 
Using this approach the stands for the new cells will be only slightly 

longer than the existing standard arrangements. (Nine inches longer 
for a 48-volt battery—Fig. 10.) It is expected that this will cause no 
difficulty in new installations and in most existing sites. 

2.3 Plastic Battery Rack 

The physical characteristics of the new cell permit far greater design 
latitude than the present battery structure. The cell case has excellent 
impact strength and can also be subjected to moderately high continuous 
stresses. Thus it can be safely handled, mounted and clamped by any 
of its surfaces, including the underside of the cover seal lip. This will 
permit the elimination of the large variety of present battery stand 
designs and the development of economical and practical mounting 
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Fig. 9—Three- and four-tier arrangements for smaller sizes of new cells. 
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Fig. 10—Plan view of three-tier rack compared with equivalent existing rack. 
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arrangements which, with small variations, can be used in soft, earth-
quake and hardened sites. The design of such a stand is now essentially 
complete and models are being fabricated for a field trial. 

2.3.1 The Parts 

The two parts from which the stand is assembled are shown in Fig. 11. 

Fig. 11—Parta for new plastic battery rack. 
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Fig. 12—Assembled basic module of new rack. 
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These parts are compression molded of fibreglass-reinforced polyester. 
This material was selected because it is strong, stable, relatively in-
expensive and a non-conductor. A non-conductor is desirable for this 
application to avoid the safety- and fire-hazards alluded to earlier. 
The plastic is nonflammable in air and acid-resistant and will have 
color molded in to harmonize with the remaining plant. 
To provide positive cell retention, the base part contains two 14. 

inch deep wells into which the cells are set. For added rigidity, the back 
is curved to follow the contour of the cells with access holes provided 
for cell interconnections. Both the base and the back have deep, molded-
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----

Fig. 13—Free-standing two-row rack. 

Fig. 14—Single-row rack for wall mounting. 
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in ribs to provide stiffness and strength. The backs will be available 
in four different heights to accommodate the various cell sizes. These 
parts will be shipped loose and assembled on site. 

2.3.2 The Assembled Soft Site Rack 

A basic module comprises two bases and two backs, assembled as 
shown in Fig. 12, and provides mounting space for four cells. The backs 
have projections top and bottom which cement into wells provided 
in the base using an epoxy cement with toothpaste-like consistency. 
The modules can be further assembled to provide as many mounting 

positions as needed. They can be used as either a free-standing two-row 
stand (Fig. 13) or a single-row stand (Fig. 14) for mounting against 
a wall. 

Fig. 15—Interlocking with dovetail keys. 
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For soft sites, the basic module has sufficient strength to carry its 
four cells independently. However, for added stability the modules 
will be interlocked using dovetail keys as shown in Fig. 15. The keys 
consist of two identical pieces molded of the same material as the rest 
of the stand and epoxied in place. Although space is provided for up 
to 12 keys per base, it is expected that 3 will suffice for a soft site. 

2.3.3 Cell Installation 

These stands will be mounted directly on the floor to reduce height 
and will allow the installation and removal of individual cells when 
necessary. Installation procedures are currently tailored to the fragility 
of the old cell. The cells are wrestled out of their shipping container 
onto a platform hoist. The platform is then positioned next to the stand 
at the proper height and the cell pushed onto the stand by hand. To 
remove a cell, the procedure is reversed, the cell being pulled onto the 
platform using a strap. This method is effective but on occasion has 
resulted in cell damage. Since the weight of the new cell can easily be 
supported by the strength of its cover-to-jar seal, a new hoist is being 
developed in conjunction with Western Electric installation engineering 
which will grasp the cell by its cover lip for lifting and positioning 
during installation and removal. 

2.3.4 Earthquake Areas 

While designed primarily for soft site use, the stand illustrated in 
Figs. 13 and 14 does provide some degree of earthquake resistance. 
Because of the ribs and the shape of the backs, there is sufficient shear 
strength to avoid stand collapse during a mild shake and the wells in 
the base will also keep the cells from vibrating off the shelves. 
In areas where severe earthquakes are expected, a full complement 

of dovetail keys will be used and another layer of backs and bases will 
be added as shown in Fig. 16. Molded into the backs is a small ribbed 
shelf which is used to lock the cell into the stand by means of a snap-in 
retainer. This retainer will be injection-molded of the same material 
as the battery case and will be used only in earthquake and hardened 
sites. Simple steel brackets and I" threaded rods are used to bolt the 
stand to the floor and, via diagonal bracing, to overhead ironwork. 
This is very similar to present practice and should find ready acceptance 
in the field. While dynamic tests are incomplete at the present time, 
it is expected that this arrangement will be suitable for 2- and 10-psi 
hard sites as well as the earthquake sites. 
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Fig. 18—New rack as installed for service in earthquake areas and in 2-psi and 
10-psi hard sites. 

2.8.5 50-psi Hard Sites 

The 50-psi sites require additional modification as illustrated in 
Fig. 17. Shown is the earthquake stand with channel sections added 
top and bottom. The stand is raised off the floor and suspended from 
the ceiling by means of presently available, standard shock isolators. 
Standard restrainers, which limit the swing during normal service but 
break during a severe shock, are installed at the bottom. Sufficient 
clearance is provided around the stand to allow free motion. These 
arrangements will limit the dynamic loads to about 3.5 Gs in a vertical 
direction and 1 G in the horizontal direction. It is expected that this 
will be within the capability of both the new stand and the new cell. 

2.3.8 Costs—New Stand Versus Old 

Present estimates are that the new soft site stand will cost about 
the same as the old soft site stand but the new earthquake stand will 
cost only about one-third as much as its present equivalent. Cost of 
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Fig. 17—New rack ceiling-suspended for service in a 50-psi hard site. 

the 2- and 10-psi hardened site stands will be similar to that of the 
earthquake stands and the cost of the 50-psi stand will be about one-
fifth that of the present arrangement. 

2.4 Cover Details and Cell Interconnections 

The cells used in early field trials are shown in Fig. 8. They provided 
only one mounting position for the filling funnel and explosion-proof 
vent. This caused some difficulty in accessibility for maintenance since 
the funnel could not be positioned near the aisle in all cases. Additional 
problems were encountered in interconnecting these cells. Flexible 
cables with crimped-on lugs were clamped by means of lead-plated 
nuts to ¡" threaded copper rods which had been cast in place in the 
positive and negative posts. The stress of tightening the nuts was suf-
ficient in many cases to bend the rods and damage the threads. 
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As a result of these experiences cells for later field trials will be 
modified as shown in Fig. 18. The fill tube will be shipped loose and 
installed in one of two mounting positions after the cell is in place on 
the stand. This assures that the funnel will always be near the aisle for 
accessibility. The other mounting position will be plugged (they are 
both plugged during shipment). 
The present standard cell interconnection employs lead-plated copper 

bus bars bolted to both sides of the post. Depending on the size and 
configuration of the cell, up to 4 bus bars are used. The later field trial 
cells will allow a similar arrangement except that only one positive post 
and one negative post are provided. However, the posts are higher 
and can still accommodate up to 4 bus bars. This design permits the 

Fig. 18—Top view of new cell showing cover details. 
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removal of connectors for post cleaning without breaking the electrical 
connection of the string, and is arranged so that connections can readily 
be made from either of two perpendicular directions. The post is of 
lead-antimony alloy and is cast as part of the center-pour operation. 
Since the new cell is expected to have a service life which is essentially 

as long as the equipment it services, consideration is being given to 
more permanent means of interconnecting cells. Several such methods 
are presently under development in conjunction with the Western 
Electric Engineering Research Center, Princeton, New Jersey. The 
joints will be acid-tight and will provide a reliable, permanent, low-
resistance, maintenance-free connection for the lifetime of the battery. 
It is expected that overall voltage drop within the string will be sub-
stantially reduced, thus allowing the cells to be discharged to a lower 
potential while still maintaining adequate plant voltage. Provision will 
be made to allow removal and replacement of single cells in case of 
early failure. It is expected that these techniques will be employed on 
some of the later field trial cells. 

2.5 Battery Plants Within Equipment Lineups 

The Operating Companies will also benefit from reduced maintenance 
due to improved cover seal and post seals. In the past, frequent cleaning 
of cells has been necessary because of electrolyte leakage and post cor-
rosion. The presence of acid has made it desirable to keep the batteries 
physically separated from the rest of the telephone equipment. The 
improved seals will eliminate this objection and allow the installation 
of power plants within the lineups of the power-using equipment. This 
would provide shorter and smaller power cables without excessive voltage 
drop. The new battery stand is designed to be placed in equipment 
lineups. A single row stand can be installed in a 15-inch-deep lineup 
with front access only (Fig. 19), and a two row stand in a 30-inch-deep 
lineup with front-and-rear access. As shown in Fig. 20, doors can readily 
be provided as an optional add-on accessory where appearance is a 
factor. 

2.6 Testing and Field Trials 

We are now engaged in an extensive test program to prove in these 
new concepts. The cells and stand are being subjected to a series of 
environmental tests including shock and vibration tests to simulate 
the shipping, handling, earthquake and nuclear site environments. 
Preproduction models of the new stands will be installed in several 
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Fig. 19—Single-row rack installed in an equipment line-up. 

1469 

field trial locations by Western Electric personnel with the new per-
manent cell interconnections used in some of these sites. 
As these tests proceed, we expect to learn more about the advantages 

and flexibility of the cells and mounting arrangements. These results 
might considerably temper the approach outlined here, but we expect 

Fig. 20—Two-row stand in an equipment lineup with doors added to improve 
appearance. 
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that the integrated systems approach used in the development of the 
cells and their introduction into the plant will yield immediate and 
long-term benefit to the Bell System by providing more reliable service 
at substantially reduced cost. 
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Traffic in Connecting Networks When 
Existing Calls Are Rearranged 

By V. E. BENEâ 

(Manuscript received February 9, 1970) 

Recent mathematical" and engineering studies" of the possibility 
of rearranging existing calls in a connecting network (so as to add more 
calls) have raised the problem of loss (probability of blocking) for networks 
operated in this manner. We consider and solve this problem in the context 
of a Markov traffic model, for a connecting network operated according 
to the rule that if a new call is blocked, but can be accommodated by re-
arranging the calls in progress, then it is put up, after some choice of 
rearrangement. 

I. INTRODUCTION 

Each state of the network realizes a given assignment of inlets to 
outlets, a specification of who is to talk to whom. There is a natural 
map 7 that takes the set S of states into the set A of assignments. 
The equilibrium probabilities of the process x, on S we use as a traffic 
model are complicated and unknown functions of the offered load. 
But it turns out that, because of the policy of rearranging whenever 
necessary, 7(x,) is also a Markov process, and one whose state prob-
abilities are easy to calculate. 
We give explicit analytical formulas for the equilibrium probability 

of a given assignment of inlets to outlets, for the probability of n calls 
in progress. For networks that are one-sided (inlets --- outlets) or two-
sided (inlets () outlets -- ça),  all the important constants of traffic 
engineering can be obtained from a partition function, a polynomial 
in the offered load with coefficients depending only on network structure; 
these constants are the loss, the load carried, the calling rate, and the 
load variance. These analytical formulas arise from an unexpected 
connection with the "thermodynamic" model for telephone traffic, 
described in an earlier paper. As an application, we solve the problem 
of calculating the loss in a connecting network, made of stages of 
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rectangular switches, which is rearrangeable except for the fact that 
the outermost stages are concentrators. 

II. STATES AND ASSIGNMENTS 

A mathematical model like that of Ref. 5 will be used. The elements 
of this model separate naturally into combinatorial and probabilistic 
ones. The former arise from the structure of the connecting network 
and from the ways in which calls can be put up in it; the latter represent 
assumptions about the random traffic the network is to carry. We 
discuss the combinatorial and structural aspects in this section; ter-
minology and notation for these aspects are introduced. The prob-
abilistic aspects are considered in a later section. 
A connecting network 1, LS a quadruple y = (G, I, 2, S), where G 

is a graph depicting network structure, I is the set of nodes of G which 
are inlets, 2 is the set of nodes of G that are outlets, and S is the set 
of permitted states.' Variables x, y, and z at the end of the alphabet 
denote states, while u and y (respectively) denote a typical inlet and a 
typical outlet. A state x can be thought of as a set of disjoint chains 
on G, each chain joining I to 2. Not every such set of chains represents 
a state: sets with wastefully circuitous chains may be excluded from S. 
It is possible that I = 12, that / fl I =  = null set, or that some 
intermediate condition obtains, depending on the "community of 
interest" aspects of the network v. 
The set S of states is partially-ordered by inclusion :g , where x y 

means that state x can be obtained from state y by removing zero or 
more calls. If x and y satisfy the same assignment of inlets to outlets— 
that is, are such that all and only those inlets u E I are connected in x 
to outlets y E 12 which are connected to the same y in y (though possibly 
by different routes), then we say that x and y are equivalent, written 
X y. 
We denote by fix the set of states that are immediately above x in 

the partial ordering .g , and by Bx the set of those that are immediately 
below. Thus 

Ax = {states accessible from x by adding a call 

Bx = (states accessible from x by a hangupl. 

Also, we let Axx be the set of states that could result from x by putting 
up call c. A call c is new in x if the terminals of c are idle in x. A call c 
new in x is blocked in x if there is no y e Ax with c in progress in y; it is 
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completely blocked in x if there is no way of rearranging the calls of x 
to an equivalent state z, z ,•-• x, such that c is not blocked in z. 
The number of calls in progress in state x is denoted by I x I. The 

number of calls which are not completely blocked in x is denoted by 
e(x), for "successes in x." The functions I • I and 0.( • ) defined on S 
play important roles in the stochastic process to be used for studying 
traffic. In addition, we use the notations 

13. = number of idle inlet-outlet pairs completely blocked in state x, 

a, = number of idle inlet-outlet pairs in state x, 

and we note that a = 13 -I- cr. 
It can be seen, further, that the set S of states is not merely partially 

ordered by S , but also forms a semi-lattice, or a partially ordered 
system with intersections, with x (") y defined to be the state consisting 
of those calls and their respective routes which are common to both 
x and y. 
An assignment specifies what inlets should be connected to what 

outlets. The set A of assignments can be represented as the set of all 
fixed-point-free correspondences from subsets of I to a. The set A 
is partially ordered by inclusion, and there is a natural map 7( • ): S ---) A 
which takes each state x e S into the assignment it realizes; the map 
7( • ) is a semilattice homomorphism of S into A, since 

x k y implies 7(x)  

7(x n y) 7(x) n 'KO. 
Variables a and b are used for members of A. For a e A, I a I is the 
number of inlets (or outlets) which are "busy" if assignment a is speci-
fied. 
A unit assignment is, naturally, one that assigns exactly one inlet 

to some one outlet, and it corresponds to having just one call in progress. 
It is convenient to identify new calls c and unit assignments, and to 
write 7(x) U c for the larger assignment consisting of 7(x) and the 
call c together, with the understanding of course that none of the 
terminals of c is busy in 7(x). 
Remark 1: Not every assignment need be realizable by some state 
of S. Indeed, it is common for practical networks to realize only a 
small fraction of the possible assignments. Since we are studying a 
network operated with rearranging when necessary, blocking will occur 
in a state x only when a call c idle in x is completely blocked in the 
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sense that no state realizes 7(x) U c; that is, when 7(x) U c 4 -y(S). 
The set -y(S) of realizable assignments is also partially ordered by 

inclusion. We use the notations, for a e -y(S), 

= {realizable assignments immediately above al 

B. = {realizable assignments just below a}. 

I X is the number of members of a set X. 
Remark 2: For x e S, u(x) = A 4 I. 
The set of calls which can be put up in state y is the same 

for ally e 7-1[1(x)]. 

HI. ASSUMPTIONS 

A Markov stochastic process rc, taking values on S is used as a 
mathematical description of an operating connecting network subject 
to random traffic. A Markov process similar to that of Ref. 1 will be 
used. This model can be paraphrased in the informal terminology of 
"rates" by two simple assumptions: 

(i) The hang-up rate per call in progress is unity. 
(ii) The calling-rate between an inlet and a distinct outlet, both 

idle at time u, is X > O. 

The transition probabilities of x, will be described after a discussion of 
system operation and routing. 
It will be assumed that attempted calls to busy terminals are re-

jected, and have no effect on the state of the network. Successful 
attempts to place a call are completed instantly with some choice of 
route, or are rejected, in accordance with some routing policy. 
It remains to say what happens to blocked or unsuccessful attempts 

to make a call. We assume that a policy of total rearranging is followed, 
according to which if a call can be put up at all, by a rearrangement of 
the existing calls if necessary, then it is completed. We say a call c 
is completely blocked in x if there is no state whatever satisfying the 
assignment -y(x) U c, that is, if there is no way of rearranging the calls 
in progress in x so as to create a free path for c. Completely blocked 
calls are refused, with no change of state. 
The map 7 is fundamental in our study of the effect of rearranging 

on blocking. This is because if c is a new call blocked in x which is 
accommodated by rearranging, then the resulting state of the system 
is one of the states in 7-1 17(x) U c). 
It is convenient to modify the matrix R, used in Refs. 1 and 5, to 
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cover rearranging as well as routing. This will be done by adding some 
more non-zero entries to represent ways of putting up calls by network 
rearrangement, for example, calls that are blocked but not completely 
blocked. A general description will be given which actually covers the 
use of rearrangement for unblocked calls. 
Consider the set 7-1 (A. .a.)) , consisting of all states obtainable from 

x by (possibly) rearranging the calls in x and then adding another 
call. The equivalence relation  of "having the same calls up" (or 
satisfying the same assignment of inlets to outlets) induces a partition 
IL of 7-1 1A 7(2) }. It can be seen that IL consists of exactly the sets 
(7(x) U cl for calls c not completely blocked in x. For Y E iL , r„, for 

y t Y is a probability distribution over Y, and r„, = 0 in all other cases. 
The interpretation of the matrix R is to be this: any Y r IL represents 

all the ways in which a call c (free and not completely blocked in x) 
could be added when the network state is x, both with and without 
rearranging; for y t Y, rx„ is the chance that if call c is attempted in 
state x, it will be completed (by choice of a route for c and possibly 
by choice of a rearrangement for x) so as to take the system to state y. 
It is to be noted that routing and rearranging are carried out with 

complete knowledge about the current state of the network. 

W. PRINCIPAL RESULTS 

The probabilistic and operational assumptions we have made give 
rise to a Markov stochastic process xt taking values on S. This process 
is determined by its transition rate matrix Q = (q), given by 

= 

1 y t ./ 3 

Xr„ y e  

1x1 --- Xe(r) y = 

O  otherwise. 

Theorem 1: 7(x1) is a Marko!, process with transition rate matrix 
r = (yab) given by 

'Yob — 

11  b 13 

X  b A. 

— kr — X 111.1  b = a 

O  otherwise. 
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Proof: Since x, is itself a Markov process, it is enough to prove that 
if 0 <t, < • • • < t„ then 

distr {-y(x„), • • • , y(x) I xol 

depends only on 7(x0). We have 

P{7(x„) = a1 , = 1, • • • ,1I xd 

E  P(x„ -=- -- x ; 1  =  1,  • • •  , n  I xo} ; 

with p(t) = P {x, = y jxo = x}, this is 

E - • • E  - 
zsty — q..) 

E  E 
11- 1 

- JI p_, 1 (t1 - ti-i) E  in- i). 
If we can show that for x, aLS X A, the function ço,„( ) defined by 

=  E P.V(0 
depends only on y (z), the rightmost sum above will factor out because 
it would depend only on a„, . By iteration it would follow that with 
zi an arbitrary element of -y-i(ai) 

Pi7(xt1) = ai, i = 1, • • • ,n x01 = E -  J.' ta 7 - .(a d 

whence the theorem. 
The matrix function P(t) = [p(t)] satisfies the backward Kolmogorov 

equation 

aiNv(t) = Er(t) + X E  - [1x1 + er W ll 0 i (  • 

men  st7 — '(A7 Ca)) 

By integration, this is equivalent to the integral equation 

(0 =  

O  
[ E  — u) 4- X  E  rr,p..„(t — u)] du. 
seLis •g7 — '(.47 (s)) 

Let a r y(S), and sum over y 7-1(a) to find, with q = I x I + Xo-(x), 

gc_,(t) = 

I - [E c,o(t — u)  E  r.rr (1 - u)]  . 
(g)) ztB. 
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These equations can be solved by successive approximations as 

ç'a(t) = lim 'cm 
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with 4,2)(g) = 5 ) 8.,.(,)„ and 

== C(1) 

f e' [E  c:)(/ —  + x  E  rzz,1472(t — u)] du. 
a a  se7 — '(Ary (0) 

We have q = x j + X0-(x) = 7(x) I -F. X  1, by Remark 1, 
so le' depends only on 7(x). As a hypothesis of induction, suppose 
that 1,1,(2) depends only on 7(z). Then, since z e B. implies y(z) e  (,) 
and I B I r=  = I x 1, with 1,14,:' (t) the value of 4/(t) on  

:E: 44:1(1 14 )  :E:  4/6:)(t  14 ) 
zel3.  b037(.1 

depends only on 7(x). 
Similarly, since E.17 -. (o) rza = 1 if I) c A7()  , 

E  7..42)(1 — u) = E  E rz,e)(t — u) 
..,—,A,(.0  beArt.)  

=  1:  ( LE:  rx.) e nt -- 
biA7(.)  .17— (b) 

= E ,,b(t — u), 

u) 

thus 1/C+" depends only on 7(x). It follows that  depends only on 
-y(x). Let if; b. (t) = the value of (pr.(t) on -y-1(b)=P11,(x1)= a j  
By differentiation we obtain 

d 
d—teb.a(t) = E ed.(i) + X E vd.(t) — [1b1 + X lAbliçoban 

deBb d Ao 

whence it follows that the Markov process -y(x,) has the transition rate 
matrix r as stated in the theorem. 
Theorem 2: The equilibrium distribution p of ,y(x8) is given by 

\-1 
=-  po .= ( :E: Xl")  == 

bty(S) 

It satisfies the equation 

+ A. pa = E /lb + X E Pb, a (S) • 
beA. 

Among all distributions q over -y(S) satisfying the condition 

E golaI = E p.lal, 



1478  THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 1970 

p maximizes the entropy functional 

H = — E q„ log q..  (3) 
"7(S) 

Proof: Equation (2) is the equilibrium condition for the matrix r of 
Theorem 1. The solution (1) can be verified by substitution, and the 
external property (3) of equation (1) is well known. 
Remark 3: It can be seen that 7( 4 is the same stochastic process as 
would be obtained by applying the so-called "thermodynamic" model° 
proposed by the author to the state space X = 7(S). This fact is the 
heuristic reason behind Theorem 2. As a result, all the special features 
of the "thermodynamic" model are present here, with e(•) playing the 
role of the partition function. 
Remark 4: 7(x,) is a reversible process. Its rate matrix is symme-
trizable—that is, a symmetric operator in the space with inner product 
E avy(3)  8akiPa . From this fact follow useful inequalities for the co-
variance of 7(x,), as noted in an earlier work.6 These inequalities have 
application to sampling error in traffic measurements. 
Corollary:  The carried load E I y(x) I (=E  I x,) is given by 

Elsej = X c-c--k log ci)(X), 

and the variance of the load is 

( 2 cr  d 
±  log 4, — X2 (ci log .1)) 2 . 

dX 

Theorem 3: If fx = a  , then the probability of blocking is given by 

, E lalx'ai 
1 - acy(S)   

E  e iai X i'l  

Proof: This proof comes directly from Theorem 2 and Ref. 1, since 
only completely blocked calls are rejected. Note that in Ref. 1, a counts 
the blocked calls, whereas here it counts only the completely blocked. 
Remark 5: If the network is two-sided with N terminals on a side, 
then a. = (N — I x 1)2 and the loss is 

1 — 

d 
dx 

[N2 — (2N — 1)X cc÷x -F X2 d2 ]  43 
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If it is one-sided, with T terminals, then a, = (T-21x1 ) and the loss 
2 

is 

1 
d 

9. - 4 
- dX 

[T2 — T — (4T — 6)X -Tx -I- 4X2 cciii 4, 

V. APPLICATION: CONCENTRATING OUTER SWITCHES 

Let us consider a connecting network of the familiar type used in 
recent studies" and depicted in Fig. 1. For our purposes the r X r 
networks in the middle stage might themselves be multi-stage net-
works; we shall require only that they be rearrangeable, so that if 
n --5- m the whole network itself is rearrangeable. However, we are 
interested in the case n > m of "concentrating outer switches". We 
pose and answer the question what is the probability of blocking if 
n > m and if we follow a policy of complete rearrangement, that is, if 
the existing calls are assigned new routes whenever this is necessary 
to accommodate a new, not completely blocked, call. The blocking 
is of course due entirely to the concentrators. By Theorem 3 and the 
remark following it, it suffices to calculate the partition function. 
It is evident that to calculate the partition function 4)(x) it is enough 

to know I LI, I, the cardinality of the set Ilk of realizable assignments in 
which k inlets are busy, for k  O. Since the network can be obtained 
from a rearrangeable one by substituting concentrators for square 

r x r 

Fig. 1—A connecting network. 
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TABLE I—VALUES OF  k) FOR n = 3 AND m = 2 
k 

r 0 1 2 3 4 5 6 7 8 9 

1 1 3 3 0 0 0 0 0 0 0 
2 1 6 15 18 9 0 0 0 0 0 
3 1 9 36 81 108 81 27 0 0 0 
4 1 12 66 216 459 648 594 324 81 0 

outer switches, the realizable assignments will be precisely those in-
volving m or fewer busy terminals on each outer switch. With m and n 
fixed, let er, k) be the number of ways of choosing k inlet terminals 
from among the nr available, so that no more than m are from any one 
inlet switch. Let j1, • • • , ik be such a choice of inlets, and let oi , • • • , ok 
be a similar choice of outlets, also feasible in TP(r, k) ways. These chosen 
inlets can be mapped into the chosen outlets in k! ways; each of these 
assignments will be realizable, and no others involving exactly k termi-
nals will be. Hence in this case, 

I Lk  ='2(r,  k)k! 

To obtain a recurrence relation for 4/(r, k), let us calculate '(r+1, k) 
in terms of er, j), )  j  k. In this case we have one more outer 
switch available, and it can be seen that there are exactly m  1 ways 
of using it: With no calls on it, with one call, with two, and so on up to 
m calls on it. In the first instance there are k on the other r switches, 
choosable in 4/(r, k) ways; in the second there are k — 1 on the other 
r switches choosable in e(r, k — 1) ways, and so on, up to m. If the 
(r  1)th switch is to have j calls, these can be chosen in (7) ways, but j 
must not exceed m. Thus 

r+ 1 , k) = (n) 4,(r , k —j ,  o k  (r ± 1)m. 
1..0  .1 

It can be seen that e1 , k) = (;) for 0  k  in. Introducing the generat-
ing function 

Tr(x) = E 21,L(r, , k), 

we find at once that 

T  nr 

Nlir(x) =  (7111) x7) = E xklp(r , k). 

We recall that if A (x) = a „:c" , a„ real, then 
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ax" fA(xe')A(e-'8) dO. ._,. 

To calculate (XX), finally, we note that 

b̀(X) = E xia1 
«eel 

In V' 

= E xkiLki 
k-0 

= E xktp2(r, k)k! 
k—o 

oe  
= E ÀktP2(r, k) f e-uuk du 

0 

▪  1/1 

▪  E  (Xu)ki,L2(r, k) du, 

co  r  111  n n  • • 
= —  (uXe")i) E () e "e) dO du, 27, fo 3 

1 ro 
q(uXe")(1(e-'8) dO du, 

where i = (-1)1 and 

Q(x) = ”E. (91.) xi 
i 

is the generating function of the binomial coefficients (7) truncated 
at m. This formula expresses (PH in terms of known polynomials and 
constitutes a complete solution of the problem posed, since all interest-
ing quantities can be obtained from the partition function 43(•). 
For small values of m and n, the recurrence for ;Kr, k) is easily run 

out to give numerical answers. In Tables I and II we give some values 
of I*, k) and I Lk I for n = 3, m = 2, and r  1, • • • , 4. 

TABLE II—VALUES OF Lk FOR n = 3 AND 7/2 = 2 
k 

r 0 1 2 3 4 5 

1 1 9 18 0 0 0 
2 1 36 450 1944 1944 0 
3 1 81 2592 10566 
4 1 144 8712 
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The Flat Plate Problem for a 
Semiconductor 

By J. A. LEWIS 

(Manuscript received March 20, 1970) 

A closed-form solution for the potential in a current-free semiconductor 
surrounding a semi-infinite fiat plate, carrying a small potential, is 
derived. We show that, just as in the case of the classical potential problem, 
there is a weak (square-root) singularity in the electric field at the edge of 
the plate. The solution also supplies an estimate of the effect of edge cur-
vature, on edge field for a thick plate, found from equipotential contours. 
For a plate along the positive x-axis the normalized potential u is given by 

„ erfc (e + n) _{.  erfc (e — ,71 , 
u — e  -I- e i 

2  2 

where erfc is the complementary error function; E parabolic parabolic coordinates, 
such that (e + in)2 . x + iy; and x and y are in units of Debye length. 

I. INTRODUCTION 

In this paper we calculate the electrostatic potential in a current-
free semiconductor surrounding a semi-infinite flat plate carrying a 
small potential. Our objective is to determine the nature of the sin-
gularity in the field at the plate edge. Such information should be 
useful in the application of finite difference methods to similar, but 
more complicated, problems. We find that the field near the edge has 
the same weakly singular behavior as in the classical potential problem, 
being inversely proportional to the square root of the distance from 
the edge. 
It turns out, more or less fortuitously, that the present boundary 

value problem has a closed form solution, in terms of exponentials 
and error functions, so that it has some intrinsic mathematical interest. 
The solution was originally obtained by a very tortuous path. The 
problem was first attacked by the Wiener—Hopf technique. Then it 
was recognized that the inverse of the Fourier transform of the x-

1483 
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derivative of the solution had a very simple form. After several changes 
of integration variable, integration of this derivative led to the closed 
form solution. 
Here we bypass this involved procedure and derive the solution 

directly, first factoring a particular solution and then transforming 
to parabolic coordinates. This after-the-fact derivation is admittedly 
artificial; in particular, up to now no other nontrivial boundary value 
problem has been solved by this "method." 
In the sections which follow we first derive the solution, then record 

various special forms, and finally consider its behavior in the neighbor-
hood of the plate edge. The method of solution is discussed in Sections 
II and III; the results are discussed in Sections IV and V. 

II. THE BOUNDARY VALUE PROBLEM 

The potential u(x, y) due to a semi-infinite flat plate electrode in a 
current-free semiconductor or a quasi-neutral, stationary plasma sat-
isfies the equation 

72u = u„  u„„ = u,  (1) 

the boundary condition 

u(x, 0) = 1, for x  0, 

for unit potential on the plate, the symmetry condition 

u(x, 0) = 0, for x < 0, 

and the limiting condition 

(2) 

(3) 

u(x, y) 0,  (4) 

far from the plate. In the above the Debye length )113 has been taken 
as the unit of length and the plate potential — (< 0) as the unit of 
potential. The potential (p(X, Y) in dimensional form is then given by 

ço(X, Y) = —çeou(X/XD Y/XD)• 

Equation (1) only holds for small electrode potential. Specifically, 
for an n-type semiconductor, we require that 

qipo/kT «1, 

for electronic charge q, Boltzmami constant k, and absolute tem-
perature T. In this case the Debye length is given by 

XD = (EkTa2Nd)1 

for semiconductor dielectric constant E and donor number density N, . 
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Without preamble we now write down the solution to the above 
boundary value problem, justifying its form after the fact. Its structure 
is best displayed in a mixed notation. We find 

u = ef(t +  e'[1 —  — 77)], 

where  and n are parabolic coordinates, such that 

x =  - 7/2,  
and the function f is given by 

2f(s) = erfc s = 1 — erf s = 2 

By using the identities 

e dl. 

(5) 

e 
n = re(cos -2  sin  

we may also express u in terms of polar coordinates r =  ± y2)t 
O = tan-1 (y/x). 
Now let us attempt to unravel this rather involved expression for u. 

The occurrence of parabolic coordinates is not surprising. They are 
natural coordinates for flat plate problems with the family of parabolas 
= constant degenerating into the positive x-axis for n = 0 and the 

orthogonal family e = constant giving the negative x-axis for e = O. 
The way in which t and n appear in equation (5) and the factors e" 
are a little more unusual. As we shall see, these two features are tied 
together. 
The exponential factors explicitly display the behavior of the po-

tential far out along the plate, for fixed y and large x, where the potential 
should approach the one-dimensional potential Cm . For our purposes 
they are also essential in simplifying the form of the differential equa-
tion in parabolic coordinates. If we transformed equation (1) directly 
to parabolic coordinates, the resulting equation would be complicated 
by the presence of the "magnification factor" of the transformation, 
a function of e and n. On the other hand, with an exponential factor 
removed, the resulting differential equation does not contain the 
magnification factor. We have a special case of the following general 
result for equation (1): 
Suppose that u*(z, y) is any particular solution of equation (1). 

Then u(x, y) = u*(x, y)v(x, y) also satisfies equation (1) if y satisfies 
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the equation 

V2v + (ln u*).  v = O. 

Now, because the same factor occurs in both the Laplacian and in 
the product of gradients, this equation has the same form in all or-
thogonal coordinate systems; that is, 

vet v„  2[(ln u*)Eve (ln u*)„v„] = O. 

In general, this identity is of no help, since In u* is a complicated 
function of t and n; but, for u* =  in u* = y = 2. Then we have 

vte v„  4(nvt zv„) = O. 

Notice the way that  and n occur in this equation. If we set 

v(E, n) =  n), 

the equation reduces to the ordinary differential equation 

-E n) -F 2(e 1- n)r( -F n) = 0, 

an equation satisfied by f(e+n)  constant and by f(t+n)=erfc  n). 
A similar result obtains for the multiplier of e', except that now we 
find a function of t — n, g(e — n), say. To satisfy the boundary condi-
tion on the plate, we must have g() -= 1 — f(e. We are then left 
with two arbitrary integration constants in f which are determined 
from the conditions for fixed y and large positive and negative x. The 
result is equation (5). 

IV. THE POTENTIAL AND FIELD IN POLAR COORDINATES 

In polar coordinates equation (6) becomes 
e+r min° 

U — 2 { 1  erf [rI(cos  -1- sin )1} 2  2 

e-r gin 9 

2  {I  erf [r4(cos  — sin )]} • 
2 

(6) 

Various special values of u are of particular interest. Along the x-axis 
we have 

u(x, 0) =  for x  0(0 = 0, r = x), 

erfc Ix 14, for x  0(0 = r, r = Ix D, 
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while on the y-axis (0 =- 7r/2, r = y) 

e-y 
u(0, y) = —2 erfc (2y)4 —2 • 

Since for large y, erfc (2y)¡  (27ry) -te-2 , this vanishes exponentially 
for large y, as it should. 
Near the edge of the plate (that is, for small r) 

u  1 — 2(r/7r)t sin 

The x and y components of electric field are given by 

uz = (71-r)-e_ sin ' -8 (7) 2  

ui, = — (irr)ie-' cos 

e+r sine 2 { 
  —  erf [ri(cos  ± sin )1} 

e—r ein 

2  {1  erf [ri (cos  — sin )1}•  (8) 

Note the simple form for uz , a separable solution of equation (1) in 
polar coordinates. The explicit form for u was in fact originally derived 
by first calculating uz and then integrating with respect to x, a rather 
laborious procedure. According to equations (7) and (8), the field near 
the edge of the plate is weakly singular; that is, I Vu I  (7rr)- for 
small r, just as in the case of the classical potential problem. Along 
the x-axis 

0  for x > 0, 
7?(./.:, 0) = 1 ' 

(7r I x  , for x < 0, 

—(7rsrle— — erf (x)I, for x > 0, 
it„(x, 0) = 1, 0, 

for x < O. 

Note that ut, tends very rapidly along the plate to the one-dimensional 
value u„ = —1. The equipotentials near the plate then rapidly become 
straight and parallel to the plate. Any one of them can be chosen 
as an electrode in the form of a thick plate with the electric field large, 
but not infinite, at its edge, which now has a finite radius of curvature. 
Thus, at least for this family of plates, we can calculate the maximum 
field strength as a function of edge curvature. 



1488  THE BELL SYSTE M TECHNICAL JOURNAL, SEPTEMBER  1970 

V. THE EFFECT OF EDGE CURVATURE 

Suppose that x = x(y) is the equation of the equipotential u = uy ; 
that is, 

Then 

and 

u[x(y), y] = u,. 

uyx'  uy = 0, 

uyx"  uyys'2 2u„x'  uyy = O. 

At the edge y = 

x = x(0) = z,,  x'(0) = 0, 

where erfc xn = un . Thus the radius of curvature of the edge is 
given by 

R = 1/I x"(0)  =I u.(xo , 0)/u„„(x0 , 0) I 

=I uy(xy , 0) 1/I u(xy , 0) — uyy(xy , 0) I, 

using the differential equation (1). Now 

u(x, 0) = erfc I x 

for x  0, so that 

and 

Thus 

u.r(x, 0) = Cir7(r.I x , 

uyy(x, 0) = (1 ±  Ix Duy(x, 0). 

R = 2 xy I/I 1 + 2 I xo (1 —  

where the normalized gradient 

w = I Vu(xy , 0) I/u(xy , 0) =  /  xo erfc I xn I. 

If equations (9) and (10) are evaluated for various x,, one obtains 
the edge field strength due to unit potential applied to a plate with 
the shape u = u,, as a function of the edge radius of curvature, shown 
in Fig. 1. As R increases, one might expect that the edge field should 
approach the field on a circular conductor of radius R. This field, 
shown as a dashed curve in Fig. 1, is given by Ki(R)/Ko(R), where 
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Ko and Ki are the modified Bessel functions of the second kind. Except 
for very small edge radius, the fields very nearly coincide. 
Figure 1 also shows a sketch of a typical equipotential, that is, 

a thick plate of the family u = u,. The shape shown is typical of 
moderately small edge radius R. For large R the plate thickness d 
tends to 2R, so that thick plates in the family tend to have semicircular 
noses. On the other hand, thin plates (u. —› 1) have "wedge-shaped" 
noses, R tending to zero like (1 — u.)2, while d tends to zero like 1 — u0. 
Figure 2 shows the exact shapes, for 0.1 5 u. 5 1. Note the sharp-

ness of the equipotential u = 0.9, compared with u = 0.1, even allow-
ing for the difference in horizontal and vertical scales. For small edge 
radius then, unless the plate under consideration has a shape similar 
to the above, the present analysis is not likely to furnish useful estimates 
of the edge field. 
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Some Calculations on Coupling Between 
Satellite Communications and 
Terrestrial Radio-Relay Systems 
Due to Scattering by Rain 
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Interference coupling due to rain is an important factor in coordinating 
the shared use of frequencies between satellite-communications and ter-
restrial microwave radio-relay systems. Calculations of the coupling between 
a satellite ground station and a radio-relay station due to scattering by 
rain are given for the frequencies 4, 6, 11, 18.5 and 30 GHz. Several models 
of the rain environment are considered, one in which the rain falls uniformly 
over the path, and others involving localized showers in the earth-station 
beam. The beam of the earth-station antenna is taken to be elevated 300 
above the local horizon. Interstation distances from 5 km to 200 km and 
rain rates up to 400 mm/hr are considered. The analysis includes the 
near field of the earth-station antenna and shows that attenuation by the 
rain on the path plays an important role at the higher frequencies. The 
greatest coupling occurs when the beam of the earth-station antenna is 
pointed opposite to the azimuth of the relay station. In that case, when 
the radio-relay antenna response in. the direction of the earth station is 
isotropic, the maximum couplings are —132 dB and —164 dB at 4 GHz 
with separations of 5 km and 200 km respectively, for a rain rate of 400 
inm/hr. 

I. INTRODUCTION 

Sharing of microwave bands by terrestrial and satellite-communica-
tion systems has stimulated investigation of the factors which lead 
to mutual interference. Of course, antenna characteristics are of prime 
importance; very low immediate and far side lobes in the antenna 
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radiation patterns are mandatory in reducing coupling between sta-
tions of the two systems. However, even with ideal antennas, there are 
certain propagation mechanisms that can introduce coupling, one 
being scatter by precipitation, in particular, rain. 
Much knowledge of scattering by rain has been gained through 

studies with weather radar.' Relationships between the backscattering 
coefficient, the size of the raindrops, the rain rate, and the radio wave-
length have been established. These commonly accepted relationships 
are used in our calculation. Attenuation by the rain is also germane 
to the calculation, especially at frequencies exceeding 10 GHz, be-
cause power from one station that is scattered by a particular volume 
of rain may well pass through additional precipitation before reaching 
the other station. The attenuation constants used here are based on 
measurements with terrestrial systems;2 for high rain rates they agree 
with calculations using the Mie theory with a Laws-Parsons drop-size 
distribution. 
In these calculations, the satellite-communications antenna is assumed 

to be large in terms of wavelengths and to have a well-tapered quasi-
gaussian illumination. As mentioned above, the latter is necessary 
in practice to produce low immediate and far side-lobe levels. However, 
this assumption is also advantageous because when the antenna illumina-
tion taper is taken to be gaussian, the radiation pattern is readily 
described analytically at any cross section along the beam from the 
aperture to infinity." This is an important factor because the "near-
field zone" of a large space communication antenna may extend for 
miles; the coupling due to scattering by rain within this near zone 
can be larger than in the far zone of the pattern and, of course, power 
scattered in the near zone is not subject to as much attenuation in 
the path to the antenna. 
Several models of the rain environment are discussed to greater 

and lesser extents. An obvious model is one of uniform rain extending 
over the entire path between and beyond both stations; this is referred 
to as Case I in the text. However, this is an unrealistic model where 
very high rain rates are involved because very heavy rainfall occurs 
in showers that are quite localized spatially.' A more realistic model 
for heavy rains is that of a shower over only the satellite-communica-
tions antenna. This model, treated in Cases II and III, obviates the 
effect of attenuation over the whole path, which is quite dominant in 
the case of uniform rain. Case IV, the one that produces the largest 
coupling between the stations, involves a wall of rain which approaches 
the satellite communication antenna from along a line which is an 
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extension of the path beyond that antenna. Since the radiation patterns 
of both antennas look toward this wall of rain, the effect of attenua-
tion is small. 
The computations have been made for rain rates up to 400 mm/hr. 

The largest coupling occurs when the wall of rain is present (Case IV); 
this amounts to —132 dB at 4 GHz for a rain rate of 400 mm/hr and a 
separation of 5 km between stations and applies to cases where the 
level of the radiation pattern of the terrestrial radio-relay antenna 
(looking in the direction of the ground station) is isotropic. 
It is of interest to compare the co-channel interference resulting 

from these couplings (of the order —140 dB) with the thermal noise 
level in the receiver of a typical satellite-communication ground station. 
Suppose the system noise temperature of a 4-GHz ground station is 70 
kelvins within a 40-MHz band; the noise power referred to the input 
is P„ = kT,B, namely —134 dBW, with the signal typically 25 dB 
above this value. Radio-relay systems have transmitted power rarely 
exceeding 10 watts; thus with —140 dB coupling, the interference level 
would be —130 dBW, 4 dB above the thermal noise. However, if the 
radio-relay antenna pattern has a sidelobe level say 10 dB above 
isotropic, the interference would exceed the thermal noise by 14 dB. 
Since in many systems it is desirable that the interference be several 
decibels below the thermal noise, couplings of the order —140 dB 
are indeed significant. 

II. GENERAL ANALYSIS 

Figure 1 shows a ground-station antenna (T) of a space-communica-
tions system with a beam elevated 300* (Or) above a path of length d 
to a station (R) of a terrestrial radio-relay system. The effective radius 
of the earth, a, and the altitude, h, at which the rain originates are 
also shown. 
For descriptive purposes, let the ground-station be transmitting 

at wavelength, X. Because of a well-tapered (quasi-gaussian) illumina-
tion, the flux on axis decreases with distance r, from the antenna to a 
volume element of the beam (see Fig. 1) in the following manner: 

sfra — E°-  — [4] + (42)2]-1 n  rp (1) 

71 being the free-space impedance and p the radius at which the aperture 

• Thirty degrees is typical for the elevation angle of a mid-latitude station ob-
serving a synchronous satellite. 
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Fig. 1—Geometry of the path; 01 = 300, 0 = d/2a, a = 8500 km, and the rain 
originates at height h. s and s' are dimensions of showers (see text). 

field is E-1 of its axial value, E. . The volume element is dV = 2rp dp dr, 
where p is the radial coordinate of the beam. The flux at a point in the 
volume element is 

E r — 2p2 
S(P, ri) =  exP 

where pi is the radius of the annular volume element at which the 
field is E-1 of its axial value (E„„). Most of the flux is contained within 
the beam cross section of radius pi , and pi will be used to define the 
boundary of the beam in what follows. 
The power scattered into an antenna at R (see Fig. 1) with an effective 

area A2(02) in direction 02 toward dV is therefore 
r. pi 

PR =  I S(P r1)  21 -2( 02) eXP [— a fri  r2)]27rp dp dri , (2) 

where a is the attenuation coefficient of the rain and r2 the distance 
from the volume element dV to the receiver at R. The limits r1 and 
r„ on r1 depend upon the geometry of the rainstorm, and o, is the 
scattering coefficient per unit volume of the rain; these are discussed 
later. 
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Substitution of S(p, ri) in equation (2) and integration with respect 
to p results in 

(1 _ e_2) 42--1-2wr A2(02) exP [—a(ri  7'2)] dri 
n 2 

However, the gaussian beam expands such that 
r 

-I- (-x-1)2 and one has, using equation (1) pi  p  2 irP 

PR =  (1 — E-2) f  k A2(02) exP [— a(r ± 12)] (in  (3) 

But the transmitted power is 

e is  exp (-22P2)21rp dp = E 2 ir 2 -° — (1 —  
n 2 

Therefore, from equation (3), one obtains 

1211,p.  ff =  A2(02) exP [—a(ri  r2)] dri .  (4) 
T  rt 

Of course equation (4) takes into account the near-field zone of the 
ground-station antenna; equation (4) is independent of the aperture 
diameter of that antenna. 

For the computations that follow, equation (4) was simplified in 
two respects. First, the response of the radio relay antenna was taken 
to be isotropic that is, A2 = X2/47, independent of 02 . Other cases 
computed consider particular configurations where the beams of typical 
radio-relay antennas with given radiation patterns A2(0) are pointed 
toward the space station. In some of these cases, the scattered power 
is simply increased by the gain of that antenna, but instances where 
this rule does not hold are discussed toward the end of the paper. 
Secondly, the scattering by the raindrops is taken to be isotropic, 

and we use a relationship' based upon the Laws and Parsons drop-size 
distribution 

= 0.18 *Z-1. 10-15 R1*6(m-1), 

R being the equivalent rain rate in millimeters per hour.* It is known 
that large raindrops do not scatter isotropically, especially when the 

* Rigorously, one should evaluate the Stokes parameter and the differential 
scattering cross sections for all drops in a given rain. 
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operating wavelength approaches the millimeter band, but the error 
is not large° for the wavelengths considered here. Perhaps more serious 
is that the drop-size distribution (and indeed the equivalent rain rates 
themselves) are not well determined for the upper troposphere. Here we 
will be guided by rain rates measured at ground level,' and carry this 
parameter to 400 mm/hr in certain cases. 
The computations are made for the frequencies 4, 6, 11, 18.5 and 30 

GHz and the corresponding attenuation coefficients, a, used here 
(taken in part from Refs. 2 and 6) are: 0.2 10°R'',-o.1, 0.69  10 -0R1.22, 
2.5 10-6R1.28 , 16 10-6 /e" and 55 10-6 R'•°, in units of inverse meters, 
R being in millimeters per hour. 
The several sections that follow deal with various rain geometries. 

The rain is assumed to originate at a height, h, of four kilometers in all 
cases. 

III. CASE I -RAIN UNIFORM OVER THE PATH BET WEEN THE T WO STATIONS 

3.1 Computation 

The lower and upper limits in equation (4) are 

r, = d sin 0/sin (O,  20)  and 

rt, = (a' sin' 0,  2ah  h2) — a sin 0, 

for this case. These limits apply specifically when one station is beyond 
the horizon from the other, a being the effective earth radius and 02 the 
angle between the tangent plane and the chord between the stations 
as shown in Fig. 1. In the event the two stations are within line-of-sight 
of one another, the above limits reduce to 

r, = 0 and r„ = h/sin 0, . 

Computations have been made using both sets of limits (for this case 

r2 = I 7'2, ± d2 — 2r1 d cos (Eh ±  (112 ). At the distances of transition 
from line-of-sight to beyond-horizon conditions (d > 50 km) the data 
are found to behave properly. 

3.2 Results 

Plots of coupling between T and R are shown in Figs. 2a through e 
for the frequencies 4, 6, 11, 18.5 and 30 GHz, interstation separation 
being a parameter. The abscissa is the equivalent rain rate in millimeters 
per hour, assumed uniform between stations to a height of four kilom-

eters. 
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Fig. 2—Coupling for uniform rain originating at a height h = 4 km versus rain 
rate; elevation of ground-station antenna beam is 30°; isotropic antenna at R. 
(a) 4 GHz, (b) 6 GFIz, (o) 11 GHz, (d) 18.5 GHz, and (e) 30 GHz. 
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The curves of Fig. 2 are computed for A2(0) = X2/4r in equation 
(4); that is, for an isotropic receiving antenna at R.* Data for an antenna 
with a gain of the order 40 dB beamed from R toward T have also 
been computed; in this case, often one need only add the gain of the 
antenna (in decibels) to the curves of Fig. 2, a procedure discussed in 
more detail in Section VIL 
An obvious characteristic of the curves in Fig. 2 is that they possess 

a maximum. As one proceeds from Fig. 2a through e (4 GHz to 30 GHz) 
the maxima move to ever lower rain rates. This feature evidences the 
effect of attenuation. Likewise for a given set of curves (Fig. 2a, for 
example) the maximum occurs at ever lower rain rates as the path 
length increases, as one would expect in an attenuating medium. 
Although these results for uniform rain are instructive, some of 

them represent situations which do not occur in nature. For example, 
it is possible that rain rates of the order 200 mm/hr occur over a 5 km 
path; but it is highly unlikely (or impossible') that such high rates 
occur over a path of length 200 km. Thus the high rain rate and long 
path length portion of the data in Fig. 2 should be considered somewhat 
academic. At the higher frequencies this portion of the data is of little 
significance anyway (Fig. 2d, for example). 
The maximum value of the coupling for Case I appears in Fig. 2a 

(4 GHz) for the shortest interstation distance (5 km) and the highest 
rain rate considered (400 mm/hr); it is —136 dB. But maxima of the 
order —150 dB occur for higher frequencies and the same pathlength 
at lower rain rates. 

IV. CASE II —LOCALIZED SHOWER AT THE SATELLITE STATION 

4.1 Computation 

As shown in Fig. 1, one can introduce another parameter, s, which 
defines the extent of a shower along the path from the ground-station 
T toward R. As discussed above, very heavy rainfall is spatially re-
stricted, therefore Case II is more realistic than Case I in the high 
rain rate regime. 
For computation of Case II, both the limits on ri and the exponent 

of the exponential in equation (4) must be modified, the latter because 
much of the path (r2) from R to the beam of the ground-station antenna 
no longer introduces attenuation, the rain being localized near T. Let 
r; be that portion of r2 with no precipitation. Then the exponent in 

* Representative of the case where the back or far side lobes of a radio-relay 
antenna are directed toward the ground station. 
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equation (4) becomes —a(r,  r2 —  where 

[sin2  o 1  
cos O dJ 

— d 
[sid O  + sin 0 sin (0 -F 92)] cos (0 +  ) 

cos 0 

The limits in equation (3) for this case are 

r, = d sin 0 sin (0, + 28)  and r„ = s/cos 0, 

which for line-of-sight conditions (0 = 0) reduce to 

r, = 0, and r. = s/cos 0, . 

In both cases r. , and also the effective height of the shower, depend 
upon its lateral extent, s. Again, the computations show that the 
transition from line-of-sight to beyond-horizon conditions is well be-
hayed. The expression for r2 is given in Section III. 

4.2 Results 

Plots of coupling for this case are given in Figs. 3a through e, the 
antenna at R again being taken to be isotropic. The shower has an 
extent one kilometer along the path from T and a height of 4 kilometers. 
At the higher frequencies in Fig. 3 maxima in the coupling appear, 

somewhat as in Fig. 2, but the former occur at much higher rain rates 
than the latter. For example, at 11 GHz, the maxima in Fig. 3c are 
at about 100 mm/hr, whereas in Fig. 2c no maximum occurs above 
the rain rates of 25 mm/hr. Since one is dealing with a localized shower 
it is not surprising that the effect of attenuation sets in at rain rates 
higher in Fig. 3 than in Fig. 2. 
The maximum value attained by the coupling is about —135 dB 

as shown at 400 mm/hr on Figs. 3a and b for an interstation separation 
of 5 km. However, maxima of the order —140 dB occur in Figs. 3c 
through 3e at lesser rain rates. 
A feature of the data in Fig. 3 is that the coupling decreases drasti-

cally as the distance increases from 50 to 100 km. This decrease is 
associated with the effective height of the shower, as governed by its 
width s; beyond d = 50 km the scattering volume decreases rapidly. 
Computations not shown here have been made for showers of lateral 
extent up to 8 km and, as one would expect, such data lie between 
those of Figs. 2 and 3. As the extent of the shower increases, the rapid 
decrease in coupling for distances beyond 50 km becomes less marked. 
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V. CASE III -LOCALIZED SHOWER AT BEAM INTERSECTION 

5.1 Computation 

A modification of the localized shower model (Case II) is achieved 
by moving the shower (extent s') along the path toward R thereby 
locating the rain at the intersection of the earth station beam and earth 
tangent at R as shown in Fig. 1. This geometry results in a scattering 
volume for the over-the-horizon cases (d > 50 km) much larger than 
that considered in Case II while retaining the limited rain extent. 
For the computations of Case III, the lower limit in equation (4) 

again becomes 

r  d sin 0/[sin (0, ± 20)]. 

The upper limit for this case depends upon whether the earth-station 
beam emerges from the vertical boundary of the precipitation or from 
the upper boundary defined by h. 
Introducing two new parameters 0' and 0" where 

0' = 26 — tan-1 {[r2, d2 — 2r, d cos (01 4- 0)]112 /a} 

and 

0" =  

the upper limit where the beam emerges from the vertical boundary is 

= a sin (0' + 0") /cos (0, ± 0' ± 0"), 

or where the beam emerges from the upper boundary 

r. = (a2 sin2 0, ± 2ah  h2)/2 _ a sin 0, . 

For computational purposes, the smaller upper limit is the correct 
value for a given set of conditions. The path length r2 from the differ-
ential scattering volume is given by 

=  d 2 *— 2r, d cos (0  0)]"2., 

The exponent in equation (4) must also be further modified because 
portions of both r, and r2 no longer introduce attenuation. Let r; and r; 
be those portions of rl and r2 with no precipitation. The exponent in 
equation (4) then becomes —a(r,  r2 — r; — r) where 

ri = rl 

= [a sin (20 —  — 8")]/cos (62 + 20 — 0' — 0"), 
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and 

02 = sin-1 [(r, — r,) sin (O, + 20)l/r2) 

is the elevation angle between r2 and the tangent plane at R. 

5.2 Results 

The coupling for distances of 100 and 200 km is shown with the 
data for Case II as broken lines in Figs. 3a through e, the conditions 
being identical to Case II except for the lateral displacement of the 
rain region to the beam intersection. The coupling for distances of 50 km 
or less have been omitted since the results and configurations are es-
sentially the same as Case II for line-of-sight conditions of 50 km or less. 
Comparing the results for Case II and III, the coupling at distances 

greater than 50 km is greatly increased over the corresponding results 
for Case II due to the larger scattering volume. At distances greater 
than 200 km, the scattering volume would be limited by the assumed 
rain height of 4 km and one would expect a drastic decrease in coupling 
beyond 200 km. 

VI. CASE IV -A WALL OF RAIN NORMAL TO THE PATH EXTENDED BEYOND 

THE SATELLITE STATION 

6.1 Computation 

In cases I through III, the region of rain is located on the path 
between the ground station and the relay station (Fig. 1). However, 
"off-path" orientations of the ground-station beam relative to the 
terrestrial radio-relay station are typical of actual system configurations. 
We examine one such "off-path" orientation in which the ground-
station beam points directly away from the radio relay in azimuth. 
The region of rain is then located on the path extended beyond the 
earth station, and the energy may be scattered from the boundary 
of the rain without additional attenuation on the path to the relay 
station. 
The model used for analysis is shown in Fig. 4. A wall of rain normal 

to the path is located at the intersection of the axis of the ground-
station beam and the earth tangent plane from the relay station. 
For computation of this case, the limits in equation (4) become 

r  d sin 0/sin (0, — 20) 

and 

r. = (a' sin'  2ah  h2)' — a sin 01 . 
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Fig. 4—Geometry for a rain originating at altitude h on the path extended beyond 
T; Oi = 30°, e = d/2a, a = 8500 km. 

The path length r2 from the differential scattering volume is given by 

7.2 = [?•':  d2 + 2r1 d cos (01 — OW". 

The portions of paths r, and r2 with no precipitation, 71 and r; are 
given by 

rÇ = r, — 

= a sin (0'  20) cos (0' -I- 20 -I- 02) 

where the angles 02 arid 0' (Fig. 4) are 

02 =  [(r1 — ri) sin (0i — 20 )ir21 

and 

0' = tan-1 ± d2 ± 21., d cos (0, — 0)]"2 /al — 20. 

As for Case III, the exponent in Equation (4) then becomes 

— a(ri  r2 — r — rD. 

8.2 Results 

Plots of the coupling for the extended path scattering are shown in 
Figs. 5a through e for a rain height of 4 km and earth station elevation 
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of 30 degrees. The most notable feature is that the coupling increases 
with rain rate for all frequencies over the range of rain rates considered. 
This is in contrast with the previous cases where the curves possessed a 
maximum at the higher frequencies. 
Maximum coupling, approximately —132 dB, occurs at 4 GHz for a 

separation of 5 km and a rain rate of 400 mm/hr. However, the coupling 
is reasonably independent (within about 4 dB) of frequency for rain 
rates greater than about 100 mm/hr. At lower rain rates, the coupling 
increases with frequency as one would expect; for example, at 5 mm/hr 
and 100-km separation, the coupling is about —183 dB at 4 GHz and 
—171 dB at 30 GHz. 

VII. EFFECT OF DIRECTIVE ANTENNAS 

The effect of the directivity of typical terrestrial radio-relay antennas 
on the coupling has been computed for all eases treated above. For 
each case, the beam of the radio relay antenna is assumed to be directed 
toward the ground station, that is, along the horizon plane (dashed) in 
Figs. 1 and 4. This is a very pessimistic condition and one hopefully 
not encountered too often in practice. 
The response pattern of the radio-relay antenna A2(02) in equation (4) 

is assumed to be of the form 

A2(02) =  o[exp (— M)  exp — (K2 ± K302)1,  (5) 

02 being the angle measured in degrees from the axis of the relay station 
beam and A. the effective area. The first term in equation (5) is the 
familiar gaussian approximation for the main beam. The second term 
represents the envelope of the far side lobes of the pattern using con-
stants K2 and Ka of 5.5 and 0.115 respectively. 
At 4 and 6 GHz, the radio relay antenna is assumed to have a beam-

width of one degree (Ki = 2.8) with 43 dB gain. At 11, 18 and 30 GHz, 
the beamwidth is taken to be two and a half degrees (K, = 0.41) with 
36 dB gain. 
In. what follows, the gain realized or coupling relative to the iso-

tropic case is plotted versus rain rate. Thus, the coupling for the di-
rective case is obtained by adding the gain realized to the coupling for 
the corresponding isotropic case; thus, if the gain realized is 30 dB and 
the isotropic coupling is —130 dB, the coupling in the directive case 
is —100 dB. 
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Fig. 6—Coupling for an antenna with 36 dB gain located at R and directed toward 
T relative to an isotropic antenna at R (gain realized) versus rain rate; frequency 
11 GHz. 

7.1 Uniform Rain (Case I) 

The effect of directivity at 11 GHz is shown in Fig. 6 where the 
coupling relative to the isotropic case (gain realized*) is plotted versus 
rain rate for various separations between the ground-station and ter-
restrial radio-relay antennas. It is clear that at low rain rates most of 
the nominal gain is realized for the larger separations. At 100 to 200 km 
separation, the beam of the radio-relay antenna illuminates about the 
same volume as does an isotropic antenna, the volume in this case 
being limited by the horizon plane and the upper boundary of the 
rainstorm (see Fig. 1). But as the separation is decreased to, say, 25 km, 
Fig. 6 shows that the gain realized is decreased by about 10 dB, the 
intersections of the ground-station and radio-relay beams define the 

effective volume whereas an isotropic antenna at R would see essentially 
all of the ground-station beam. 

* Of course, antenna gain is a constant but the concept of gain realized in propagating 
through a given medium is convenient and will be used here. 
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Figure 6 also shows that the gain realized increases with rain rate, 
especially for the lesser separations. This is caused by attenuation of 
the signal scattered from the further (upper) portions of the ground-
station beam (see Fig. 1) which, for heavy enough rain rates, produces 
an effective scattering volume (for an isotropic antenna at R) which 
is not too much larger than the volume defined by the two beams in 
the directive case. 
A somewhat more subtle effect is the minimum in gain realized which 

occurs at some separation between 5 and 25 km in Fig. 6. For example, 
at a rain rate of 50 mm/hr, the gains realized at separations of 50, 25, 
15 and 5 km are 31, 27, 24 and 29 dB. Thus, the gain realized begins to 
increase when the separation is decreased below about 10 km. Now the 
axis of the beam directed toward space intersects the upper boundary 
of the rain at a distance of about 7 km along the earth's surface from 
the ground station and it is at this separation that the total path from 
R to the upper portions of the volume occupied by the beam (see Fig. 1) 
is a. minimum; that is, r2 for the upper portions of the beam is a minimum 
at d •-••-' 7 km. Thus, for d < 7 km the effective volume for an isotropic 
antenna at R is further decreased and the gain realized with a directive 
antenna (relative to the isotropic case) increases. For these small 
separations, the gain realized also increases with rain rate as discussed 
in the previous paragraph. 
At 18 and 30 GHz, the behaviour of the data is similar to that of 

Fig. 6 but the effect of attenuation is so high that the curvatures are 
more pronounced. At 4 and 6 GHz, the antenna gain is realized and is 
relatively independent of separation and rain rate. 

7.2 Extended Path (Case IV) 

The results for the extended path scattering are shown in Fig. 7 
for (a) 4 and 6 GHz and (b) 18.5 GHz. As in the previous case, the 
gain realized is nearly equal to the nominal gain at the maximum 
separation distance of 200 km where the common volume is not limited 
by the relay antenna beamwidth. For lesser separations, the gain 
realized decreases depending on both the separation and rain rate. 
The gain realized at the shortest distance (5 km) is reduced below the 
nominal gain by a maximum of about 15 dB at 4 and 6 GHz and about 
11 dB at 18 GHz the 4 dB difference corresponding to the ratio of the 
assumed beamwidths of one degree at 4 and 6 GHz and two and one 
half degrees at 18 GHz. 
The gain realized at low rain rates with small separations is some-

what larger than in Case I. For example, the gain realized at 18 GHz 
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Fig. 7—(a) Coupling for an antenna with 43 dB gain located at R and directed 
toward T relative to an isotropic antenna at R (gain realized) versus rain rate; 
frequencies 4 and 6 GHz. (b) Coupling for an antenna with 36 dB gain located at R 
and directed toward T relative to an isotropic antenna at R (gain realized) versus 
rain rate; frequency 18 GHz. 
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and 3 mm/hr (Fig. 7b) with 25 km separation is about 6 dB below the 
nominal gain whereas the reduction for the Case I (Fig. 6) is 10 dB 
below nominal. In Case IV, the directive radio relay antenna confines 
the significant volume to the lower region of the rain; but the significant 
volume where the isotropic antenna is involved is also near the ground 
station antenna because r2 is a minimum there. On the other hand, in 
Case I, the upper portion of the isotropic scattering volume contributes 
significantly as discussed in the previous section. 
In Case IV, the gain realized also increases with attenuation and 

hence rain rate as shown in Fig. 7 because the attenuation decreases 
the effective depth of the isotropic scattering volume. For very high 
attenuation, most of the energy is scattered from that volume of the 
rain nearest the ground station and the gain realized is approximately 
equal to nominal gain; for example, the gain realized is within 2 dB 
of the nominal gain for rain rates greater than 100 mm/hr at 18 GIlz 
(Fig. 7). 
The plots of the gain realized at 11 and 30 Gliz (not shown here) 

are within ±3 dB of the 18 GHz curves, the gain realized being greater 
at 30 GHz and smaller at 11 GHz. The maximum deviation occurs at 
5 km and decreases with increasing separations. At 50 km, the difference 
is ±2 dB and decreases to only ±1 dB at 100 km. 

VIII. DISCUSSION AND SPECIAL EFFECTS 

What does all of this mean in terms of what happens in a real-life 
situation? The various models which have been presented do not repre-
sent all the possible orientations and rain conditions that would exist 
in real situations; however, the coupling caused by realistic rainstorms 
should range between the results for localized showers (Cases II, 
III, IV) and those for uniform rain (Case I), depending of course on 
the spatial distribution of the rain over the path. At 4 and 6 GHz, the 
effects of rain attenuation are small, at least for realistic sizes of areas 
with high rain rate, and the results for Cases II and III give a good 
estimate of the coupling which might be expected for a given rain rate 
in the ground-station antenna beam. Thus, couplings of the order 
—140 dB at 5 km to —170 dB at 200 km (Fig. 3a and b) for an iso-
tropic level response at the relay station are typical at 4 and 6 GHz 
for rain rates of 100 mm/hr or greater. 
At frequencies above 10 GHz, attenuation by the rain over the 

entire path is a dominant factor and it gives rise to large variations 
in the coupling for the various cases considered. For example, the 
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coupling at 30 GHz for a uniform rain of 10 mm/hr over a 25 km path 
(Case I) is —210 dB, whereas, the corresponding coupling with local-
ized showers is —175 dB and —160 dB for Cases II and IV, respectively. 
However, the maximum couplings with localized showers are about the , 
same as the couplings at 4 and 6 GHz. Thus the spatial distribution of 
rainfall is an important factor in evaluating the potential interference 
coupling due to scatter by rain in future systems which may use fre-
quencies exceeding 10 GHz. 
Satellite systems above 10 GHz will no doubt use a diversity system 

of two or more earth stations spaced some few miles apart to avoid 
outages due to attenuation by rain. Such a path-diversity system will 
minimize the rain-scatter interference problem since the earth station 
with the least attenuation and hence with the least rain in its antenna 
beam will carry the information-bearing signal. 
Other factors which will affect the coupling due to scatter should be 

mentioned. First, the height of the rain for all cases has been taken to 
be 4 km whereas weather radar data" show that high effective rain-
rates may exist at heights of 10 km. This will extend to horizon for 
direct rain-scatter coupling to distances of 400 km or more. Also, 
polarization has been neglected in the calculation; for certain orientations 
of the ground-station and radio-relay antenna beams, the coupling will 
be decreased due to this effect. 
Another important consideration is that the scattering and attenua-

tion constants, based on empirical data in each case, are not consistent 
for very high rain rates. Based on these data, we have taken the scatter-
ing coefficient to increase as the 1.6 power of rain rate whereas the 
attenuation constant increases as a lesser power; this gives an in-
consistent result at 30 GHz for rain rates greater than about 100 mm/hr 
in that the attenuation is less than the power lost due to the predicted 
scatter! Thus, at 30 GHz, and high rain rates, the scattering is less 
than we have calculated. At frequencies less than 30 GHz, the dis-
crepancy is very small. 
In summary, the calculated results show that couplings of the order 

—140 dB to —170 dB at distances of 5 km to 200 km, respectively, 
can be expected with an isotropic antenna response at the terrestrial 
radio relay station, for the small percentages of time associated with 
heavy rain rates.* These couplings are increased significantly if the 
response of the relay station exceeds isotropic in the general direction 
of the earth station. As discussed in the introduction, since couplings 

* In New Jersey, rain rates of 200 mm/hr have been observed for periods of the 
order five minutes during a year (0.001 percent of the time). 
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of the —140 dB are significant, interference due to scatter by rain is a 
factor which should receive consideration in locating satellite stations. 
Of course, direct coupling via antenna side lobes and coupling via 
tropospheric scatter must also be taken into account. In essentially all 
cases considered here, the coupling due to scatter by rain is less than the 
line-of-sight coupling but exceeds the median tropospheric scatter 
coupling between isotropic antennas at the two stations. 
There are several previous publications concerned with interference 

caused by scattering from precipitation 10-14  but experimental data 
are sparse. We find agreement between the present calculations and 
the limited data given in Refs. 10 and 12. 
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The Number of Fades in Space-Diversity 
Reception 

By ARVIDS VIGANTS 

(Manuscript received February 11, 1970) 

Experimental and theoretical results are presented which show that 
deep fades due to multipath propagation on. line-of-sight microwave links 
are greatly reduced in number when two vertically separated receiving 
antennas are used and the stronger of the two received signals is selected 
as the diversity signal. The experimental results are based on 6 GHz 
propagation data obtained for a 72-day period on a 28.5 mile path in 
Ohio, with a 27.5 foot vertical separation of the receiving antennas. The 
theoretical results are obtained by treating the received signals as correlated 
Rayleigh distributed random variables. Theoretically predicted variations 
with fade depth agree with experimental observations. Combination of the 
theoretical results with experimentally determined parameters provides 
results which can be used, for example, to calculate the reduction in the 
number of fades as a function of the vertical separation of the receiving 
antennas, wavelength, path length, fade depth, and the gain difference 
(if any) of the receiving antennas. 

I. INTRODUCTION 

Line-of-sight microwave transmission is affected by a phenomenon 
called multipath propagation. When this phenomenon is present, the 
output from a receiving antenna can be practically zero for seconds 
at a time. However, such deep fades rarely occur simultaneously in 
the outputs of two vertically separated receiving antennas, and this 
is the basis for space-diversity reception on line-of-sight microwave 
links. 
The number of fades and the average durations of fades are fun-

damental properties of the line-of-sight microwave channel. In high 
performance systems, they may determine the limit of attainable 
performance. Previous discussions of space diversity do not cover 
the number of fades and their average durations. ' Experimental 

1513 
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data on these are difficult to obtain because long periods of time are 
needed to observe a number of fades sufficient for theoretical analysis. 
We present a set of experimental results obtained from measurements 
made in 1966 in Ohio. We also present, and this is a major part of 
the paper, theoretical results on the number of fades and their averagel 
durations. 
The diversity scheme for which our results are obtained is one where 

the diversity signal is, at all instants of time, the stronger of two received 
signals. This scheme is of interest because of its inherent simplicity, 1 
and because experimental values for the diversity signal can be obtained 
easily during computer processing of experimental observations of the 
received signals. From a broader point of view, this provides information 
about simultaneous behavior of pairs of received signals that can be 
used in reliability and interference calculations, and in performance 
calculations for diversity schemes other than the simple one above. 
The number of deep fades is greatly reduced when space-diversity 

reception is used. We show how to calculate this reduction as a function 
of the vertical separation of the two receiving antennas, wavelength, 
path length, depth of fade, and the gain difference (if any) of the ' 
receiving antennas. Our results are based on a combination of theory 
and experiment. The outputs of the receiving antennas during deep 
fades are treated as random variables that are jointly Rayleigh dis-
tributed." This provides a description of how various quantities I 
change with fade depth. Parameters describing the occurrence of fading, 
correlation in space, and the spectral width of the fluctuations are 
determined from experimental data. 
The theoretical expressions describe our experimental observations 

quite well. However, both theoretical knowledge of fading and the 
amount of experimental data on. fading are limited, and the theoretical 
model presented here may need modifications as work proceeds and 
more data become available. 

II. EXPERIMENTAL RESULTS 

The transmitted power in microwave line-of-sight communication 
systems is constant (angle modulation is used). Fading information 
can therefore be obtained from working systems, without interfering 
with their operation, by installing additional equipment to monitor 
the power output of the receiving antennas. This was done at West 
Unity, Ohio, where, in addition, two 8-foot diameter parabolic reflector 
antennas were installed below existing antennas to provide information 
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Fig. 1—Essential parameters of the experiment. 

about space-diversity reception. We will discuss the fades observed 
on these two receiving antennas. 
The microwave link on which the data were obtained is shown 

schematically in Fig. 1. The boxes labeled "envelope detector" represent 
rather sophisticated equipment used in the investigation of fading. The 
path length was 28.5 miles.* The transmitting antenna at Pleasant 
Lake, Indiana, was a standard system antenna—a 10-foot horn reflector. 
The center-to-center vertical separation of the receiving antennas was 
27.5 feet. The basic experimental data consisted of observations of 
the envelopes of received angle-modulated signals centered on 6.1528 
GHz. 
An important feature of the experiment was long-term coverage. 

Deep fades are rare events, and the received power must be observed 
continuously for long periods of time to arrive at a sample of adequate 
size. Reliability of equipment must be high, and the subsequent process-
ing of the data is a formidable task, even with a computer, because 
of the high data volume. The data discussed here cover a 72-day period, 
July 19, 1966, to September 29, 1966. 
The power received by the two antennas was sampled essentially 

simultaneously every 0.2 seconds, converted to a decibel scale, and 
recorded in digital form for subsequent computer processing (in the 

* Ground reflections were negligible, and transmission to the bottom antenna 
had a clearance of about 15 feet (over trees) at 2/3 earth radius conditions. 
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absence of fading the recording rate was less than the sampling rate). 
The quantizing steps in the analog-to-digital conversion were somewhat 
less than 2 dB, which represented a compromise between quantization 
error and the number of bits needed to encode the power levels (five 
bits were used). During computer processing, the power level at a 
sampling instant was assumed to hold until the next sampling instant. 
The data were first processed to determine the received power levels 

on each antenna in the absence of fading. The received power levels 
during fading were then normalized to the corresponding power levels 
in the absence of fading. We denote by 20 log R, and 20 log R2 the 
normalized dB readings from the top and the bottom receiving antennas 
respectively. The voltage envelope from the top antenna is R,, and 
the voltage envelope from the bottom antenna is R2 . As a consequence 
of the normalization, both R, and R2 are unity in the absence of fading. 
The diversity signal was synthesized during processing by taking 

the stronger of the two received signals at each sampling instant. 
The envelope of the diversity signal is 

R = max (R1, R2).  (1) 

The diversity signal is synthesized from signals that are quantized, 
and 20 log R can therefore have errors with an upper bound of roughly 
2 dB. 
A signal is said to be in a fade of depth L and duration r when its 

voltage envelope (RI , R2 or R) becomes less than L and remains 
less than L for r seconds. During processing, the number of fades of 
depth L were counted for a set of values of L, and the average fade 
durations were obtained by dividing the sum of the durations by the 
number of fades. We restrict our discussion to fades deeper than —20 dB; 
that is, to values of L that are less than a tenth. 
The results for the average fade durations are shown in Fig. 2. 

(The two theoretical solid lines will be discussed later. The diversity 
points for fades close to —40 dB are not shown, because an average 
based on only three observations would not be meaningful.) The 
durations can be substantial. For example, the average fade duration 
of a nondiversity signal at —40 dB is about five seconds. Diversity 
does not reduce these durations appreciably. The reduction is roughly 
by a factor of two, which can be inferred from a simple heuristic argu-
ment as follows. Because the receiving antennas are not very far apart, 
the fade durations of R, and R2 are roughly the same, but offset in 
time. As fades become deeper they become shorter, and the offsets 
start to exceed the fade durations, which results in a large reduction 
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Fig. 2—Average fade durations (Ohio, 1986, 72 days, 6.1528 GHz—the two lines 
are theoretical). 

in the number of deep simultaneous fades (we will see this shortly). 
Suppose both RI and R2 undergo fades of duration T. An overlap of 
the fades, if it does occur, has a value between 0 and r. There is no 
preferred overlap position, and (r/2) is therefore the average duration 
of a simultaneous fade. 
The results for the number of fades in the 72-day period are shown 

in Fig. 3. Space diversity has been quite successful in reducing the 
number of fades. As a matter of fact, the reduction for the deeper fades 
is so large that the 72-day period was barely adequate for the observa-
tion of any —40 dB simultaneous fades at all. From the experimental 
points, the reduction at —40 dB is by about a factor of twenty. However, 
this is based on a small sample of only three simultaneous fades at 
—40 dB. The theoretical curves (discussed later) suggest that, on 
the average, the reduction at —40 dB will be by about a factor of 
sixty. There is a small systematic difference in the number of fades 
of Ri and R2 . We hope to obtain more information on this from experi-
ments now under way at Palmetto, Georgia. 
The conclusion from these observations is that space diversity acts 

mostly by reducing the number of fades, and that the reduction in-
creases as the fades become deeper. 
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III. THEORETICAL MODEL 

The number of fades and the average fade durations vary with fade 
depth. The functional form of the variations can be calculated from 
probability theory, using methods developed by Rice," if various 
probability density functions associated with R, , R2, and R are known. 
To arrive at a set of probability density functions for the present 
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problem, we note that multipath fading normally occurs during relatively 
short intervals, separated by long periods that contain no fading. 
Let T. denote the total time of observation (72 days in the case of 
the experimental data in the previous section), and let T(R, < L) 
and T(R2 < L) denote the respective amounts of time during which 
Ri and R 2 have values less than L. A mathematical description of 
experimental observations' of these times is 

T(R1 <L) = rTer,  L < 0.1  (2) 

T(R2 <L) = rT0L2,  L < 0.1.  (3) 

The parameter r is proportional to the ratio of time containing fading 
to total time. It is a function of the length of the line-of-sight path, 
frequency, time of the year (summer or winter), climate, and terra,in.6 
To introduce some generality, suppose that the gain associated with 

the bottom antenna is changed, so that the value of R2 in the absence 
of fading changes from unity to a value v. If R2 is still measured on 
the same scale as Ri ,* then equation (3) becomes 

T(R2 < L) = rT0(L/v)2,  (L/v) < 0.1.  (4) 

The parameter y allows top and bottom antennas of different sizes 
(the gain difference in dB is 20 log y). If the bottom antenna is smaller 
than the top antenna, then v is less than unity. This is the case when 
a second antenna is added below a main antenna on an existing tower, 
and the size of the second antenna is limited by the allowable wind 
load on the tower. 
The probabilities that Ri and R2 respectively are less than L are 

obtained by dividing T(R, < L) and T(R2 G L) by a normalized 
time r T. : 

Pr (R, <L) = (rT nr'T (R 1 <L) 

= L2 ,  L < 0.1 

Pr (R2 <L) = (rT0)-IT(R2 <L) 

= (Lis)2,  (L/v) < 0.1. 

(5) 

(6) 

The basis of our theoretical description of fading is the observation 
that the Rayleigh probability distributions 

Pr (R1 <L) = 1 — exp (—L2) 

''- L2,  L < 0.1  (7) 

* Fade depths of all signals are expressed in decibels relative to the value of the 
received signal from the top antenna in the absence of fading. 
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Pr (R2 < L) = 1 — exp (—L2/v2) 

(L/v)2 ,  (L/v) < 0.1  (8) 

have the same form as equations (5) and (6) for deep fades. This sug-
gests that during deep fades pairs of received envelopes can be treated 
theoretically as correlated Rayleigh distributed variables. Note that 
in this theoretical model, as a consequence of equations (7) and (8), 
the mean square values of the envelopes are 

(RD = 1,  (e) = vz  (9) 

where the angle brackets denote averages. 
Given that R1 and R2  are jointly Rayleigh distributed, one can 

proceed purely theoretically and obtain expressions for the number 
of fades and the average fade durations of R. The general expressions 
for the number of fades are obtained in Appendix A. The probability 
density functions are listed in Appendix B. The theoretical results 
can be expected to apply only to deep fades because of the restrictions 
on L in equations (2) through (8). Reduction to the case of deep fades 
is carried out in Appendix C, and the results are summarized and 
discussed in Section IV. 

IV. THEORETICAL RESULTS FOR DEEP FADES 

The theoretical results for the number of fades and for the average 
fade durations become relatively simple when fades are deep. Deep 
in the context here means, first, that 

L < 0.1,  (L/v) < 0.1,  (10) 

which is just a restatement of the conditions that appeared in the 
previous section. Second, there are associated conditions that come 
out of the mathematics in the appendices, 

q-1L2 < 0.1,  q-1 (L/v)2 < 0.1.  (11) 

The parameter q describes the correlation of Ri2 and R . It is unity 
when the receiving antennas are very far apart, and it becomes zero 
when the two receiving antennas merge into one. We give an empirical 
expression for q when we compare the experimental and theoretical 
results in Section V. The conditions in equation (11) show how the 
separation of the receiving antennas affects the range of fade depths 
for which the simple approximations presented in this section are valid. 
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The number of fades of the diversity signal is one of the main results. 
For deep fades, the number of fades of R per unit time is 

N -r.-_' c(1 + v)(eq)-11,3,  (12) 

where the parameter c is proportional to the rms value of the time 
derivative of R1, 

c = [(2/7)((dRi/c102)1.  (13) 

The corresponding number of fades of the envelope Ri per unit time is 

N1 eA--' cL.  (14) 

The reduction in the number of fades provided by diversity is therefore 

FN = Ni/N 

-'--_' (1 + v)-Vq172,  (15) 

which can be a large number for deep fades (L close to zero). 
Numerical estimates of FN can. be obtained using values of q given 

by equation (19) in Section V. For example, a vertical separation 
of the receiving antennas that often appears adequate is 40 feet." 
For this, q is about 0.025 at 6 GHz on a 26.5 mile path, which is a 
typical average path length. For receiving antennas of equal size 
(vis unity), the reduction in the number of fades is (from equation (15)) 
about 125 at —40 dB. This means that at the —40 dB level there is, 
on the average, only one overlap in. 125 fades of the nondiversity 
signals. 
The expressions for various quantities, when fades are deep, are 

summarized in Table I, where the first column refers to R1 and the 
second column to R. This shows that the average fade duration of R is 

(t) L̀.-=' (1 ± v)-1(t1)  (16) 

where (t1) is the average fade duration of RI . The ratio of (ti) to (t) 
is independent of fade depth for deep fades, and it becomes two when y 

TABLE I—EXPRESSIONS FOR VARIOUS QUANTITIES FOR DEEP FADES 

Nondiversity Diversity Improvement 

Probability of fade 
Number of fades 
Average duration 

L2 
cL 
c-IL 

(eq)--1L4 
c(1 + v)(eq)-1L3 
c-1(1 ± v)--IL 

v2qL-2 
(1 + v)-iv2qL-2  

(1 ± e) 
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is unity (same size receiving antennas), which supports the heuristic 
argument given previously in the section on the experimental results. 
The reduction in the total amount of time spent in fades is*, from 

the first row in Table I, 

F  v2q1.-2.  (17) 

Therefore 

FN  (1 +  v)-1F.  (18) 

When y is unity or less, conditions (10) and (11) translate into a simple 
statement that the approximations presented here are valid when F 
is larger than ten. 

V. COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS 

The theory predicts that the number of fades and the average fade 
durations are certain functions of the fade depth L. This can be verified 
experimentally. The theory also contains four parameters (r, V, q, c). 
One of these, the gain difference y, is a design parameter that we control. 
The other three (r for occurrence of fading, q for correlation in space, 
c for spectral width of fluctuations) depend on the inhomogeneities 
of the atmosphere and their interaction with electromagnetic waves. 
Since we do not know how to determine these parameters theoretically 
for deep fades on microwave line-of-sight links, we determine them 
from the experimental data. 
In the experiment, the gain difference parameter y is unity. An 

empirical result3 for the correlation parameter q is 

q = (2.75)-1(82 /Xd),  (19) 

where s is the vertical center-to-center separation of the receiving 
antennas, X is the wavelength, and d is the path length—all measured 
in the same units. For the receiving antenna pair discussed here, the 
value of q is 0.012, which is one of the experimental values' on which 
equation (19) is based. The value of the fade occurrence parameter r 
is one-half (from Fig. 5 in our previous work3). 
The theoretical description of the average fade durations of R, 

and I  in Fig. 2 is 

(4) •-=  (20) 

* We have discussed this previously.' The parameter q denotes the quantity 
(1 — le) appearing in the earlier work and in Appendix B here. 



RECEPTION FADES  1523 

Least squares fitting of equation (20) to the experimental points gives* 

c 2.22 X 10-3 second'.  (21) 

The data are in good agreement with the theoretically predicted de-
pendence on L to the first power. Theory also predicts that the average 
fade durations of the diversity signal should be shorter by a factor 
of two, and the corresponding theoretical line in Fig. 2 describes the 
experimental points quite well. The larger scatter in the diversity 
points is caused by the small number of observations of deep simul-
taneous fades. 
The number of fades can now be calculated entirely from theory. 

The number of fades per unit time of the nondiversity signals is given 
by equation (14). The corresponding number of fades in 72 days is 

N; = rToN,  6.9 X 103L.  (22) 

This equation, shown as the top solid line in Fig. 3, describes the data 
adequately. Similarly, the number of fades of the diversity signal 
envelope R in 72 days is, using (12), 

N' = rToN  1.15 X 106r.  (23) 

The deep fade approximation in this case applies only to fades deeper 
than about —30 dB, and the curved section of the bottom solid curve 
in Fig. 3 was therefore computed from expressions in the appendices. 
The departures from the curve when the number of simultaneous fades 
becomes small are very likely statistical in nature. Similar curves 
for frequency diversity (to be published), where we have more than 
one set of data, show deviations both above and below the theoretical 
curves in apparently random fashion over fifteen sets of data. Further-
more, as discussed earlier, experimental values for 20 log L can be in 
error by up to about 2 dB because the diversity signal is synthesized 
from quantized signals. 

The parameter c is related to the spectral width of the fluctuations of RI (the 
spectra of RI and Rp are assumed to differ only by a multiplicative constant, which 
allows the mean square values to be different). For example, for a Gaussian spectrum 

w(f) = (2/1-)1.4-' exp  (—P12/b2) 

the mean square derivative is 
((dRI/C2) = (21-fb): 

which can be substituted into equation (13) to relate c to fb. We do not have ex-
perimentally determined spectra. As a speculation, using the value for c from expres-
sion (21), we obtain 

fb 1=4_ 4.5 x 10-4 Hz. 
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All in all, we think the theory describes the experimental data well. 
To describe the data we needed only one additional parameter, the 
spectral width parameter c, beyond those determined previously' from 
amplitude distributions. The theoretical model based on. the joint 
Rayleigh probability distribution therefore appears to give a highly 
consistent description of deep fades on line-of-sight microwave links. 

VI. CONCLUSIONS 

The experimental and theoretical results presented here show that, 
for fading caused by multipath propagation, simultaneous deep fades 
on vertically separated receiving antennas can be practically non-
existent. Furthermore, the theoretical results enable one to describe 
quantitatively what is meant by practically nonexistent. From a more 
general point of view, a theoretical description of the output of the 
receiving antennas may help in modeling the disturbances in the 
electromagnetic waves incident upon the antennas, on which much 
remains to be done. 
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APPENDIX A 

General Expressions for the Number of Fades 

For the diversity signal envelope R, the number of fades of depth 
20 log L dB is equal to the number of times R crosses L in an upward 
direction. Supposé that a time period T is divided into n intervals 
of length dt such that an interval contains either none or one of the 
uperossings. Let in, be the number of intervals containing uperossings 
made at instants in time when R is R„ and let m2 be the number 
of intervals containing uperossings made when R is R2. Then the 
quantities 

PI =  P2 = M2/n  (24) 

are conditional probabilities (the conditions are stated in the next 
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Fig. 4—Level crossing conditions: (a) level crossing in an interval of length dt, 
and (b) integration in the (RI, Él)-plane. 

paragraph) that R, and R, respectively cross a given level in an interval 
of length de. The number of uperossings of R per unit time is 

= (P,  P,)/dl,  (25) 

and the task is to express P, and P, in terms of the appropriate prob-

ability density functions. 
To obtain an expression for P,, we look in detail at an interval dl 

in which RI crosses a level L in an upward direction, as shown in Fig. 4. 
The interval length dl will go to zero in the limit, and the envelopes 
in the interval can therefore be represented by straight line segments. 
The conditions for the indicated level crossing to occur are* 

R2(ti) < L  (26) 

Ùi(t1) > 

(the dot denotes a time derivative), and 

— R,(1,)  0< L • <dt.  (28) 
/Mt') 

Integration of the joint probability density function of (R,, R,, RI) 
over the region in (R1, R2  É,)-space specified by the three inequalities 
will give the probability P, . Let p(Ri , R,, É,) be this probability 

density. Then, 

(27) 

" 
Pi = f dR,  dÉ, j  dR,p(R, , R, , R,)  (29) 

Jo 

* This approach follows Rice,4 Section 3.3. The additional condition (26) comes 
in because we are treating a diversity signal. 
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where part (b) of Fig. 4 helps to visualize the integration with respect 
to R, as prescribed by the inequality (28). As dt approaches zero this 
becomes 

P, = dl  dl?, f 0 dl, É,p(L, R2 ,  (30) 

The variables R, and É, are uncorrelated (a random variable and its 
derivative are uncorrelated when measured at the same instant of 
time). If so, then to a good approximation R2 and RI are also uncor-
related, and* 

P(R' , R2 , É1) = P(Ri R2)P(Ri).  (31) 

Therefore 

P, = dt poe fo Rip e) fo (32) P(L, R2) dl?, . 

The conditional probability P2 can be obtained from this by an ap-
propriate change of subscripts. 
In terms of probability densities, the number of uperossings of R 

per unit time is therefore 

= j ÉlP(Ri)  dE, j p(L, R2) dR2 

fÉ2P(Ii2) dÉ,  p(R, , L) dRi (33) 

The number of uperossings of R, per unit time can be obtained from 
the first term in N by extending the integration with respect to R, 
to infinity, which gives 

N, = {f  dÉ,}p,(L). 

Similarly, the number of uperossings of R2 per unit time is 

N 2 ---- {f ° 1479(.É2) dÉ2}P2(4 • 

Note that the probability density function of R at the value L is 

(34) 

(35) 

* We are using the symbol p to denote probability density functions in general. 
The arguments of p specify the actual function. 
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p(L) = (a/am Pr (R <L) 
= 09/am Pr (R, < L, R, <L) 

L  L 
= (a/aL) f dR, f dR2p(R, , R2) 

0  0 
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pL  =  p(R, , L) dR,  f p(L, R2) dR2 .  (36) 
o  

This shows that N can be expressed in the same form as N, and N 2 

(a constant multiplied by a probability density function) only when 
the integrals with respect to Él and É2 are equal; that is, when these 
integrals in equation (33) can be factored out. 
The crossing rate N can be expressed in terms of the rates N, and N 2 • 

Combining equation (33), (34), and (35), we obtain 

N = N, Pr (R2 <L R, = L)  N2 Pr (R, < L I R2 = L)  (37) 

where Pr (R2 < L R, = L) is the probability that R2 is less than L, 
subject to the condition that RI is equal to L, and similarly for the 
second term. 

APPENDIX B 

Probability Density Functions 

To obtain the required probability density functions, the complex 
envelopes [R, exp (i0,)] and [R2 exp (i02)] are resolved into quadrature 
components 

= R, cos 01 

X2 = R2 cos 02 

X, =  = RI cos 01 — R1à, sin el 
(38) 

= R, sin 0, 

y, = R2 Sin 02 

Y3 =  = E, sin 0, ± R10, cos 0, 

where the dot denotes a time derivative. The assumption that x; 
and yi (i = 1, 2, 3) have zero means and are normally distributed 
with second moments 

(x„x„,) = (y„y) = X„„„  n, m = 1, 2, 3  (39) 

(x.Y.) = 0  (40) 
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leads* to the Rayleigh probability density for Ri 

p1(R1) = (Ri/X11) exP (— R;/2)1/411) (41) 

(R) = 2X,1  (42) 

with a similar form for the probability density function for R2. 
The probability density function of É1 can be obtained in a similar 

manner. The joint density function in this case is 

, 6, , Ri , Oi) = lep(xi , 2;3 , Yi P Ya) 

= R;12(x1)P(x3)P(11)P(Y3) 

x;  e ±   
(27r)2XIIX33 exP  2X,,  —  2A33 

M ± lee} 
-  „  

G 7'712AII A33 ex13  2X33 (43) 

Integration with respect to 0, (from 0 to 27r) and 61 (from — co to co) 
gives 

from which 

RI R; EI 
P(1éi , Rl) — X„(21rX  exp {- - —  J  (44) 33)  2X„  2X33  

p(É,)  (27-X33)-* exP (—Ie/2X33) 

9e) = X33 . 

It is interesting to note that E, is normally distributed. 
The joint probability density function of Ri and R, is,7 in our nota-

tion, 

p(Ri , R2) = (R1R2/ qXiiX22) • exP {— (2q)-1 [( eXii)  (R/X22)ll 

I0{kR1R2/ q(XiiX22) 

where /0 is a modified Bessel function of the first kind, and 

(45) 

k2 =  )t 2/X11X22 

(46) 

(47) 

(48) 

q = 1 — k2 (49) 

The conditional probability required in equation (37) is, therefore, 
from the probability density functions given above, 

* Details can be found in Davenport and Root,7 Section 8.5, where Rice's' work 
is summarized. 
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Pr (R, <L I R, = L) = f dR2p(L, R2)/p,(L) 
• 0 

= e-V  e-gio[2(yl)t] dt  (50) 
0 

where 

=  
y =  

(51) 

(52) 

The other conditional probability Pr (R, <L 1 R2 = L) can be obtained 
from these equations by appropriate changes of subscripts. 

APPENDIX C 

Deep Fade Approximations 

For deep fades (small values of L) simple approximations of the 
various expressions can be obtained. First of all, 

pi(L) a4 2L/(e),  0.1  (53) 

which immediately leads to 

c(L/Rir..),  (L/Rir,..) < 0.1,  (54) 

where 

c = 1(2/ 7r)((E)/ (Ri))1 4 (55) 

The envelope fluctuations can be assumed to fulfill the condition 

(* Me) = (In)/(1e) •  (56) 

If so, then 

N2 = c(L/R2..),  (L/R2 .) < 0.1.  (57) 

Now that the definitions are clear, we can start using the normalized 
mean square values 

(e) •••=. 1,  (R) = e.  (58) 

In terms of these, 

cL  r (R < L I R = L)  1)-1 Pr (R, < LIR2 = L)}. (59) 

When 

< 0.1,  q-1(L2/V2) < 0.1,  (60) 

the conditional probabilities become 

Pr (R2 < L I R,  L)  ('(L2 1'v2)  (61) 
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Pr (R, < L I R2 L)  q-1L2 (62) 

and 

cev-2 (1 -F v)r.  (63) 

The average fade durations of the envelopes R and R, are, respectively, 

(t) = N-1 Pr (R, < L, R2 <  L)  (64) 

(4) = Nil Pr (RI < L).  (65) 

Deep fade approximations of the probabilities are 

Pr (R, < L, R2 < L)  q-11)-2L1 (66) 

Pr (R, < L)  L2 ,  (67) 

and appropriate substitutions into equations (64) and (65) provide 
the expressions in Table I. 
In cases where the deep fade approximations do not apply, we eval-

uated the various integrals numerically. It is possible (but we did not 
do this) to use tables for the conditional probability, equation (50), 
since it can be expressed in terms of Marcum Q functions" that occur 
in communication theory. Similar integrals are denoted by J(x, y) 
by Luke,w who gives references to tables that have to do with hitting 
a circular target (we could not obtain these tables). 
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Optimum Phase Equalization of Filters 
for Digital Signals 

By DAVID A. SHNIDMAN 

(Manuscript received February 17, 1970) 

Digital information transmitted by means of a pulse amplitude modula-
tion scheme depends critically on the pulse shape for reliable high speed 
communications. The pulse shape, in. turn, depends in great measure on 
precise phase equalization. A new technique for the design of phase equal-
izers, based on digital mean square error, has been developed. This criterion 
is appropriate for a digital transmission system because it can be related 
to the system error rate. 
A lower bound to the digital mean square error is first obtained by 

determining the theoretically optimum phase. A physical equalizer consists 
of a cascade of many (say N) constant resistance all-pass networks. For 
each of several different values of N, an optimization search over the 
parameters of the all-pass networks is then done. The smallest value of N 
which yields an error satisfactorily close to the lower bound is utilized for the 
optimum physical phase equalizer. 
The major benefits derived from using this technique as opposed to the 

conventional one are: 
(i) A significant reduction in the number of all pass sections required. 
(ii) More practical element values, facilitating network manufacture. 
(iii) A substantial improvement in system performance. 

I. INTRODUCTION 

Most information transmitted via telephone facilities today is sent 
over analog channels. It is anticipated, however, that future systems 
will be largely digital. New services such as Picture phone®  will be 
transmitted over toll facilities in a digital format. The Bell System will 
need to provide a significant digital capacity by the late 1970s. In spite 
of this emphasis on digital transmission, analog demands will be rapidly 
increasing for some time to come. The L-4 system, originally conceived 
to provide increased analog capacity, is now being equipped to transmit 

1531 
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in a digital mode as well. L-4 can therefore temporarily satisfy increasing 
analog and digital requirements. The eventual transition from analog 
to digital can be accomplished smoothly by apportioning analog and 
digital usage according to demand. Similarly, the L-5 system will be 
able to handle both analog and digital signals. Digital transmission 
on L-5 is expected to be available earlier than any purely digital system 
of comparable capacity. These systems with their dual capabilities 
promise to play an important role in the future of Bell System long-haul 
transmission. 
The scheme (Fig. 1) employed for transmitting digital information 

over L-4 and L-5 is pulse amplitude modulation. The sequence of input 
digits, { a , is used to scale translates (displaced by T seconds) of a 
given pulse shape. If these pulses do not overlap, then their amplitudes 
can be determined from samples of the received waveform (assuming 
noise free transmission) and the scale factors ascertained. Efficient use 
of channel capacity dictates simultaneous transmission of several 
signals, each confined to a specific bandwidth. The fulfillment of these 
bandwidth restrictions causes the transmitted pulses to overlap, and 
complicates the process of extracting the information digits. For band-
widths of greater than 1/2T (for single sideband), there exist a class of 
pulses, known as Nyquist pulses, which allow, at one point in each T 
second interval, for the extraction of an interference-free sample. 
Unfortunately, it is not possible to build filters to realize these pulse 
shapes exactly or to build sampling equipment with zero pulse widths. 
Consequently, one is left with an unavoidable amount of "intersymbol 
interference" such that the output sequence, {bk }, will not be an exact 
duplicate of the input sequence, {ak }. 
The filters have a second function no less important than pulse 

shaping, namely, to prevent serious interference between signals in 
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Fig. 1—Model for the digital communication system. [V(f) is the transfer charac-
teristic from 1 to 21 
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different bands. The filters must satisfy out-of-band rejection require-
ments as well as yield desirable pulse shapes. 
With traditional filter design techniques, phase distortion is not 

considered initially.* An amplitude characteristic, fulfilling out-of-band 
rejection requirements, is realized as closely to a Nyquist shape as 
possible. Then the phase is modified by means of a cascade of all-pass 
sections so as to minimize the "curve fit" mean squared difference 
(over the pertinent bandwidth) between the resulting delay and a 
constant delay. This method (of reducing curve fit mean squared error) 
was initially used in L-4 for the design of filters for digital transmission. 
The result proved to be unacceptable. The major difficulty with this 
procedure is the fact that the resultant phase distortion, as determined 
above, cannot be readily related to an error between an input symbol, 
ak , and the corresponding output, bk . That is, not all errors of equal 
size as measured by this criterion affect the digital error to the same 
extent. Any criterion which does relate to differences between the 
(a. I and the { bk} would necessarily consider both amplitude and phase 
simultaneously. The digital mean square error, to be defined in the next 
section, is a criterion which is appropriate for our purposes and is 
related to the differences between digital input and output. 
Although it was originally planned that the amplitude and phase 

equalization would be designed simultaneously, it was found to be 
advantageous not to do this initially. The problem becomes much more 
manageable by separating amplitude and phase designs into two inter-
acting parts. In some cases, it was possible to achieve satisfactory 
amplitude characteristics by traditional methods. For these cases, the 
problem becomes one of designing a realizable phase characteristic 
approximating the optimum phase (which depends on the amplitude 
and which is not necessarily linear). Therefore, the first new effort is 
the development of a new technique for phase equalization using a 
criterion relevant to digital transmission. 

II. DIGITAL MEAN SQUARE ERROR 

The digital mean square error, D k , of the kth digit is defined as the 
mean squared difference between the input, ak , and its corresponding 
output, bk 2.3 ; that is, 

D k ffl Ei(ak — bk)1  (1) 

* In his paper, "Synthesis of Pulse-Shaping Networks in the Time Domain," 
D. A. Spaulding does consider amplitude and phase simultaneously.1 
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where E { • ) denotes expectation with respect to the random variables 
ah and bk . lithe input sequence is wide-sense stationary and the channel 
is deterministic, conditions which we shall properly assume, then Dk is 
independent of k, and the subscript k will be dropped. 
It can be shown (see, for example, Ref. 4) that equation (1) can be 

written as 

D = mo f 31(f)V*(f) exp (j2r1r) 

T  I "(f —  exp E— j2r(f — f,) 1 — 2} df  (2) 

where 

V(f) is the transfer characteristic between points 1 and 2 of Fig. 1, 
T is a constant representing a delay in the sampling time, 
T is the pulse repetition time interval, 

and 
Mg) is a factor arising from the correlation between input digits akl. 

If we define 

PI, =  Eiakak+.I  p—n  (3) 

then, assuming convergence, we have for M(f), 

M(f) = E p„ exp (— j2711nT) = E mn cos 27d/2T  (4) 
n.0 

where we have defined 

and 

mn = 2p„ ,  n  O.  (5) 

The error, D, can be written in a more convenient form if we define 
an error term, e(f), as: 

e(f) =  —  exp [—j27(f —  — 1.  (6) 

Using equation (6) in equation (2) and noting the fact that the imaginary 
part of €(f) is odd, we can write D as: 

rii2T 
D = mo + T Agine(i) — 11[E*(1) + 11 df 

—1/2T 

1/2 T 

=  2T f  M(f) I e(f) 12 df 
o 

(7) 
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The function e(f) is a measure of intersymbol interference. If the 
pulse shape were Nyquist, E(f) would be zero. The term M(f), due to 
the correlation of the input digits, acts as a weighting function in the 
error expression. 
e(f) is determined from the transfer functions of the block diagrams 

in Fig. 1. We can take advantage of the linearity of the vestigial sideband 
system and, by translating appropriately, lump several filters together. 
We define, therefore, the frequency transfer function for the combination 
of the two low-pass filters as L(f), for the combination of two bandpass 
filters as B(f), and for the combination of the all-pass networks (that is, 
the phase equalizer) as A (f). The cable or analog system is represented 
by C(I). With this notation, we can write the baseband equivalent to 
the passband portion of the system as: 

11(0 = [MI  iàB(i  MC(f  exp (je) 

-I-  — f,-)B(f — f,)C(f — fc) exp (—je)] rect IT (8) 

where 

1  x I < 
rect (x)  '  (9) 

,  otherwise 

and where f, is the carrier frequency and 0 the phase offset (the difference 
in phase between the modulation and demodulation cosine functions). 
The overall transfer function becomes simply 

V(f) = L(f)H(f).  (10) 

In general L(f), B(f), and C(f) are not measured separately. Instead 
R(f) is measured where 

1 L(f — fe(f)C(f), 
R(f) = 

41  ± 1r)13WC(1)  

with the result that 

1 > 0 

1<0 

V(f) = T[R(f  f c)A(f  fc) exp (je) 

R(f — PA(' — f,) exp (—je)] rect (11) •  (12) 
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If we define Vi(f) as 

171(f)  exp (— j2rfr),  (13) 

where g is a scale factor, then e(f) becomes, in terms of Vi(f), 

e(f)  Vi(f —  — 1  (14) 

where the limits on the sum reflect the bandlimited nature of VU). 
Since we are initially concerning ourselves with phase equalization 

only, we want to consider R(1) as fixed and modify €(1) by our choice 
of A (f) where I A(f) J = 1. The optimum design for A(f) is considered 
next. 

III. OPTI MUM PHASE 

In order to obtain a lower performance bound to the optimum design 
of the phase equilizer, it is necessary to determine, for a given amplitude 
shape, the phase associated with the minimum error, D. For this 
purpose, once again consider the error term, 

E(f) = 
0,) 

exp ((1 —  — I 

where j(f) is the phase of V,(1). 

1 
Because  V,(f) is zero, for  I f I >  , then for O  f 

we have 

I E(f) 

V,(f) I exp (j0,(f)) 

= [I V1(f) I cos ei(f) + 

+ [I V a I sin eke) ± 

V, f —  exp (ii (f  ;)) 

2 

17 1(  1)1 f  COS 01 (1 —  —  11 

V 1 (f —  Sin 01 (f — 

(15) 

(16) 

Clearly, minimizing I E (I) 12 for each f minimizes D. Let us use the 
following shorthand notation 
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and 

and 

yielding an error 

X =  COS 01(1), 

y =  cos 1If LT 

V =  V i(f) 

=  

Then for f fixed we wish to minimize 

J(x, y) = (Vx -I- V Ty — 1)2 + [V(1 — x2) 

subject to the constraints 

lxj  1 and lyj  1. 

vr(1 - y2)12 (17) 

(18) 

Let P be the feasible region, that is, the set of points (x, y) which satisfy 
inequality (18). Let F be the interior of P. Since J(x, y) is differentiable 
in F, then the optimum point  g) is in F if and only if 

aJ(x, y) aJ(x, y) 
Ox  Ic  ay 

= 0. 
(e.;) 

(19) 

If (î, M lies on the boundary of P then equation (18) is not necessarily 
satisfied. 
We can now state the major result concisely as a theorem. 

Theorem: If 

V -I-  > 1 and IV — V I <1 

then (d,  F and L and g are determined by 

1 + (V -I- V T)(V — V T)  
— 

2V 

1 -I- (177  V)(VT — V)  
—  2V, 

J(, 9) = 0: 

however, if (20) is not satisfied then 

L=1,  = -1, if V  VT 

(20) 

(21) 

(22) 
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or 

= 1, g = 1, if V < V T.  (23) 

Proof: If  g) e F then equation (19) holds and solving for z and y we 
obtain equation (21). We must show that if inequality (20) holds, 
then equation (21) is consistent with (i, g) e F. In order to do this, 
we define « and à as: 

and 

(T =  V  +  V 

A = 1 — (V — V r). 

(24 ) 

(25) 

Now inequality (20) implies that u > 0 and 0 < à < 2. Therefore for 
a> 0 and 0 <  < 2 we must obtain the values of  and 1 such that 
I îI < 1 and I 0 I < 1. Using equations (24) and (25) in equation (21), 
we obtain for 

Since we have 

— 
1  (1 -I- cr)(1 — A) 

2 -I-  — A 

el  A 
= 1 

2 + a.  A 

O uà   < 2 + cr _ à <2, 

then g must be less than one. Similarly, we obtain 

1 — (1 ± cr)(1 —  a) 
— 

Cf ± 

= 1 — 
2— à  
1 + (A/u) 

Since the quantity 1  ,à/o• is greater than 1 and 0 < 2 — A < 2, then 
I 9 I < 1, proving that if inequality (20) is satisfied, then  û) e F. 
Substituting equation (21) into equation (17), we get 

J(11, i)) 

= [i V )(17 — VT)  — i(V  VT)(V — Vr) — 11' 

+ [(IV' — 1 — 2V 2 2V2r — (V2 —   
2 

(4-n — 1 + 2V2 — 2V2T — (V' — 174)211  0. 
2 

(26) 

(27) 

(28) 
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If inequality (20) is not satisfied, then the point (i,1)) is on the boundary. 
In order to minimize J(x, y) we must eliminate the second term in J; 
that is, we must have j î I = I 01 -= 1. If V  VT then x = 1, y = —1 
minimizes J; otherwise x = —1, y = 1 minimizes J. 
The optimum phases ei(f) and 40 — 1/T) are obtained from the 

equations 

= cos-1 x, 

and 

1\  — cos-1 y,  y > 0; 
—  =  (29) 

+ cos-1 y,  y < O. 

In this manner, the optimum phase is determined for all f for the base-
band signal Vi(f). Except in the Nyquist roll-off region, ck(f) is zero. In 
the demodulation step, there is a similar overlapping in the vestigial 
roll-off region and an identical procedure can be done provided the 
two roll-off regions do not overlap. If they do, then the process is nearly 
the same except that one must first determine, for the overlapping part 
of the vestigial region, a phase difference between the terms that add 
together after demodulation and then determine the phase of the base-
band waveform. The solutions are, in general, not unique. 

IV. REALIZABLE PHASE EQUALIZER 

The optimum phase, as specified in the previous section, can not be 
realized. For physical systems we are restricted to those phase charac-
teristics that can be achieved by cascading sections of constant resistance 
all-pass networks. A typical constant resistance all-pass network is shown 
in Fig. 2. Its transfer characteristic is 

E2/E1 = exP  , b.))  (30) 

where (Fig. 3) 

2  f „f  I3(f, f„ , bn) = 2 tan- _ 1.2) (31) 

Using N such all-pass networks yields an overall response A (f), such that 

A(i) = exP (—  1±1 OU, f,. , b.)).  (32) 

Substituting equation (32) into equation (12) and using measured 
characteristics for R(f), we obtain 17,(1), e(f) and, in turn, D in terms 
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of the b. and fa . The next step is the optimization search to choose the 
set of b.'s and f„'s to minimize D. 

V. THE MINIMIZATION OF D 

Since D is now seen to be a function of many parameters, it is more 
appropriately written as 

1/2 T 

D(f, b, r, g, 0) = 2T f  MU) I e(f, f, b, r, g, 0) 12 df  (33) 

where Vi(f) in equation (14) is equal to gV2(f) and 

V2(f) = [i R(f  f) I exP [i(4)(1  fc) —  + f. , f. , b,‘) + 0)] 

R(- 1 + fc) exp[—i(ef + f — E OH! + f. , In, b.) + 61 ) ] ] 
I 

• exp (j2rf r) rect  :  (34) 

g is a scale factor for V1(f); b and f are parameter vectors 

b, fi 

fl b  f  (35) 

b„ f„ 

and 45(f) is the phase of R(f). 
If we adopt the following inner product notation 

1/2 T e 

[ca, OWL. = 2T j  1ti(f)a(1)13*(1) di, 

then D can be concisely written as 

D(f, 13, rf 0'1 °)  =  [€(j, f , 13, r, gI O), E(Ip fp  gP 9)] M • 

(36) 

(37) 

We must first minimize D with respect to the gain, g, the delay, r, 
and phase offset, 0, before determining what changes to make in b and f. 
After changing b and f, we repeat the procedure by optimizing g, T, 
and 0, and then obtaining new b and f. After each iteration, we evaluate 
D and stop when D ceases to improve more than a predetermined 
amount. 
To ascertain the optimum value for g, we solve aD/ag -= 0 for g 
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and obtain 

Re {[«t i V2(f —  

g E t V2 (1 —  ;') a  a 1 1 172 (f e ) 131 

(38) 

g does depend on the phase of V2(f); however, if the roll-off region is 
narrow, g is relatively insensitive to it, especially when b and f are near 
their optimum values. We can, therefore, eliminate repeating the cal-
culation of g at each iteration by replacing V2(f) by I V2(f) I in equation 
(38) to obtain 

r 1 [ -,72(f _ , 
v4f — at, TT* — 

(39) 

which, since it is independent of phase, need be calcu ated only once. 
We shall take a similar approach for the evaluation of O. Optimization 

with respect to O would have to be done jointly with optimization with 
respect to r. This would enormously complicate the minimization of D, 
since it would have to be repeated at each iteration. Instead we can 
choose O as 

+ a(f. , f. b.) + 00 
re 1 

(40) 

where 00 can be chosen so that O is very close to its optimum value for 
the final set of b and f. Thus, as b and f improve, the value chosen for O 
approaches its optimum. Oa depends on R(f) and is determined from the 
optimum phase. 
With g and O fixed, the optimization with respect to 

simplified. r09 is a solution of the equation 

—aD = 2 Re  LU, f, b, r), af(f' f, b,  
a 7' 

T has been 

-= 2 Re [E(f, f, b, r),  j271-(1 — — #,)] -- 0.  (41) 
0  M 

An initial value of T is chosen as described below and 3D/Or is evaluated. 
If aD/or > 0, then r is decremented, or if ai m,- < 0, then r is incre-
mented, until aplar changes sign. Using the last two values of 3D/Or, 
we can employ the method of "false position" (regula falsi)5 to deter-
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mine a value of ap/ar < 10-8. The T yielding this value of aiwar is 
accepted as roe  . 

the initial value of r, is chosen to correspond to the best linear 
mean square error curve fit to the resulting baseband phase. Thus we 
have 

Ti =  -g/2r 

where 

E (tk - f)'I'(tk) 
k-1 

-  „ 

E (1k - t)2 
k= I 

1L(f) =  —  0(f, f. , b„)  , 

(42) 

and the fk are the discrete values of frequency between f = 0 and f =-
1/2T used in evaluating D by a finite sum. 
The minimization is done by a parameter search utilizing the Fletcher-

Powell algorithm." Since the effectiveness of the method depends on 
the accuracy with which the gradient is determined, it is particularly 
advantageous to use an analytic expression for its calculation. This 
expression is presented in Appendix A. 
The computer program to achieve the above minimization was written 

in its entirety by Mrs. Barbara E. Forman for the CDC 3300 and the 
IBM 360/75. 
Practical problems can arise in performing the parameter search. 

They are due mostly to the existance of many local minima. The 
Fletcher-Powell algorithm will approach a local minimum as readily as 
a global minimum. This difficulty is mitigated by three factors: (i) We 
have been able to determine, for a given amplitude characteristic, the 
theoretical phase which will yield the lowest value of D and thereby 
determine the practical utility of trying to find the global optimum—we 
have been able to find local minima which yield digital mean square 
errors insignificantly greater than the lower bound. (ii) We are able to 
specify the largest acceptable value of D. (iii) The parameter values at 
the global optimum may be impractical to realize by physical networks. 
The system error rate objective for L-4 and L-5 is that the probability 

of error (PE) be less than 10-8 per regenerative section. Walter E. Nonise 
has been able to relate aPE of le to a value of D of approximately 10-3. 
This relationship is not unique, but it is accurate to within a practically 
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acceptable tolerance. We set our requirement for the theoretical filter 
at D = 5 X 10-4 since the physical realization will result in a larger 
error. We will accept a larger D for the implemented filter provided its 
value for D is reasonably close to this. If a minimization design yields 
a value of D near the lower bound and below the requirement, it is of 
no serious consequence that we do not achieve the global minimum. 
Since our design is based on a mathematical description of the network, 
it is important, however, that the parameter values be such that the 
physical realization approximates closely its mathematical representa-
tion. It is possible for a local optimum in a favorable parameter region 
to produce a better result than the global optimum in an unfavorable 
region due to attendant amplitude distortion and problems in its 
manufacture. 

VI. COMPARISON OF DESIGNS 

The data available from the L-4 system affords an opportunity to 
compare the conventional techniques of phase equalization with our 
method. The digital sequences on the system will be encoded in a partial 
response' format which yields an M(f) of MCI) = 4 sin' 474T. The 
amplitude characteristic of the cascade of filters for digital transmission 
is shown in Fig. 4. By conventional methods of phase equalization, 
20 all-pass sections were designed to reduce the phase deviation (devia-
tion from linear phase, see Appendix B) to the "best achievable" level 
across the entire bandwidth. The theoretical performance of the 20-
section equalizer (which does not consider the amplitude distortion of 
the phase equalizer) yields a phase deviation as shown in Fig. 5 and a 
digital mean square error of 1.45 X 10-4. The "b" parameters (a 
measure of the steepness of the slope of the phase characteristics of an 
all-pass section, see Fig. 3) of several all-pass sections had values well 
above 25, the highest being 34.39. Values of b above 25 are undesirable 
for purposes of manufacture. The actual phase deviation as measure 
by J. S. Ronne is shown in Fig. 6 and yields an error of 1.05 X 10-2. 
An optimum phase deviation for the system, as determined by the 

method described in an earlier section, is shown in Fig. 7 and yields a 
digital mean square error of 5.69 X 10-5. If the phase had been exactly 
linear, the error would be 7.52 X 10-5. Our program will attempt to 
achieve the optimum phase. 
We must first determine the number of sections necessary to yield an 

acceptable error. In Fig. 8, the error, D, for the optimum design is 
plotted as a function of the number of all-pass sections. The curve shows 
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Fig. 4—Amplitude characteristics of cascade of filters. 
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that one obtains diminishing returns after 10 sections and that these 
10 sections have a theoretical error (1.41 X 101 less than that of the 
original 20-section design. Taking into account the reduced amplitude 
distortion in realizing 10 sections as opposed to 20 sections, and a 
minimal theoretical improvement in going from 10 to 20, we would, in 
all likelihood, achieve better performance from the optimum 10-section 
_ design than from the optimum 20-section design. A comparison of 
calculated amplitude distortions is presented in Fig. 9. It indicates that 
it is very desirable to use as few sections as is possible. 
The optimum 10-section phase equalizer (all of whose b parameters 
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Fig. 5—Theoretical phase deviation of original 20-section design. 
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TABLE I—THE DIGITAL MEAN SQUARE ERROR FOR THE Two PHASE 
EQUALIZER DESIGNS 

Theoretical Measured 

Original Design 
(20 Sections) 

1.45 X 10-4 1.05 X 10-2 

New Design 
(10 Sections) 

1.41 X 10-4 1.99 X 10—a 

were equal to about 20) was built and tested. The phase deviation of 
the theoretical design is shown in Fig. 10 with a corresponding error 
of 1.41 X 10', while the phase deviations determined from the 
measurements of J. S. Ronne are shown in Fig. 11. This corresponds to 
an error of 1.99 X 10-8. Table I summarizes the results. 
A P E test was made on both the 10-section and 20-section designs at 

lo-8 

10-6  

lo-g 
28 

LOWER 
BOUND 

20 SECTION 
PHASE EQUALIZER 

10 SECTION 
— OPTIMUM 

PHASE EQUALIZER 

3 dB  

I  I  t  I  
30  32  34  36  38 
S/N RATIO IN DECIBELS 

40 

Fig. 12—PE vs S/N for the 10- and 20-section phase equalizers. 
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a signal-to-noise (S/N) ratio of 40 dB. The error rate of the 20-section 
was 2000 times that of the 10-section. The two designs were also tested 
under the circumstances in which they would be used. Attached to the 
system is an adaptive equalizer which automatically adjusts to partly 
compensate for distortions in the system. The PR of both designs were 
taken as a function of S/N, with the adaptive equalizer included, and the 
results are presented in Fig. 12. These measurements indicate that 
the new design yields 3 dB more S/N margin at PR =  10-s than the 
previous design. The lower bound on PE obtained from additive noise 
considerations (assuming a Nyquist pulse shape) by F. S. Hill" indicates 
that there is little room for additional improvement through manipula-
tion of the pulse shape. 
The advantages of the new design can be summarized as follows: 

(i) it is less expensive (fewer sections), (ii) it is easier to manufacture, 
and, (iii) most importantly, it yields better performance. 

VII. CONCLUSIONS 

The use of the digital mean square error, D, as a design criterion has 
proved to be of significant value in the design of the phase equalization 
for the transmission of digital information over the L-4 channel. Further 
studies indicate that comparable advantages exist in applying this 
technique to L-5 and other L-4 network designs. The use of the digital 
mean square error criterion is not limited to the phase equalization 
described here. Not mentioned above, but necessary, is amplitude 
equalization to compensate for the amplitude distortion introduced by 
the physical filters and all-pass sections. The design of this equalization 
is done optimally using the same techniques. 
With conventional techniques, the design of the band limiting filters 

considers amplitude characteristics alone. The passband of these filters 
should be designed to minimize D, in which case both the amplitude and 
phase influence the result. The next step, therefore, is the jointly opti-
mum design of these filters, together with equalization, on a digital 
mean square error basis. 
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APPENDIX A 

The Gradient 

The error D can be written 
1/2 T 

D(f , b)  2T f  M(f) I e(f , f, b) 12 df  (43) 

where, for the band limited V(.0[ I VU) I = 0, If I > 1/T)] 

E(j) V a Vi(f —  — 1 

and 

(44) 

vi(f)  + fà I exP[i(1)(1 + f) — E ,3(f + L, f „ , b„)  ° ) ] 

+  R (  +  M  I 

• e X P  [  +  — E i 0(— f + L, f,. ,  + 0)1} n= 

- exp (j2wir) rect (14) • 

The gradient G is 

G 

aD 
ab, 

ap 
ab, 

al) 
abN 

ap 
of, 

alp 
af N 

(45) 
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where 

ap  1,2r  -{  avl(f —   df, 
i,)1} 

4T f  (I) Re eutavix(f)  
ab. ob. 

ap  inp  avg(f _  
73T = 47'  mil) Re  i€ 43Vt(f)  f o  af,,  af. 

and 

11= g exp u27rf  7-) 

Tri 
al. 

df, 

R(f + f.) j exP (i{gs(f  f.) —  

- PU + fe ,f,, bo) — S(f. f. , b.)] + 00}) 

— f.(f + f.)[(1 + f.)2 — g]  f.f.(g — g)   

[fn(! + f.)]2 +  — (f +  (f.f.)2 [12. — f!l2 

bo(f +  +  + f.)21  e)   

[f.(f + f.)]2 + 12;  —  + f.)212 (f.f,)2 +  [g — n]2 

+ I R(-- f.) I exP (- 40(- 1 + f,)  

- f [P(- 1 + f.  , bo)  S(f, f,, b.)] + 4) 

f.(— f + f.)[(- 1 + f.)2 — g] fi e — g) 

(46) 

[1„(— f + f.)]2 +  — (— f + f.)12 (f .f.)2 +  — 
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APPENDIX B 

Phase Deviation 

The phase deviation is defined as the deviation of the phase from the 
linear phase which best (in a mean square error sense) fits the phase. 
Therefore, if tP(f) is the phase and af  b is the best linear fit between 

fi and 12 then the phase deviation OD is 

= e(j) — (af  b) 

where 

a 

and 

rt.  \ rf. 

.11‘ NO  — f2  fi  (fr eu) df)Ur. f df) 

df  

1  ( ff. f 2 
12-11 

b —  [f  V.(1) di — af  di] • 
f, 

J2  J1  .11 

Discretizing the above equations, we obtain 

me(in)  ("f  ) fk)(kf «fk) k=k1  k=kt   

a — 

kl +n 
E 

(kÉn 11)1 

kl+n 
E o(lk) — a E fk 

b —  k=k1  

where fk, = 11,1k , = 12 and 

=  — 
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A Unified Formulation of Segment 
Companding Laws and Synthesis 

of Codees and Digital 
Compandors 

By H. KANEKO 

(Manuscript received April 2, 1970) 

Segment companding laws are being considered for use in PCM to 
cater to the possibility of digital processing of uniformly quantized signals. 
A unified formulation of the segment companding laws is presented, 
which permits the detailed structure of quantization to be explicitly charac-
terized. Most important, it is shown that this formulation yields algorithms 
for the systematic synthesis of coders, decoders, and digital compandors. 
Examples of circuits synthesized from the algorithms are shown for two 
segment law companding families —the it-law and the A-law. 

I. INTRODUCTION 

Instantaneous companding of PCM is used to maintain a reasonably 
constant signal to quantizing noise ratio for a wide dynamic range of the 
input voice signal. A logarithmic "4-1aw" is a typical "smooth" input/ 
output transfer characteristic that has been approximated in the Dl 
channel bank realized by a diode compandor." In contrast to the 
smooth law, segment type companding laws, which are piecewise linear 

approximations to the continuous laws, have also been considered. In 
early experimental PCM systems a segment law was used primarily 
to avoid implementation difficulties associated with tracking of diode 
compandors." However, since the mid-sixties segment laws have been 
reconsidered from the view point of digital linearization to cater to the 
possibility of digital processing in an integrated digital network. Two of 
the segment law families have been stressed—the 13-segment A-law,'" 
and the 15-segment ti-law used in the D2 channel bank.' 
The major advantage of the segment laws resides in the digital 

linearization feature, through which digital processing such as digital 

1555 
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filtering, conferencing, net loss adjustment, echo suppression, equaliza-
tion, compancling law conversion, and so on, can be performed effi-
ciently.' Also, it has been argued that the segment laws, being well de-
fined laws, should readily permit an international interconnection on a 
digital basis. However, the defining features of the segment laws have 
not been clearly drawn. 
Many attempts have been made to characterize a particular law 

by table-look-up, by a set of equations, or by forming algorithms," 
but important parameters defining the particular law have not been 
delineated. What is most important, the lack of an explicit expression 
for the family of segment laws has produced difficulty in the under-
standing and design of codees and digital compandors. 
In this paper a unified formulation is presented, which leads to the 

systematic synthesis of codees and digital compandors for the binary 
code.* In the second section, starting from conventional concepts of the 
A-law and the A-law, we derive expressions for the decoder output level. 
Output levels are given in terms of a standard form with segment edge 
parameter a and centering parameter c. Coder decision levels may also 
be expressed by the same formulation with the addition of the coding 
parameter b, thus completely specifying the companding law. This 
approach avoids table-look-up. Relations between the step size, effec-
tive coder input, transfer gain, and other parameters of the law are 
derived. 
In the third section, we show that this formulation is directly 

related to the codec circuit implementation, and these circuits can be 
synthesized in a systematic and straightforward manner. Unipolar de-
coders are first synthesized from the formulation, and the synthesis is 
extended to bipolar decoders including the sign bit. We also show 
that the coding parameter b is related to the design of logic in a se-
quential comparison coder. 
Digital compandors can also be synthesized by using the same formu-

lation. In the fourth section we display digital expansion and com-
pression algorithms, and compandor circuits synthesized therefrom. 
At Bell Telephone Laboratories, pioneering studies on digital corn-
pandors have been made by T. P. Stanley, M. R. Aaron and D. G. 
Messerschmitt in unpublished memoranda. W. L. Montgomery has also 
done work in this area.' The synthesis technique developed here serves 
to unify these separate works, and makes it possible to design the 
circuits in a systematic way. 

* Extension to arbitrary bases follows in a straightforward manner and will 
not be considered. 
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II. FORMULATION OF SEGMENT LAWS 

2.1 Definition of Variables 

Suppose that a digital compressed code X is composed of m binary 
digits called "characteristic bits" representing the segment number L, 
and n binary digits called "mantissa bits" representing the quantizing 
step V in a segment, as shown in Fig. 1. The total number M of seg-
ments in one polarity is equal to 2m, and the total number N of quantiz-
ing steps within a segment is equal to 2. Then the digital representation 
of the compressed signal X is expressed in terms of L and V, as 

X(L, V) = V + N•L  (1) 

or 

V = X mod N 

R OUTPUT LE 

0  I • • • •(N-I) o  1.• • • (N-I) o  l• • • •(N---1) 

STEP NUMBER V IN SEGMENT 

I I  I  I 1  I  I  
0 i  N N+1  . 2N 2N+1 

COMPRESSED SIGNAL X 

o 

3N • • • 

Fig. 1—Segment companding laws—standard form. 



1558 THE BELL SYSTEM TECHNICAL JOURNAL, SEPTEMBER 19 » 

where X, L and V are defined in the regions as 

X = digital compressed signal E f0, 1, • • • , MN — 11, 
L = segment number E (0, 1, - • • , M —  and  (2) 
V = step number within a segment EIO, 1, • • • , N — 11. 

The definition of X, L and V beginning from "0" permits a consistent 
algebraic treatment and yields a straightforward circuit design. 
If we denote the decoder output level by yo , then it is a function of 

the digital compressed signal and yo = yo(X) = yo(L, V). The quantiz-
ing step size is then given by the difference of two adjacent output levels, 
and is 

z0(L)  yo(L, V -F 1) — yo(L, V), 

yo(L -F 1, 0) — yo(L, N — 1), 

V  N — 1} 
(3) 

V = N — 1 

where 4!,(L) is the step size at the segment edge. Within a segment the 
step size L0(L) is constant and independent of V. 

2.2 Definition of the Segment p-law 

We will define the segment p-law and derive an expression for an 
output level as a function of L and V. The "so-called" segment g-law 
should satisfy the following: 

(i) Except for the segment edges, the ratio of the step sizes of the 
adjacent segments is equal to 2; that is, 

ào(L + 1) 
ic,o(L)  —2,  LE f0,1, • • • , M — 21,  (4) 

(ii) Yo(0, 0) = e  (centering),  (5) 

(iii) ào(0) = 1  (normalization).  (6) 

Solving the difference equation (4) subject to equations (3), (5) and (6), 
we have 

yo(L, V) = 2L(V-I- N-Fa) — N —a-Fc 

= f „(L, V -I- a) — a + c  (7) 

for an arbitrary real a, where f „(L, V) is the standard form of the seg-
ment ,-law, and is 

f„(L, V)  2L(V  N) — N.  (8) 

The standard form is interpreted in the following way. If we take a 
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continuous variable y such that 

y E [0, N] 

then f(L, y) represents a continuous segment y-law as shown in Fig. 1. 
The continuous segment ¡L-law f y) is a set of segment lines whose 
segment edges f „(L, N) = f„(1, + 1, 0) satisfy the so called µ-lawl for 
x = LN v, namely: 

x  log (1 + ,t2 y 1E2 ) 
E, —  log (1 + y) 

for normalization constants E, = MN, .E2 = N(2" — 1), and g = 
2" — 1. In other words, the continuous standard form gives an exact 
"chord type" approximation to the smooth µ-law. On this continuous 
segment law the discrete point V should be defined as the truncation of v. 
The output level (7) is then the modified version of the standard 

form with parameters a and c, and it constitutes a class of "g-like" 
laws. The centering parameter c determines the origin, and the edge 
effect parameter a describes the discontinuity of step size at the seg-
ment edges. The continuous segment law varies with parameter a as 
shown in Fig. 2, and produces discontinuities at the segment edges. 

2.3 Extension to the Segment A-law 

To obtain the segment A-law,5 we replace the condition (i) by 

OUTPUT LEVEL,
 

yo 

o 
COMPRESSED  SIGNAL, r 

Fig. 2—Effect of segment edge parameter a: Curve 1—a > 1; Curve 2—a 
and Curve 3—a < O. 

(9) 
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(i)' Except for the segment edges the ratio of the step size of the 
adjacent segments is 

Ao(L + 1) .11, A  L = 0, 
o(L)   

2,  L E 11, 2, • • • ', ./1/ — 21. 

This implies that the 0th and 1st segments constitute a long colinear 
segment and the step size ratio of the adjacent segments elsewhere is 
equal to 2. Then solving equation (10) subject to equations (3), (5) 
and (6) we have 

(10) 

yo(L, V) = f A(L, V + a) — a -I- c  (11) 

where f A(L, V) is the standard form of the segment A-law and is 

fA(L, V) -= 
(VV N), 

L = 0, 

L  O. 
(12) 

Note that equation (11) is identical with equation (7) for the s-law, 
and the output level for the A-law is characterized by the standard 
form f 4(L, V) in equation (12). 
As in the 1.t-law case, where a discrete V is replaced by a continuous 

variable y E [0, N] in the standard form f (L, V), a "chord type" approxi-
mation to the so called A-law is obtained. The A-law has been de-
fined as6'9 

A (Y/E4)  
1 ± logic A ' 

1 -I- log, (Ay/41 
1 + logK A  ' 

for K = 2, A -= 128,* E 3 = MN, and E, = 
Expression (11) applies for any type of segment companding law if 

the standard form fA(L, v) is appropriately defined to yield a continuous 
piece-wise linear approximation to a continuous curve. 

E [0, E 4/ A] 

y E [E4/A,E4] 

(13) 

2.4 Decision Levels 

In the foregoing we have concentrated on the decoder output level 
because the level of primary importance in companding is the output 
level. The coder decision level should then be determined to yield an 
appropriate range of the input signal corresponding to that output level. 

* The parameter values A = 87.6, K = e (base of natural logarithms) are often 
used. 6 However, to be consistent with a "chord type" approximation, K = 2 and 
4 = 128 are used here, 
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First, the decoder output level should be a good representative of the 
signal range between two adjacent decision levels. It has been shown 
elsewhere that for a given set of output levels the locally optimum 
decision levels, which minimize the mean squared error, should lie 
halfway between two adjacent output levels irrespective of the input 
signal distribution.10 This can be achieved, except at the segment 
edges, by shifting the output level a half step up or down in the com-
pressed signal domain; that is, the decision level is 

yd(L, V)  yo(L, V ± b)  (14) 

where b is the coding parameter and takes on the values +0.5 or —0.5. 
When b = +0.5, yd(L, V) gives the upper bound of the input range 
corresponding to X(L, V); when b = —0.5, it corresponds to the 
lower bound. The coder decision level ya implies that an analog input y 
is encoded into X(L, V) if 

yd(X — 1 I b = +0.5) y < yd(X I b = +0.5)  (15) 

for the upper bound approach (b = +0.5), and if 

yd(X I b = —0.5) y < yd(X ± 1 I b = —0.5)  (16) 

for the lower bound approach (b = —0.5). In general, these two ap-
proaches are identical at all points except at segment edges. Now, for 
any points including segment edges, it can be shown (Appendix A) 
that the two approaches coincide if and only if the edge effect parameter 
a is equal to 0.5. As we will see in Section 3.4, the coding parameter 
b is closely related to the binary coding logic in a sequential comparison 
coder. 

2.5 Code Transfer Characteristics 

The decoder output level and the coder decision level have been 
defined. Now, the characteristic from the coder input to the decoder 
output as shown in Fig. 3 can be expressed explicitly by two equations 
with the auxiliary variables L, V and the parameters a, b and c; that is, 

yo(L, V) = f(L, V + a) — a ± c 
(17) 

yd(L, V) = f(L, V ± a + b) — a ± c 

where f(L, V) is the standard form defined by equation (8) for the 
and equation (12) for the A-law. These equations characterize 

the precise quantization structures. 
The centering parameter c is 0 or 0.5, and when it is 0 the transfer 
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characteristic at the origin is "mid-tread" as shown in Fig. 3a. When 
c = 0.5, it is "mid-riser" as shown in Fig. 3b. 
To show the effect of the parameter a, a few examples of the transfer 

curves are shown in Fig. 4 for N =- 4 and mid-tread operation (c = 0). 
As mentioned before, when a = 0.5, the transfer curves for b = +0.5 
and —0.5 are identical except for a shift in the numbering of X(L, V). 

2.6 Step Sizes 

The step sizes of the output levels and the decision levels are given, 
except for the segment edges, by 

Are) = yo(L, V + 1) — yo(L, V)1 
V 0 N — 1  (18) 

•Cld(L) = Yd(L, V + 1) — y(L, V) 

and the corresponding step sizes at the segment edges are given by 

(L) = yo(L + 1, 0) — yo(L, N — 1),} 

AXL) = Yd('-' + 1, 0) — yd(L, N — 1). 

It is easily shown that for non-edge points 

Ao(L) = Ad(L) = 2̀ 

(19) 

(20) 

for the g-law. However, for the edge points the step size is given by 

= f(L + 1, a) — f(L, N — 1 + a) = Ao(L) • (1 + a) ,1 

= f(L + 1, a + b) — f(L, N — 1 + a + b)  (21) 

= 3.,(L) • (1 + a + 

Step sizes at the segment edges are depicted in Fig. 5 with respect to a. 

o 

F- 2 
a. 

o 

(0) 

1  2  3  4 0  1  2 
INPUT lj  INPUT y 

Fig. 3—Effect of centering parameter c, (a) mid-tread (c = 0), and (b) mid-riser 
(c = 0.5). 
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(a) 

V=3 

L=0 

4 

INPUT y 
6 

=1 

o 

6 

o 
3. 

(b) 

H 
D 4 
ci  V=-3 
1— 
n 
0 

2 

oo 

(c) 

4 

INPUT y 

Fig. 4—Transfer staircases with N = 4 and mid-tread for (a) RLA (a us 0, b = 0.5), 
(b) DLA (a = 0.5, b = 0.5), and (c) RLA (a = 1, b = —0.5). 

For the A-law, equation (20) is modified to 

àom = Id(L) = i 1' L = 0, 

L  0, 

and relation (21) applies for the A-law on the understanding that the 
"segment edges" exclude the colinear segment edge between 0th and 1st. 

2.7 Effective Coder Input 

Now, we will define an effective coder input g(L„ V) such that §(L, V) 
is the statistical average of the input signal between two adjacent 
decision levels. If we assume that the input is uniformly distributed 
between two adjacent decision levels, then gr., To is equal to their 
average as shown below. For b = +0.5 (upper bound case) 

gr„ To = {Ey,,(L, V — 1) -1- Ye, TO], 

Eye - 1, N — 1) ± yd(L, 0)], 
V  0, 

V -= 0 (edge). 
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2.5 

-1 2.0 

cs• 1.5 

Ili  1.0 

471 

0.5 

o 
0.5  10 

SEGMENT EDGE PARAMETER, a 

Fig. 5—Step size ratio at the segment edges relative to the lower segment step 
size: Curve 1—output level; Curve 2—decision level (b = 0.5); and Curve 3— 
decision level (b = —0.5). 

For b = —0.5 (lower bound case) 

g(L, V) = ii[Yd(L, V) + yd(L, V + 1)],  V 0 N — 1, 

i[yd(L, N — 1) + yd(L -I- 1, 0)],  V = N — 1 (edge). 

Except for the edge points, we have 

g(L, -v) = yo(L, V)  (22) 

and this is a direct consequence of our definition of yd in equation (14). 
At the segment edges (14, , V,), it can be shown that 

g(L. , V.) = yo(L, , V,) — Po(L)•b. (a — 0.5)  (23) 

where edge point means 

(L, , V,) =  ± 1,0) when b = +0.5, 

(L, N — 1) when b = —0.5. 

Therefore, except for the segment edges the transfer gain from the 
effective coder input to the decoder output is unity. At these segment 
edges, if we define the tracking error E, which is the deviation from 
unity of the transfer gain from the effective coder input g to the decoder 
output yo , then E is 

(24) 
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e  1 — 17/Yo 

Ao(L)  
b• (a — 0.5), at segment edges 

1  yo 

0,  elsewhere. 

The ratio e/(Ao/yo) is the gain error relative to the step size, and is 
depicted in Fig. 6, where it is seen that the tracking error is zero over 
the entire input range if and only if a = 0.5. 

(25) 

2.8 Relation Between Parameters 

In Section 2.4 it was noted that for a given output level the locally 
optimal (minimum mean squared error) decision level is half way be-
tween adjacent output levels." It can be shown that this optimality 
condition is satisfied for any X including segment edges, if and only 
if a + b = 0.5, which mean.s a = 0 for b = 0.5, or a = 1 for b = —0.5. 
Since optimal placement is made from the given output level, this is 
called "Reconstruction (or Output) Level Assignment" (RLA).8 
On the other hand, for given decision levels, assuming the uniform 

distribution of the input in each quantization step, the locally optimal 
(minimum mean squared error) placement of the output levels lies 
halfway between adjacent decision levels.' It can also be proven that 
this condition is satisfied for any point X including segment edges, if 
and only if a = 0.5, irrespective of b = ±0.5. Since the optimal ap-
proach is based on the given decision levels, this is called "Decision 
Level Assignment" (DLA).8 Proof of the above statements is given in 
Appendix B. 

b=+ — 
2 

05  1 0 
SEGMENT EDGE PARAMETER, a 

Fig. 6—Tracking error at the segment edges. 
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As shown previously, when a = 0.5 (DLA) the effective tracking 
error is zero for all inputs, and the upper and the lower bound ap-
proaches give identical coding. Furthermore, as will be seen later, the 
digital compression algorithm and circuits are simpler in DLA than 
in RLA. The D2 channel bank has been designed according to DLA. 
Hereafter, our attention is mainly focused on DLA, although the 
analysis is easily generalized to include other cases. 
When .114. = 8, the segment ¡-law is generally referred to as the 

"15-segment ¿-law" including negative segments. In contrast, the 
segment A-law with M = 8 is called the "13-segment A-law." In 
Table I the output levels and the step sizes are listed for the 8-bit 
(including sign bit) 15-segment ¿-law and 13-segment A-law. The 
maximum and minimum output levels are shown in Table II for ready 
reference. 
Quantizing noise, as calculated for the Laplacian (negative expo-

nential) distributed speech input yi„ ,yields the output signal to quantiz-
ing noise ratio shown in Fig. 7. Signal and noise are defined in a band 
of width equal to half the sampling rate. The average transfer gain (G) 
is chosen so as to minimize the quantizing noise, and is given by 
E[y,„•yo]/E[e,„]. The idle channel noise, calculated for a zero-mean 
gaussian input noise, is simply ICN = E[y] and is shown in Fig. 7. 
The centering parameter e is important in the small signal range as is 

TABLE 1—OUTPUT LEVEL STEP SIZES FOR 771 = 3 AND 72 = 4 

segment 
number 

µ-law A-law 

non-
edge 
Ao(L) 

edge points 

a = O a = 0.5 a = 1 

non-
edge 
Ao(L) 

edge points 
.à01(L) 

a = 0 a = 0.5  a = 1 

O 

1 

2 

3 

4 

5 

6 

7 

1 

2 

4 

8 

16 

32 

64 

128 

1  1.5  2 

2  3  4 

4  6  8 

8  12  16 

16  24  32 

32  48  64 

64  96  128 

1 

1 

2 

4 

8 

16 

32 

64 

1  1  1 

1  1.5  2 

2  3  4 

4  6  8 

8  12  16 

16  24  32 

32  48  64 
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TABLE II— M AXIMITM AND M INIMUM OF OUTPUT LEVELS FOR 77Z = 3 

AND n --- 4 

mid-tread (c = 0) mid-riser (c = 0.5) 

a = 0 a = 0.5 a = 1 a = 0 a = 0.5 a = 1 

m-law 
Yo(0,0) 0 0 0 0.5 0.5 0.5 

yo(7,15) 3952 4015.5 4079 3952.5 4016 4079.5 

Yo(0,0) 0 0 0 0.5 0.5 0.5 
A-law 

ye7, 15) 1984 2015.5 2047 1984.5 2018 2047.5 

0 
.¡ 
0 t3) 

o  

< 
cc 

-1 ji Z 

40 

Ui 

O 

30 z 

O 

rr 

20 0 
O 

O 

N 

10 z 
7 
Cr 
0 

(7) 
80  70  60  50  40  30  20  10 

INPUT LEVEL IN  DECIBELS  BELO W  FULL  LOAD  SINUSOID 

Fig. 7—Average gain, signal-to-noise ratio, and idle channel noise for DLA with 
m = 3 and n = 4: Curve 1—p-law, mid-tread (c = 0); Curve 2--law, mid-riser 
(c = 0.5); Curve 3—A-law, mid-tread (c = 0); and Curve 4—mid-riser (c = 0.5). 
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well known, and it affects center clipping and idle channel noise. The 
effect of a on the signal quality is very small. The signal-to-noise ratio 
relative to the S/N for DLA case (curve 1 in Fig. 7) and the average 
gain are shown in Figs. 8a and b as curves 1 and 2 for the two RIJA 
cases. The small difference (±0.14 dB) in S/N in the lower signal range 
is due to the difference in overload levels. However, if there is a mis-
tracking such that the signal is encoded with a, = 0.5 and decoded 
with a2 = 1, the mismatch results in distortion and net loss variation. 
The penalty in the signal-to-noise ratio and the change in average gain 
are shown as curve 3 in Figs. 8a and b. Although the penalties are 
very small, the net loss variation barely meets toll quality requirement, 
and accumulated impairment in multi-link digital conversions would 
be intolerable. Therefore, the mixed use of DLA and RLA is to be 
avoided. 

2.9 General Formulation 

To summarize this section we give a general expression which is 
conveniently used hereafter in the synthesis of codees and digital 
compandors. From equations (7), (8), (12) and (14) the general ex-
pression can be written as 

y(L, V) = à(L) • (V + P) — Q 

where for the segment s-laws 

o 
r-
do, w - , 

> tri 

Z <  - 
_ j  u 

w 
cc w ce 

z 
D 

0Z  1 

1 

— 
< 
w 
ID 

w 0 
< cr ° 
> z 

—1 
80  70  60  50  40  30  20  10 

INPUT LEVEL IN DECIBELS BELOW FULL LOAD SINUSOID 

(26) 

2 
(a) 

1,2 

3 

3 

1,2 

(b) 

Fig. 8—Effects of parameters on S/N and average gain for µ-law with m = 3 and 
n = 4: Curve 1—RLA (a = 0, b = 0.5); Curve 2—RLA (a = 1, b = —0.5); and 
Curve 3—mistracking case coded by DLA and decoded by RLA (a = 1). 
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à(L) = ao(L) =  =21 ST 

P = N ± a ± b, 

Q = N ± a — C. 

(27) 

Equation (26) can represent either the output level by equating b to 0 
or the decision level with b = ±0.5. For the segment A-laws, expression 
(27) is replaced by 

1 
P= N•n +a  b, 

Q = a — c, 

where 

= -110,  L = 0, 

L  O. 

III. SYNTHESIS OF CODECS 

(28) 

3.1 Synthesis of Unipolar Decoder 

In this section, we show that the representation of the output level 
and the decision level by equation (26) leads directly to the implementa-
tion of the decoder. In the following, attention will be focused mainly 
on the segment p-law. Extension to the A-law is readily accomplished 
by similar procedures. 
Equation (26) given by 

y(L, V) = à(L)• (V + P) — Q 

I is clearly interpreted as adding bias P to V, amplifying it by A(L), 
and subtracting bias Q from this result, thus obtaining the decoder 
output y(L, V). 
Let us represent the nonlinear code X by an (m  n) bit binary 

sequence (except for the sign bit ec,), ei E 10, 11, 

X , e2 , • " , e„, ,  , " • , e,„+.1 

ne+tt 

= E  (29) 
i 
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Then, 

L =  , e2 , • • • , en,} = 

V =  n e„,.1 y  "  e rn+n  =  

E  , 

E 

From equation (27), ,à(L) can be written as 

Am= 2L =II t2(2-- )̀11‘ 

(30) 

(31) 

and is realized by a cascade of switched amplifiers (or attenuators) 
whose gain is switched between 2(2-  -̀) and 1 according to the digit 
ei = 1 or 0, respectively. Likewise, V in equation (30) is obtained 
directly from a uniform decoder of any of the known forms" operated 
by 1e„,,, , e,,,+2 , • • • , en„.„1• 
An example of the g-law decoder is shown in Fig. 9a. Biases P and 

Q are given by (N + a + b) and (N -I- a — c), respectively. The decoder 
output is either the decoder output level yo(L, V) by replacing b = 
in P, or the coder decision level yd(L, V) by choosing b  ±0.5. 
The decoder circuit for the segment A-law is synthesized in the same 

way using equation (28), and is shown in Fig. 9b. 

3.2 Consideration of the Sign Bit 

In the preceding, the sign bit e0 has been excluded from considera-
tion. In practical cases it is desirable to use a bipolar decoder to cover 
the whole positive and negative signal ranges. We will give alternative 
representations of the decoder output in terms of the signed input 
codes. First, assume that the output level is symmetric with respect 
to the 0-level line.* Suppose that the sign bit e0 is equal to 0 for the 
positive signal region, and 1 for negative region. If we define 

ao = 1 — 2e0 G 1+1, —11,  (32) 

then from equation (26) the bipolar decoder output is given by 

y(L, V) = ao(11(L).(V  P) — Q  (33) 

= A(L) 4. V + ceoP1 — ce0Q.  (34) 

If we look at the binary representation of aoV = { eo , e.,., ,  
• • • , e„,,„} as in equation (30), the so-called "sign and magnitude" 

* This implies that in the mid-tread case the "0" output level is shared between 
the positive "0" and the negative "0". 
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Q= N+cL-c 

MANTISSA BITS V 

e,  ea e5 

î 
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+P 

BIAS P 

(a) 

(b) 

CHARACTERISTIC errs L 

 • 

—Q 

e2 

xI.54 

SWITCHED AMPLIFIER 

A(L) 

CHARACTERISTIC BITS L 

e3  e2 el\ 

SWITCHED AMPLIFIER 

A(L) 

BIAS (-0) 

Fig. 9—Synthesis of segment law decoders (m = 3, n = 4): (a) 15-segment p-law 
and (b) 13-segment A-law. 

or "folded binary" representation results. Another representation often 
used in computer arithmetic is the "I's complement" code.12 If we 
denote the l's complement code by 

V' =  ,e,+2 , • • • ,  = E 2"—in-Ei 

then V' is related to positive V by 

cgoV = V' — eo(N — 1)  (35) 

and also 

=  C) eo mod 2.  (36) 
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Therefore, equation (34) can be expressed in terms of V' and 

y(L, V) = A(L){ V' — eo(N — 1) + aoPj — 010Q.  (37) 

Note that the modification in the representation applies only to the 
mantissa bits V, and the characteristics bits L should remain unchanged. 

3.3 Synthesis of Bipolar Decoder 

We can synthesize the bipolar decoder circuits according to the 
two alternative representations (33) and (37).* 

(i) Sign-and-magnitude (folded binary)—The "sign and magnitude" 
decoder according to equation (35) is obtained by inverting the decoder 
output of the unipolar decoder, or by inverting all the supply voltages 
to the unipolar decoder as shown in Fig. 10a. The former requires a 
precise analog inverter. In the latter circuit, the source switch must 
be in serial with the decoder switch, and stringent requirements arise 
due to the wide dynamic range of these analog switches. 
(ii) l's complement—Suppose that we use a bipolar source (+E, —E) 

instead of unipolar source. (+E, 0) By converting the unipolar code 
to a bipolar code, we have 

2eL.„ — 1 E —1, +11,  (38) 

and also using equation (32), equation (37) becomes 

y(L, V) = A(L)[ E  ao(P  N  —2  — a0Q  (39) 
-1 

where ,A(L), P and Q are given by equation (27). This leads to the 
decoder circuit shown in Fig. 10b. The weighting currents of the decoder 
are given by the coefficients of the a's in equation (39). The weighted 
current [P + (N — 1)/2] that is switched by ao is about six times 
greater than the most significant digit weight (= 2"2) of the linear 
decoder. Therefore, the problem of the serial switch in Fig. 10a is 
replaced by a threefold increase in the accuracy requirements of the 
weighting network here. This appears to be a worthwhile trade in 
the practical design of codees. 

3.4 Interpretation of Coding Parameter b 

As discussed in Section 2.4, the coder decision level yd is related 
to the decoder output level yo by 

yd(L, V) = yo(L, V + b) 

* We have derived another representation for the "2's complement code" but 
it is omitted because of its increased complexity over the other two representations. 
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Fig. 10—Synthesis of bipolar decoders operated by (a) folded binary code and (b) 
l's complement code. 

for b = ±0.5. When b = +0.5 the decision level is an upper-bound 
for the corresponding output level, and when b = —0.5 it is a lower 
bound, in the sense given by inequalities (15) and (16). 
In the following we show how the lower or upper bound approach 

is related through the parameter b to the logic used in implementing 
a sequential comparison coder. 
Referring to Fig. 11, for the lower bound approach (b = —0.5) 

(from the "all reset" state "000"), the first digit trial "1" is made; 
and the decision level corresponding to "100" is compared with the 
input. As a result, if the error e defined as 

e = input — local decoded signal 
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0  0 
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OUTPUT 
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—(000) 

= +i b 

DECISION  LEVELS 

Fig. 11—Upper bound and lower bound decision levels. 

is negative the trial "1" is "reset" to "0", and remains unchanged 
if e is positive. This procedure is repeated digit by digit from the MSD 
to LSD, and the coding is performed sequentially so as to minimize E. 

On the other hand, for the upper bound approach (b = +0.5), 
the "all reset" is made to "1", the "trial" is made to "0", and the 
"reset" is made to "0" if E >  0. Therefore, if we take a package of 
"all reset-trial-conditional reset", it is "0-1-0" for the upper bound 
approach, and "1-0-1" for the lower bound approach. From this 
package the circuit design of sequential coding logic and registers 
follows immediately. 

3.5 Synthesis of Sequential Comparison Coder 

From the result of Section 3.4, and using the unipolar decoder 
described in Section 3.1, the synthesis of a unipolar coder is straight-
forward. Here, we treat only the bipolar coder. It has been shown 
in Section 3.3 that the bipolar decoder in l's complement form has 
an advantage in circuit design. If the upper bound approach is taken 
(b = +0.5), the "all reset-trial-conditional reset" package is "0-1-0" 
for a positive signal. For the negative half if b = +0.5 the package 
becomes "1-0-1" because of the l's complement (inverted) representa-
tion. However, the logic package can be uniformly "0-1-0" for the 
entire range, if we take b = +0.5 for positive inputs and b = —0.5 
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for the negative region. Figure 12 shows the schematic of a bipolar 
sequential comparison coder based on the l's complement code. The 
local decoder, which must have the nonsymmetric feature in b, is 
obtained from the l's complement decoder of Fig. 10b with b = O. 
In addition, a constant bias b = +0.5 is added, externally. Then, 
the register and logic are operated on the basis of the l's complement 
code, and the coding is performed with the logic package of "0-1-0." 
The segment characteristic bit should always be a "folded binary 
code", which is simply the inverse of the l's complement code. Of 
course, there are many other alternatives for building a coder, and 
the synthesis of any of those immediately follows from our formulation. 

IV.  SYNTHESIS OF DIGITAL CO MPANDORS 

In Section III we considered the conversion from analogue signal 
to digital compressed code or the converse. Here, we consider the 
conversion between the compressed code and the linear code. The 
conversion from the compressed code to the linear code is called "digital 
expansion" and the converse is called "digital compression." In Sec-
tions 4.1 and 4.2 the digital expandor synthesis is treated, and after 
that the digital compressor is studied. 

4.1 Digital Expansion Algorithm 

Suppose that a nonlinear code X(L, V) with bit length (m ± n) 
is digitally linearized to Y. The linearized code Y should correspond 

CONSTANT BIAS (+b) 

I 
tE 0 -

-Eo — 

I'S COMPLEMENT DECODER 

(FIG. 10 (b) WITH b=0) 
Yd 

0 e3 e, 

IN  

e' 

REGISTER AND CODING LOGIC 

IN I'S COMPLEMENT CODE 

Y 1----0 INPUT 

\ / COMPARATOR 

ERROR 
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Fig. 12—Bipolar sequential comparison coder with l's complement code logic. 
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to the decoder output level 

Y = yo(L, V) = f(L, V ± a) — a ± c.  (40) 

Suppose that the companding law is symmetric for positive and negative 
signals. We generally exclude the sign bit from consideration. In the 
case of RLA and mid-tread (c = 0), Y is an integer and is expressed 
by a linear code with length (2" ± n) bits. In the cases of DLA (a = 0.5) 
or the mid-riser (c = 0.5), Y is expressed by (2"  n  1) bits including 
one fractional digit. For example the D2 code (a = 0.5, c = 0, m = 3, 
and n = 4) is basically* expressed in terms of 13-bit binary code without 
the sign bit. 
The expanded signal Y should correspond to the output level. There-

fore, from equations (26) and (27) with b = 0, Y is given by 

Y =  (L) • (V ± P) — Q  (41) 

where  (L) = 2" is a shifting operator, by which the binary sequence 
(V + P) is shifted to the left by L bits. Therefore, the algorithm for 
code conversion from X(L, V) to Y is 

Algorithm 1 (expansion): For given X(L, V), Y is obtained such that 

(i) Add P to V, 
(ii) Shift (V ± P) by L bits to the left, and 
(iii) Subtract Q, 

where P = N ± a and Q = N -I- a — c. All variables and constants 
are assumed to be in binary representation. 

4.2 Synthesis of Digital Expandor 

The above algorithm leads directly to a parallel expandor circuit 
as shown in Fig. 13. The input L is written into a binary counter BC, 
and the input V is written into a shift register SR through a parallel 
adder with addend (N ± a). Then, the binary counter BC counts 
down to "000", and stops. This interval is equal to L. The SR is shifted 
by the same clock pulses, and L shifts to the left is performed. Then, 
the entry of SR is read out through a parallel subtractor with sub-
trahend (N ± a — c), thus yielding the parallel expanded output Y. 
In practice, a digital expandor is generally followed by a digital 

processor, in which serial arithmetic logic is most conveniently used 
when the signal sequence begins with the LSD (Least Significant 
Digit).12•1a In the sequel, we concentrate on the serial implementation. 

* Except for bit robbing for signalling and framing.' 
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Fig. 13—Parallel digital expander. 

If we replace (X2) by an operator z, which at the same time represents 
the delay operator by one clock interval, then Y is given by 

Y(z) = zz' . { V(z) ± P(z)} — Q(z)  (42) 

where V(z), P(z) and Q(z) are binary sequences beginning from the 
LSD. Therefore, a general form of digital expandor can be described 
schematically as shown in Fig. 14. 
Let us consider more specifically the g-law expandor design. Using 

the z-transform notation, equation (42) can be written as 

Y(z) = zL { V(z) + z" + a(s) } — { z" -I- a(s) — e(s) } 

= i'{ V(z) + z"} -F a(z) • (z1 — 1) ± c(z) — z"  (43) 

where () implies addition/subtraction with carry, if necessary. As-
suming DLA [a(z) = zl, mid-tread (e = 0), m = 3 and n = 4, we 
have 

zY(z) = zL[zV(z) -I- zP(z)] — zQ(z) 

= zL(z° + e7z ± es,z2 -I- ed + e424 ± zs) — z° — 2. 

This can further be written in the form 

zY(z) = zL(e7z + e82 + e5z3 ± e4z4 ± z5) ± (zi" — 1) — e. (44) 
From this a serial expandor circuit follows as shown in Fig. 15. The 

inputs L and V are written into a binary counter BC and a shift register 
SR, respectively. Also "1" is written in the last stage of SR, and the 
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initial entry of SR, which is equal to (N + V), corresponds to the 
first term in equation (44) without delay zi". The binary counter BC 
counts down until it becomes "000" and stops, thus giving a gating 
signal TL with length L. Instead of having a separate variable delay 
as in Fig. 14, SR is designed to wait for L intervals before shifting 
to the right. This gives a delay corresponding to zL, and the output 
of the shift register U, which is equal to the first term in equation (44), 
is depicted as shown in the timing chart of Fig. 15. Next, notice that 
the second term (z" — 1) in equation (44) is a sequence of successive 
l's with length L. It is exactly the same as the gating signal TL . Since 
TL does not overlap with the first term U, it can be simply added 
through an OR circuit to the output of SR. The last term z5, which 
is nothing but a timing pulse at the 5th time slot, is subtracted through 
a half subtractor. Thus, the output LSD-first sequence z • Y(z) is ob-
tained immediately after the write-in of the input. 

4.3 Digital Compression Algorithm 

In this section, we consider the conversion from a linear code Y 
to a nonlinear code X. Suppose that a linear code Y is a positive real 
number representing a signal amplitude normalized by the minimum 
quantizing step of the compressed code. This code Y is not necessarily 
an integer, and in general it has q fractional digits in binary representa-
tion. This corresponds to the common practice to have more digits 
in a digital processor than in the input/output digits to reduce the 
effect of rounding or truncation in arithmetic units (such as digital 
filters). 
As described in Section 2.4 nonlinear coding from an analog signal 

y to a compressed code X(L, V) is performed by comparing the input 
with the decision levels. Similarly, in equations (15) and (16), on 
replacing the analog input y by a discrete linear code Y, we have the 
following basic digital compression algorithm. 

Algorithm 2 (compression: basic): 

(i) Upper bound approach—Choose / such that 

yd(I — 1 I b = +0.5 ) Y <  b = +0.5).  (45) 

(ii) Lower bound approach—Choose / such that 

ea' I b = —0.5) Y < yde + 1 I b = —0.5),  (46) 

where yd is exactly the decision level defined by equation (14). 
It has been shown that both approaches yield identical outputs 
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if and only if a = 0.5 (DLA). Also note that there is an equality only 
in the lower boundaries. There is the alternative algorithm in which 
the equality in equations (45) or (46) is given to the upper boundaries. 
As compared with the coding from analog input y described in Sec-
tion 2.4, Algorithm 2 is equivalent to analog coding with input y = 
Y — 2-'1, and the alternative upper boundary algorithm is equivalent 
to analog coding with y  Y -I-  Both algorithms are asymp-
totically equivalent to analog coding for large q. We use the former 
since it is more directly related to circuit implementation. 
Though this algorithm is basic, it is not convenient for synthesizing 

the circuit. We will divide the above algorithm into the L-search 
process and the r-determination processes. Let us introduce a new 
variable W such that 

W(L, Y) = {A(L)} - .(Y  Q) (47) 

where Q = N + a — c. Then, for the DLA the compression algorithm 
is given by 

Algorithm 3 (compression: DLA): In the case of DLA (a = 0.5), the 
conversion is performed as follows: choose L such that* 

W(L, Y) G [N, 2N)  (48) 

determine 17 such that 

= 5[W(L, Y)] — N. 

Here, 3[•] is the truncation function and defined as 

truncation of x 

= integer I such that I < x < I + 1. 

We also define the rounding function 

(B[x]  rounding of x 

= 5[x -I- 0.5]. 

(49) 

(50) 

(51) 

The derivation of this algorithm is given in Appendix C. If we take 
the inverse of 

Y =  (L)(V  P) — Q 

with respect to V, then 

V =  (L)1 -1 • (11 ± Q) — P. 

* Semi-closed interval [N, 2N) means N < W < 2 N 
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The first term is exactly W(L, Y) and P= N +a= N + 0.5 in DLA, 
and 

V = W(L, Y) — N — 0.5. 

By taking the rounding of V and using equation (51), we have 

(KV] = (R[W(L, Y) — 0.5] — N 

= 3[W(L, Y)] — N. 

This is the same as 17 in the algorithm. Therefore, the physical implica-
tion of the algorithm is that «P" is obtained by simply rounding the 
transformed variable V. 
For the Reconstruction Level Assignment (a = 0 for b = +0.5, 

or a = 1 for b = —0.5) the algorithm is more complicated," and is 
Algorithm 4 (compression: RLA): For the RLA, conversion is ac-
complished in the following way: choose LO such that 

W(Lo Y) E [N, 2N),  (52) 

determine PO such that 

3[w(L0 , Y)] — N (53) 

and correct by 

X(L, r) = Xo(Lo , Y0) + 8  (54) 

where the corrector O is given by 

0 = W„, — a  (55) 

for We , the highest fractional binary digit of W(Lo , Y). 
The proof is complicated, and so is the circuit, and both are omitted 

because of less interest in RLA. 

4.4 Synthesis of Digital Compressor 

We will synthesize a digital compressor circuit according to the 
above algorithms. For simplicity DLA is assumed. Also assume that 
an input Y is a binary sequence beginning with LSD. In Algorithm 2 
the L-search process by equation (48) is accomplished, first by forming 
a binary sequence (Y + Q), and then shifting bit by bit to the right 
until equation (48) is satisfied. The criterion (48) implies that the nth 
digit of W is "1", and the digits of W higher than the nth digit are 
all "0". 
Based on this algorithm an example of the s-law digital compressor 
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for DLA, m = 3 and n = 4 is synthesized as shown in Fig. 16. The 
input Y (z) , consisting of 12 integer digits and q fractional digits, is 
fed into a serial adder and Q = (N ± a — c) is added. Then, the output 
of the adder is written into the first shift register SRI and then to the 
second shift register SR,. Let us denote the time instant by to when 

INPUT 

Y (z) o—à• 
FULL 
ADDER 

Q=(N-hrt—c) 

BC 

LC...\LOCK SR 1 SR2 

a2 a3 a4  «5 a 07 a 

RESET DISABLE 
FOR to t7 

yRESET TO III (.7) 

li DOWN 

1 e2 

READ C AT to 
CLOCK 

io «11 «la 

e,  e, 

READ V AT t7 

CLOCK   I I I I I  I I I 1 1  I 1 1 I  It0 1 I 12 13 14 1 5 1 6 7 

INPUT: Y  I I 13 121111101 9 8 7 6 5 4  3 2 
à 

FRACTIONAL    

ADDEND Q 

DECIMAL POINT 

=ct =N 

M SD 

ENTRY — 
OF BC  

READ OUT 

• 

L = 0 

2 

3 

5 

6 

7 

7  6 5 4  3 2  1 0 0 0 0  0 0 01 0 

7  6  5 4 3 2  1 0 0 0  0 0 0  0 

7 6 5 4  3 2  1 0 0  0.0  0  0 

7 6 5 4 3  2  1 0  0 0 0 O 
7 8  5 4  3 2  1 0 0 0 . 0 

7 6i5  4  3 2  1 0 0 o 

7 6 5 4 3  2  1 0  0 

7 6 5 4  3 2  1 lO 

Fig. 16—Fifteen-segment g-law compressor with DLA (a = 0.5), mid-tread 
(c = 0), m = 3, and n = 4. 
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the MSD of the input sequence is just stored in the first cell ai . While 
the write-in proceeds, the counter BC, which is being counted down 
by the clock, is reset to the "111" state whenever the entry of the 
first cell ai is 1. Therefore, at the instant to the BC entry is exactly L, 
and it is read out at t,. This also means that the highest order "1" 
is located at the cell ag_L , and an additional L shifts forces the last 
entry ag of SR, to be "1". This is accomplished by shifting SR, and 
SR2 until the entry of BC becomes "000" at time tt . 
From Algorithm 3 the mantissa output V is given by 3[W] — N. 

Circuit-wise, 3[W] amounts to discarding the smaller digits below the 
last stage al, of SR,, and (—N) means discarding ag = 1. Thus, 
is obtained from the cells (a8, a10 , a,1, «12)  of SR2 , which is being 
stopped after L shifts. The L output has been read out at time tg from 
BC, thus completing the conversion. 
For mid-riser formulation, the circuit can be modified by changing 

the addend Q = N ± a — c. A compressor for RLA is also achieved 
according to Algorithm 4 by adding a correction circuit by 6 after 
the circuit of Fig. 16. The correction circuit may be a parallel adder or 
a 7-bit binary counter, and obviously the RLA compressor is more 
complicated than the DLA one. 
Among many alternative circuits, a notable feature of the circuit 

in Fig. 16 is that it can process the input sequence in "real time." 
While the conversion for a code word is going on, the next code word 
is being shifted into the SR, to prepare for the conversion of the next 
code word. One might argue that if an input to SR, is a sequence 
beginning from MSD the shift is made from the right to the left simply 
to yield equation (48). However, doing so one would need additional 
memory to convert the LSD sequence to the MSD sequence before SR, • 

4.5 Extension to the Segment A-law 

The synthesis procedure can be extended to the segment A-law 
using expression (28) instead of (27). The expansion algorithm (cor-
responding to Algorithm 1) for the A-law is obtained by replacing 
P = N • 17 + a, Q = a — c and the L-shifts by (L — n) shifts, where 
n is equal to 0 for L = 0 and 1 otherwise. Following the same procedure, 
a digital expandor circuit can be synthesized as shown in Fig. 17, 
for DLA, mid-riser, m = 3 and n = 4. The A-law expandor differs 
from the g-law expandor in Fig. 15 in several respects. The input to 
the first cell is "n", which is obtained from an OR circuit operating 
on e,, e2, and e,. The input to the last cell of SR is "1". The gating 
pulse TL with length (L — n) is obtained by OR operation on e, 
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INPUTS 

BC 
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CLOCK 
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Fig. 17—Thirteen-segment A-law digital expandor with DLA (a = 0.5), mid-
riser (c = 0.5), m = 3, and n = 4. 

and e2, and inhibits SR shifting and the SR output. No adder is needed 
since Q = O. 
The compression algorithm (corresponding to Algorithm 3) for the 

A-law with DLA is obtained by replacing expressions (48) and (49) by 

W(L, Y) E [TIN, (1 + 77)N) 

and 

"9" = 3[ W(Î1, Y)] — n•N. 

This algorithm leads to an A-law compressor circuit shown in Fig. 18. 
The overall performance of this compressor is similar to the p-law 
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circuit in Fig. 16. We will indicate only the differences between them. 
The number of cells in SR, is 7. There is no adder in the input since 
Q = 0. The gating pulse 771,_„ is obtained by the same circuit as in 
the expandor (Fig. 15). To facilitate the 0th segment output L --= 0, 
a reset pulse t_7 is added to BC. 

V. SUMMARY 

A unified formulation of segment type companding laws has been 
derived from which the detailed quantization structure of codecs can 
be explicitly represented. The decoder output levels and the coder 
decision levels are expressed in terms of standard forms and parameters 
a, b, and c. The standard form represents a chord-type piecewise linear 
approximation to smooth et-law or A-law. The parameter a represents 
the segment edge effects, b relates to coding procedure, and the param-
eter c represents the centering. These parameters are typically: DLA 
(a = 0.5 for b = ±0.5), RLA (a = 0 for b = +0.5, or a = 1 for b = 
—0.5), mid-tread (c = 0) and mid-riser (c = 0.5). The effect of e is 
important in small signal range levels. The effect of a on the signal 
quality is very small, but the mixed use of DLA and RLA approaches 
introduce small degradations in S/N and net loss tracking. 
Synthesis of coders and decoders was described; and it was shown 

that the design figures such as amount of biasing in the decoder, the 
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INPUT Y(z)c)--.- 2 «3 a4 «5 ae a 

Sc 

RESET DISABLE 
FOR to te 

RESET TO III 

DOWN 

e2 

READ I.: AT to CLOCK 

ae «g 

e4 es e. e,, 

READ 0 AT tei 

Fig. 18—Thirteen-segment A-law digital compressor with DLA (a = 0.5), mid-
riser (c = 0.5), m = 3, and n = 4. 
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type of logic to operate it, and the coding algorithm for the sequential 
comparison coder can be derived from our formulation. Bipolar codecs 
are also given in terms of the signed binary code representations. 
Another important consequence of this formulation is the systematic 

synthesis of digital compandors. The expansion algorithm is relatively 
straightforward. The compression algorithm for DLA was shown to 
be equivalent to employing the rule of "rounding" for the fractional 
digits of variable V. Examples of eompandor circuits synthesized from 
these algorithms are shown for the segment it-law and segment A-law. 
The A-law companding circuit appears to be slightly simpler than 

that for the g-law, but the difference of the two is not so great as to 
weigh heavily in the choice between the g-law and the A-law. It is 
noted that the formulation and the conversion algorithms developed 
here can also be conveniently applied for the synthesis of a digital 
converter between g-law and A-law or a digital attenuat,or. 
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APPENDIX A 

Proof of Congruence of Equations (15) and (16) 

For nonedge points X(L, V), from equations (7) and (14) obviously 

Yd(X I b = +0.5) = yd(X + 1 lb = —0.5)  (56) 

and, hence, (15) and (16) are congruent for nonedge points. For edge 
points 

yd(L, N — 1 I b = +0.5) = f(L, N + a — 0.5) — a + c,  (57) 

yd(L + 1,0 I b = —0.5) = f(L + 1, a — 0.5) — a + c 

= f[L, N  2(a — 0.5)] — a + c.  (58) 

Here, these two equations are linear functions of a. Therefore, the two 
equations are equal if and only if a = 0.5. Thus, equations (15) and 
(16) are congruent for any X if and only if a = 0.5. 
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APPENDIX B 

Proof of the Statements in Section 2.8 

For given output levels the optimum decision levels lie halfway 
between two adjacent output levels." At the nonedge points the proof 
is obvious from equation (14). At the edge points, the average of 
ya(L, N — 1) and yo(L + 1, 0) is given by 

{yo(L, N — 1) + yo(L + 1, 0))  y„(L, N — 1) ±  3,n) 

= yo(L, N — 1) + 10(L). (1 4- a) 

= yd(L, N — 1 +  b +0.5) • 

(59) 

This is equal to yd(L, N — lib = +0.5) if and only if a = 0. Also 
equation (59) is expressed as 

yo(L + 1,0) — 4 AL,',(L) = yo(L + 1,0) —  t(L + 1) • (1 ± a) 

= YdiL + 11(1 — a)/4 I b = —0.51. 

Therefore, this is equal to yd(L + 1, 0 I b = —0.5) if and only if a = L 
This proves that the RLA condition is satisfied if and only if a = 
for b = +0.5 or a = 1 for b = —0.5. 
Next, for given decision levels the optimum output levels should 

be placed halfway between two adjacent decision levels." At the 
nonedge points this is obviously satisfied. For edge points, since the 
half way point is equal to (L1,g  V1), from equation (23) it is shown 
that g = yo if and only if a = 0.5. Therefore, the DLA condition is 
satisfied if and only if a = 0.5. 

APPENDIX C 

Derivation of Algorithm 3 

Since in DLA (a = 0.5) the upper and lower bound approaches are 
identical, we will prove Algorithm 3 only for the case of b = —0.5. 
From Algorithm 2, equation (46) can be rewritten as 

yd(L, 17) Y < yd(L, V 1- 1). 

Since a = 0.5, this is valid for all 17 E 10, 1, • • • , N — 1). From equa-
tions (56) and (27) the above inequality can be written as 

N  W(L, Y) <  N  1.  (60) 
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Considering the range of V E 10, 1, • • • , N — 11, we have as the L 
determining criterion 

N  TV(L, Y) < 2N. 

Then, from equations (50) and (60) we immediately have 

= 3[W(L, Y)] — N. 

This completes the derivation of Algorithm 3. 
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On the Computation of the Far Field of 
Open Cassegrain Antennas 

By H. ZUCKER 

(Manuscript received February 2, 1970) 

The far field radiation patterns of open cassegrain antennas have 
been previously computed by a double integration'. Recently one 
integration has been eliminated by using a modified stationary phase 
apprœdmation2. The rather remarkable accuracy thus obtained moti-
vated an investigation to estimate the error in this approximation. 
In this note we present an alternate formulation for the computation 

of the far field and provide an additional estimate for the error in the 
modified stationary phase approximation. It is also shown that for 
certain illuminations, there exists a closed form solution to the azimuthal 
integration. For illuminations derived from a linear combination of 
TE?„ and Tl e, waveguide modes, the integrals can be expressed in 
terms of convergent series of Bessel functions. 
Based on the aperture field method, the far field electric 2, of an open 

cassegrain antenna is related to the reflected field at the aperture, Er , 
by the following double integral' 

Rif  exp (—jk/t) Jo  f2 - E,(0, 
R.   

• exp [jk sin 0.(x„ cos ck«, y„ sin (1).)]r' sin 0 dB chi,  (1) 

where R. , O. , ek. are the far field spherical observation coordinates; 
X is the free space wavelength and k = 27r/X is the propagation constant; 
and O,, is the illumination angle. Referring to Fig. 1, the rectangular 
x„ and y„ coordinates are related to the spherical 0, cp coordinates by 

x„ = r(cos 00 sin 0 cos cfr ± sin 00 cos 0),  (2) 

y„ r sin 0 sin de,  (3) 

r = 2f/(a — b cos e ,  (4) 

where 

a = 1 -I- cos O cos 00 ,  (5) 
1595 
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Fig. 1—Open cassegrain antenna. 
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b = sin 0 sin Bo , 

and 

(6) 

a' — b' = c2 ,  (7) 

e = cos O + cos 00 .  (8) 

Oo is the offset angle, and f is the focal length of the paraboloid. 
For combined TEL — Ten mode excitation and for y polarization 

of the horn feed the reflected electric field at the aperture, (R„), can 
be written 

(1 -I- cos 9.)(R„) . iz, sin 4)[cEc(0) cos 4) ± (b ± a cos (1))Ec(21] 

— 1„ [(a cos tk — b)Ec(0) cos 4) ± cE,() sin2 41  (9) 

where E,:(0) and E,(T/c) are the fields radiated by the subreflector in 
the principal planes (1) = 0 and e = T/2 at a distance 211(1 + cos Bo) 
from the focal point. 
The ct. integration in equation (1) was recently approximated by a 

modified stationary phase approximation'. An examination of this 
approximation reveals that the resulting phase factors and the arguments 
of the Bessel functions have a simple geometric interpretation. Specifi-
cally the phase factors are directly related to the location in the s, , y, 
plane of the centers of the 0 = constant circles (see Fig. 2 in Ref. 2) 
and the arguments of the Bessel functions are related to the radii of 
these circles. 
This suggests, for the 0 integration, the following coordinate trans-

formation 

with 

X ,  =  T, COS CPI +  Xe f 

yp = rc sin 01 

2f sin 0 
7. — 

c  ' 

— 2f sin 00 
c 

(10) 

(11) 

(12) 

(13) 

This transformation gives in the z,, y, plane, for the 0 .--- constant 
coordinates the same set of circles as obtained from equations (2) and 
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• 
a + b cos çbi 

(3), and for the tki = constant coordinates a set of hyperbolas with the 
equation 

x: — y — 2x„y„ ctn rjai + 4f(x9 — y„ ctn 01) ctn 00 = (2f)2. (14) 

The sets of curves which correspond to the transformation (10) and 
(11) are shown in Fig. 2. 
In the 0, cki coordinate system the rectangular x, y components of 

the far field llave a much simpler representation. In particular for y 
polarization these components are 

(Rfv)  exp (— jkii„) fe". (E - 
XRa Jo  „) sin O dO  (15) 

where the subscript y is to designate the y polarization, and the x, y 
components of (R.) are 

4/2   
exp (jx, sin 0. cos O.) 

(1 + cos 00)c 

• ro [E,(0)(a cos clh + b) cos  + E„ Wc sin2 <id 
r  

exp [jkr, sin Oa cos (01 — '1d4)  (16) , 
a + b cos   

(E.)„ — 

and 

(E.).  4/2 exp (jkx, sin Oa cos cp.) 
(1 + cos 00)c 

• f27r  [E,(0)(a cos 01 b) — E ( -)c cos 01] sin 4c, 
r2 

exp Ukr, sin 0„ cos (4"  —   do,  (17) 

In deriving equations (15), (16) and (17), the Jacobian, J, of the trans-
formation (10) and (11) was used, which is 

(2f)2 
-(a + b cos OD sin 0.  (18) 

It is readily shown that by using a two term expansion of 

[1/(a + b cos 01)]  (1/a)(1 — b/a cos 411), 

the integrals (16) and (17) give the same values as those obtained by ' 
the modified stationary phase approximation but without the term 
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Fig. 2—Transforrnation of (0, 01) coordinates in the (xp, yp) plane. 

561. 

(sin O sin O cos çf).)2 in the denominator. This shows that the modified 
stationary phase approximation is at least of order (b/a)2, for all ob-
servation angles and with the additional property that for large angles 
off axis it is of order [(b/a)2/2kf sin 00]. 
There are two cases for which the integration of either equations 

(16) or (17) can be performed in closed form. 

aE,(0) = cle, W 

where a and c are given by equations (5) and (8). 
Such illuminations can be approximately realized by combined 

TE'',, — TIVr„ mode excitations. For this ease the integration of equation 
(16) yields 

(E.)» = _871.212 exp (ex, sin 0. cos 0.) 
(1 -I- cos OB)c  LiceJ0(x)  (19) 
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where Jo is a Bessel function of order zero with the argument 

x = krc sin 0, .  (20) 

The evaluation of the corresponding expression based on the modified 
stationary phase approximation yields 

(Ey)u  87r"f2 exp (jx, sin 0„ cos 4)„) 
(1 + cos 0,)c 

1)2 Ji(x) 
• E ,(0)[J o(x)  a, _ b, cos , 0.  cos 20„1 •  (21) 

The error in the approximation is the second term in equation (21). 
That term is zero in the planes 0„ = r/4 and 0. = 3/4r. In other planes, 
the error is of order (b/a)21x, and is in agreement with the error estimate 
given above. 
The dependence of the second term in equation (21) on 0 is shown 

in Fig. 3 for O. = 550, f = 80X and O = 2.5°. These parameters are the 
same as those used in the computations in Ref. 2, Fig. 5. A comparison 
of the two figures shows good agreement, as would be expected, since 
the condition for the illumination was approximately satisfied. 

cE,(0)  aE() • 

These illuminations may also be approximately realized. For this con-
dition the cross-polarized component has a closed form solution given by 

(E.).  j821-2f2 exp (jkx sin 0,, cos 4,0 E,(0)(L))Ji(x) sin  .  (22) 

An evaluation of the corresponding expression based on the stationary 
phase approximation gives* 

.  exp (jkx sin Oo cos —  44) 
(1 ± Cos eo)c 

. 
•E0(0)(—b)[J,(x) sin 4). -1- a2  _ b2 cos2  .4(x)  x SDI 3 4 •  (23) 

a 

The error in the modified approximation is the second term and is 
of the same order as the error term in equation (21). 
For illuminations derived from a linear combination of TE,, and 

TM  L waveguide modes, the integrals (15) and (16) can be expressed 
in convergent series of Bessel function, by using the following Fourier 

• Equation (21) in Ref. 2 has a misprint and should be divided by 2. 
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Fig. 3—Error introduced by the modified stationary phase approximation. 
Angle off axis, 8. = 2.5 degrees.   =  (H plane); 000  4„, = x/2 (E plane). 

series expansions 

exp Ux cos (4) — 00] = Jo(x) + 2 E jJ.(x) cos n(q5 — 0„)  (24) 
.=i 

and 

1   
a  b cos 

— E c„ cos nçb  (25) 
2 

with 

2 f •  cos ikte   
(26) 

o a  b cos  

The integral (26) is tabulated3 and by using equation (7) gives 

2 C,, = — (-1) "(a  —  (27) 
a ± ci 

With these expansions, after some mathematical manipulations the 
following expressions are obtained for the integrals 

842 exp (jxc sin 0,, cos e 
c E (0)  E (1)1J (x) (E„), — 

(1 ± cos 00)(a + c)e  [  

±[aE,(0) — cE, e i(aa  cY Ji(x)  cos  or, 
et/2 2e ce 

— E a ±  J„.2(x) cos (n  2) 4} „.0 a ± c 
(28) 
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and 

(E  871-12 exp (jx, sin O„ cos 0„) {. „)x —  lb [(a + 2c)E,(0)  c.E 
(1 ± cos 00)(a + cfc 

• J i(x) sin  2c[cE,(0) — a.E )] 

•  (  n/2 E (--jraa .11  J+2(x) sin (n  2)(4 • 
n »0 

From wations (5) and (7) 

(a — cy 
= tan 0/2 tan 00/2. 

For most antenna designs, equation (30) is much smaller than one, 
the series in equations (28) and (30) are, therefore, rapidly converging, 
and can in principle be evaluated to any desired accuracy. 
It is noted that in the principal planes, these series can be related 

to Lommel functions of two variables3. 
The stimulating discussions with N. Amitay and E. R. Nagelberg 

are gratefully acknowledged by the author. 

(29) 

(30) 
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Holographic Thin Film Couplers 

By H. KOGELNIK and T. P. SOSNOWSKI 

(Manuscript received June 17, 1970) 

Recently P. K. Tien and his co-workers have described a prism 
coupler as a convenient means to feed light into a single mode of a 
guiding thin optical film.' Distributed couplers of this kind are of great 
interest for integrated optical devices. In this brief we describe thin 
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and 

[(a  2c)E,(0)  cEGM (Ea),  _871-12 exp (ji. sin 0„ COS q5„) {jb 
(1 + cos 0o)(a  e 

• J,(x) sin 0„ ± 2e [eX(0) — a•E•.()1 

• E  J,..2(x) sin (n  2)0.} • 
À n/2 

n..(1 

From emirtions (5) and (7) 

(a —  

(29) 

a ± c — tan 0/2 tan 00/2.  (30) 

For most antenna designs, equation (30) is much smaller than one, 
the series in equations (28) and (30) are, therefore, rapidly converging, 
and can in principle be evaluated to any desired accuracy. 
It is noted that in the principal planes, these series can be related 

to Lommel functions of two variablesa. 
The stimulating discussions with N. Amitay and E. R. Nagelberg 

are gratefully acknowledged by the author. 
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Holographic Thin Film Couplers 

By H. KOGELNIK and T. P. SOSNOWSKI 

(Manuscript received June 17, 1970) 

Recently P. K. Tien and his co-workers have described a prism 
coupler as a convenient means to feed light into a single mode of a 
guiding thin optical film.' Distributed couplers of this kind are of great 
interest for integrated optical devices. In this brief we describe thin 
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film coupling with a thick dielectric grating. To produce these grating 
couplers, we have used the materials and techniques of holography 
where dielectric gratings are known to yield high (?..; 90%) diffrac-
tion efficiencies.' Independently A. Ashkin and E. Ippen' suggested 
that a grating could be used as a thin film coupling device, and very 
recently M. L. Dakss, et al.," have reported successful light coupling 
into thin films by means of a (thin) phase grating made of photoresist. 
Figure 1 shows a grating coupler. A diffraction grating, placed in 

the vicinity of the guiding film, diffracts the incident light. If the 
diffracted wave is phase-iiiatched to a mode of the film, then coupling 
occurs and light is fed into the film. The grating coupler is a ddieributed 
coupler just as the prism coupler, and much of the concepts and the 
theory developed for the latter' can be applied. 
In order to make a good and efficient grating coupler one has to 

(z) use lossless and scatterfree materials, (ii) suppress unwanted grating 
orders, and (iii) provide for a sufficiently deep spatial modulation of 
the optical phase shift to achieve strong coupling and the associated 
short coupling lengths. Point (i) restricts us to phase or dielectric 
gratings. There are two possibilities to satisfy point (ii). The first is 
to use a thick grating and light incident near the Bragg angle. Then, 
Bragg effects will suppress all but one diffraction order. We shall call this 
coupler type a "Bragg coupler". The second possibility is to use a 
grating with a very large number of lines (or fringes) per millimeter. 
This results in such a large diffraction angle that only one diffraction 
order can propagate while all the others are beyond cutoff. This large 
diffraction angle leads to a thin film mode which travels in a direction 
reverse to that of the incident light, which is why we shall call this 
coupler a "reverse coupler." In many of the holographic materials 
which are available today, the achievable refractive index changes are 
relatively small (10-e to 10'). It is, therefore, easier to satisfy point 
(iii) by using a Bragg coupler, where the phase shift accumulates 
throughout the thickness of the grating. The resulting strong coupling 
leads to short coupling lengths. These are desirable for miniaturization, 
and they make it easier to maintain the tolerances which are needed 
for phase-matching. 
Figure 1 shows the geometry of a grating coupler, the choice of the 

coordinate system, and several parameters of interest. In our case the 
dielectric grating is formed in a layer of gelatin of refractive index n, 
which is deposited directly onto the guiding film of index nt > ni• • 
The grating is characterized by the grating vector K which is oriented 
perpendicular to the fringe planes and has a magnitude 
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Fig. 1—Cross section of a grating coupler. A is the fringe spacing, 43 the slant angle, 
and 0 the angle of incidence. A transmission grating is shown. For a reflection grating 
the light is incident from the substrate side. 

K = 27r/A  (1) 

where A is the fringe spacing. The fringes are slanted with respect to 
the grating surface by an angle (p. The propagation vector of the inci-
dent light is kin and has a magnitude equal to the free space propagation 
constant k. = 27r/X. In the gelatin the k-vector of this light is k, which 
is of magnitude nok. 
The diffracted wave has a k-vector equal to (k,  K). It is phase-

matched to a film mode when this k-vector has a tangential (x—) 
component equal to the propagation constant (3 of the film mode, i.e., 
when 

f3 = (k,  K)x = (kin ± K)0.  (2) 

Figure 2 shows the k-vector diagrams for the Bragg coupler (a) and 
the reverse coupler (b). The latter is shown for reasons of comparison. 
Note that in this latter case the grating vector K is parallel to the 
x-axis (which is typical for a thin grating). The cross marks the k-vector 
of the —1 order which is generated beyond cutoff. The circles of radius 
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nglco and ko respectively indicate the locus of the k-vectors of the input 
light in the gelatin and in air for a variable angle of incidence. The line 
spaced a distance ,E? > npko away from the z-axis is the matching line. 
Phase-matching occurs when the vector sum (kg ± K) terminates on 
this line, as shown in the figure. The Bragg condition is obeyed when 

cos (0 — Og) = KI2n,lc0 (3) 

where 8, is the angle of incidence in the gelatin. Geometrically this 
implies that the vector sum (kg + K) would terminate on the noko-circle. 
It is clear from Fig. 2a that the Bragg condition and the phase-

match condition cannot be met for the same angle of incidence. One 
can show that there is a minimum possible difference AO„ .1,, between 
the Bragg angle and the matching angle which is approximately given by 

,à0, min  -̂.ts (nf — ng)/ni,  (4) 

where we have assumed that this "detuning angle" is small and that 
fi ?ilk° . The detuning angle is typically a few degrees of arc. The 
angular width 2à0„ Br„„„ of the Bragg response between half-power 
points is' 

26g Bragg =  Alg  (5a) 

for transmission gratings, and 

2AO„ Bragg  = (A/ g) cot 0,  (5b) 

for reflection gratings, where g is the grating thickness. These formulas 

(a) (b) 

Fig. 2—k-vector diagrams for a Bragg coupler (a) and a reverse coupler (b). K is 
the grating vector; e, the propagation constant of a film mode. 
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assume unslanted gratings. Formulas are available also for slanted 
gratings', and one expects widths of the order of A/g, which is typically 
a few degrees. To take advantage of Bragg effects, we have to bring 
the matching angle as close as possible to the Bragg angle, and at least 
onto the wings of the Bragg response. Then we can expect suppression 
of unwanted orders and sufficiently strong coupling, which is, indeed, 
what we have observed experimentally. 
Our experiments were done with Bragg couplers. We made the di-

electric gratings in dichromated gelatin using the preparation and 
development techniques described in Ref. 5. Gelatin layers of about 
4 i.tm thickness were deposited on the guiding films using a dipcoating 
technique. The films were low-loss sputtered films of Corning 7059 
glass which were kindly supplied by J. E. Goell and D. R. Standley.' 
They were about 0.3 gm thick and had a refractive index of tlf = 1.62. 
We designed the couplers for light of wavelength X = 0.6328 gm, 

incident perpendicular to the film plane. This prescribes gratings with 
a slant angle y6 of about 45° and a fringe spacing of A = 0.25 pm (i.e., 
4000 lines/mm). To obtain the right grating parameters, some experi-
mentation is necessary because the gelatin shrinks during development. 
We produced the desired fringe pattern holographically by exposing 
the sensitized gelatin at the shorter wavelength of X' =- 0.4416 gm, 
which is a line of the cadmium laser. The k-vector diagram of Fig. 3 
indicates how the use of this shorter wavelength gives us fringes with 
the wanted k-vector at convenient angles of incidence. To get the 
proper interference angles in the gelatin, the two collimated light beams 

h*-27r n eil 
2r ng/X 

GELATIN. FILM --... 

, 
'MATCHING 

OIL 

ea 

.4114 1F e, 

Fig. 3—Arrangement for holographic exposure used to make the grating coupler. 
The k-vector diagram shows how the grating vector K is conveniently produced by 
the interference of blue light (X'). 



THIN FILM COUPLERS 1607 

1.0 

0.9 

0.8 - 

0.7 - 

0.6 - 
T 
0.5 - 

0.4 - 

0.3 - 

0.2 - 

NMA REFLECTANCE 

i I  I ;   
4  5  6 
0 IN DEGREES 

7 8 10 

Fig. 4—Angular transmission spectrum for 2wo = 0.3 mm. T is the transmittance 
of the coupler and o the angle of incidence (in air). Light is incident from the substrate 
side. 

were entered through a 45° prism which was joined to the film sub-
strate with matching oil as shown in the figure. The angles of incidence 
on the prism were approximately 0, = 55° and 02 =  50°. The edge of 
the coupler was produced by the shadow of a knife edge in one of the 
exposing beams about 5 cm away from the gelatin. The size of the 
resulting gratings was approximately 5 mm X 5 mm. 
We made several Bragg couplers and studied their characteristics at 

0.6328 pm. We obtained coupling both on transmission and on re-
flection from the grating, but the better results (which we report below) 
were obtained with reflecting couplers, i.e., with light incident from 
the substrate side. We used a gaussian laser beam with its waist po-
sitioned near the grating. The beam was positioned at the edge of the 
coupler. To optimize the coupling further, we varied the waist di-
ameter 2w0 and the spacing between the coupler and the waist. For 
our best coupler we found optimum coupling in a diverging beam with 
a waist diameter of about 2w2 = 0.3 ram and a waist-coupler spacing of 
16 cm. For this case the beam diameter at the coupler was 2w = 0.6 mm. 
By analyzing the m-linesi we found a value for the optimum coupling 
length which was of the same magnitude. The m-lines also indicated 
that our film guide supported only one TE and one TM mode. 
Figure 4 shows the angular transmission spectrum obtained for 

TE-coupling with the optimum beam parameters. This plot is obtained 
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by monitoring the transmittance T through the substrate-film-gelatin 
sandwich for a variable angle of incidence O. In the figure we notice a 
small modulation (AT  0.1) superimposed on the spectrum which is 
due to substrate resonances. The large dip near O = 3° is caused by 
coupling into the film. The angular width of this dip is about 0.1°. 
The Bragg condition is obeyed near O = 6°. The Bragg response is 
strongly modulated by gelatin and film resonances. It has an overall 
width of about 3°. The measured reflectance of the coupler is also 
shown in the figure. From these data we arrived at the following power 
balance for optimum coupling: 3 percent of the incident light is ab-
sorbed in the substrate, film and gelatin, 8 percent reflected, 18 percent 
transmitted, and 71 percent coupled into the film. 
Coupling to the TM film mode is relatively weaker for the above 

coupler because it was designed for normal incidence (0 ez..-", 0) where 
TM diffraction is at a minimum.' The same beam parameters which 
produced optimum TE-coupling yielded TM-coupling of only 15 percent. 
We would like to acknowledge fruitful discussions with J. E. Goell, 

R. D. Standley and R. Ulrich, and the technical assistance of M. Madden. 
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